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Abstract

This article proves that, in terms of local times, the properly rescaled and re-
centered cover times of finite subsets of the discrete cylinder by simple random walk
converge in law to the Gumbel distribution, as the cardinality of the set goes to
infinity. As applications we obtain several other results related to covering in the
discrete cylinder. Our method is new and involves random interlacements, which
were introduced in [22]. To enable the proof we develop a new stronger coupling
of simple random walk in the cylinder and random interlacements, which is also of
independent interest.

0 Introduction

In this article we prove precise results about the asymptotic distribution of cover times
of certain finite subsets of the discrete cylinder, with base a d—dimensional torus for
d > 2, using the theory of random interlacements. For families of finite graphs the
cover time Cy of the whole vertex set V' has been extensively studied (see for instance
[1-3, 5, 8, 11, 13]). For many families one can show that ECy is of order ¢|V|log|V],
and also that Cy/(c|V]|log|V]) — 1 in probability as |V| — oo (see Chapter 6 of [3]).
For a quite restricted class of families of “especially nice graphs”, one can also prove the
finer result that Cy /(c|V]) —log|V] tends in law to the standard Gumbel distribution
(see [11, 13]). In this article we are able to prove the corresponding statement for the
cover times of subsets F' of the discrete cylinder (seen as an infinite graph): we show
that Lc, /(cN?) —log|F| tends in law to the Gumbel distribution as |F| — oo, provided
the sets F' are close to the zero level, where L¢, is the local time at the zero level of
the cylinder when F' is covered. As applications we obtain several other results related
to covering. To prove the Gumbel distributional limit result we develop an improved
coupling of simple random walk in the cylinder and random interlacements, which is also
of independent interest.

We now introduce the objects of study and our results more precisely. We denote by
Ty = (Z/NZ)? the discrete torus and by Ey = Ty X Z the discrete cylinder for d > 2.
Let P be the canonical law of simple random walk in Ey starting uniformly on the zero
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level Ty x {0}, and let X,, denote the canonical discrete time process. For any finite set
F C Ey the cover time Cf of F' is the first time X, has visited every vertex of F'

Cp=inf{n >0: F C X(0,n)},

where X (0,n) denotes the set of vertices visited up to time n.
We start by stating the applications of our main result. In Corollary 2.1 we show that

if Fy C Ty x [—%, 5] is a sequence of sets such that [Fyy| — oo, then under P

Cry law ( 9(0)
(Ndlog | Fy|)? Vid+1

where ((7) denotes the first time the local time at zero of a Brownian motion reaches 7
and g(-) is the Z*! Green function (see (1.7)). In [9, 18] the cover time Cr (o} was
studied and found to be of order N2¢+°() The result (0.1) sharpens this and provides
the correct form of the log correction term.

To state our second application we introduce L,,, the local time at zero of the Z—component
of X, (which we often refer to as “the local time of the zero level”). For any z € R let
N be the point process on (R/Z)% x R defined by:

NKT = Z 6x/N1{LHx>Ndu(z)}7 (02)

z€T N X{O}

), as N — oo, (0.1)

where u(z) = g(0){log |Ty x {0}|+z}. In other words NF counts the vertices of T x {0}
that are hit after the local time of the zero level reaches N%u(z) (it will later become clear
that N%u(0) is the “typical” local time at which covering of the zero level of the cylinder
is completed). We call N5 the “point process of vertices covered last”. Let A be Lebesgue
measure on (R/Z)? x {0}. We show in Corollary 2.2 that

N7 converges weakly to a Poisson point process

on (R/Z)* x R of intensity exp(—z)A. (0.3)
As a consequence we obtain in Corollary 2.3 that
the last two vertices of T x {0} to be visted by X, (0.4)

are "far apart” at typical distance of order N.

The proofs of (0.3) and (0.4) also provide similar results with other subsets of Ty x [—Z, §]
in place of Ty x {0} (for example for Ty x [—5, &] itself). The three applications (0.1),
(0.3) and (0.4) are consequences of the following main theorem and the coupling (see (0.6)

below):

Theorem 0.1 (Convergence to Gumbel). Let Fy C Ty x [—
of sets such that |Fy| — oo, as N — oo. Then under P

%, %],N > 1, be a sequence

Ley law
W —log |Fn| = G, as N — oo, (0.5)

where G denotes the standard Gumbel distribution (see (1.44)).
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As mentioned in the first paragraph the class of finite graphs for which one can obtain a
Gumbel distributional limit for the cover time is quite restricted (it includes the complete
graph, the star graph (see [3]) and graphs that are “highly symmetric” in the sense of
[11], but for example not the graph Ty,d > 3). An additional interest of Theorem 0.1
stems from the method we employ in its proof, which relies on random interlacements. It
is open whether the method could be used to prove Gumbel distributional limits for the
cover times of other graphs; for more on this see Remark 6.11 (1).

Before describing the method in more detail let us briefly discuss the random inter-
lacement model. The model was introduced in [22] and helps to understand the “local
picture” left by a simple random walk in e.g. the discrete torus Ty, d > 3, (see [24]) or
the discrete cylinder Ey,d > 2, (see [19]) when the walk is run up to times of a suitable
scale. The random interlacements consist of a Poisson cloud of doubly infinite traject-
ories module time-shift in Z¢,d > 3, where u multiplies the intensity. The trace of the
trajectories in the cloud up to a level u is denoted by Z* C Z% so that (Z%),>¢ is an
increasing family of random sets. Intuitively speaking, for a value u related to the time
up to which the random walk is run, the trace of the random walk in a “local box” in the
torus or cylinder in some sense “looks like” Z%. The previous sentence has further been
made precise in the case of the cylinder by means of a coupling in [20, 21]. The first main
ingredient in the proof of Theorem 0.1 is a strengthened version of this coupling. To state
it we fix an € € (0,1) and let A be a box of side length N'=¢ with centre at z for some
z € Ty x [-5, ). We further let Ry, denote the successive returns to Ty x [-N, N] and
Dy, the successive departures from Ty X (—hy, hy), where hy has order N(log N)?, (see
(1.2)). Then the coupling result, see Theorem 4.1, implies that:

For N large enough, and for any u > \/LN’ 0> (105—2]\/)2, we can construct a coupling

Q; of X. under P, and of joint random interlacements Z%(1=9) 74(1+9) for which
Q1T N A C X(0, Dpugey)) NA CZUIHI N A) > 1 — cuN 3471 (0.6)

where Ky essentially equals ; (see (1.16)). In fact (and importantly for our proof

d
@y
of Theorem 0.1), Theorem 4.1 is stronger that what is stated in (0.6) because it couples
the trace of X. in several disjoint regions of the cylinder with independent random inter-
lacements, as long as these regions are “far apart”.

An interest of (0.6) is that it couples X (0, Dy, x,)) with joint random interlacements
7v0-9 and 7%+ (combining the one-sided couplings of [20, 21] to get a two-sided
coupling does not guarantee the correct joint law of Z%(!=%) and Z"0+9). This makes it
more useful as a “transfer mechanism” from random interlacements to random walk; see
Remark 6.11 (2) for more on this topic.

Thanks to the Poissonian structure of random interlacements one has a number of
algebraic properties that only hold approximately for the trace of random walk (cf. (1.35),
(1.36), (1.37)). In [4] we could take advantage of this feature and give a precise result
for the asymptotic distributions of so called cover levels in random interlacements. The
cover level a of a finite set F' C Z*! is:

Cp=inf{u>0:F cI". (0.7)



Theorem 0.1 of [4] implies that, in the notation of (0.5):

&—log|F| 1@;\7 G, as |F| — oc. (0.8)
9(0)

The method used to prove Theorem 0.1 is essentially speaking to combine (0.8) with
the coupling (0.6). It will turn out that when the local time L,, of the zero level is uN?
then, roughly speaking, there have been about [uKy] excursions (see (1.23)). On the
other hand (0.6) intuitively says that after [uK ] excursions the picture left in a local
box (meaning a box of side length N'=¢ ¢ > 0) looks like random interlacements at
level u. Thus “when the local time at the zero level is «/N? the picture in a local box
looks like Z%” (and this also holds simultaneously for the picture left in several “distant”
regions contained in local boxes). Now (0.8) essentially speaking says that Cp is close in
distribution to ¢g(0){log|F|+ G}, and thus we roughly find that if F" is contained in one or
several “distant” local boxes then L¢,., the local time at the zero level when F’ is covered,
is close in distribution to N%g(0){log|F|+ G}. But this is the intuitive meaning of (0.5).
When F'is contained in one or several “distant” local boxes this intuitive explanation can
be turned into a rigorous proof.

However sets like Fiy = Ty x {0} can not be split into pieces that are contained in
distant local boxes. To deal with this problem we consider two cases. The first, considered
in Proposition 3.1, is when the Fiy are small in the sense that |Fyy| < N'/8. It turns out
that we can split such small sets into pieces S7, Ss, ..., Sk such that the pieces are contained
in “distant” local boxes, so that we are in the situation discussed in the previous paragraph
and can prove that the limit distribution is the Gumbel distribution.

The second case, considered in Proposition 3.2, is when the sets are “large” in the
sense that |Fy| > N 1/8 Tt turns out that such a set is typically covered completely when
the local time (at the zero level) reaches roughly N%g(0) log |Fy|. We consider the set F§
of vertices not covered when the local time at the zero level reaches a fraction (1—p) of the
typical local time N%g(0)log|Fy| (in fact F& will be defined in terms of excursions). By
tiling the cylinder with local boxes, using the coupling (0.6) once for each box, and using
a calculation inside the random interlacements model we are able to show (for appropriate
values of p) that F% is with high probability “small” in the sense that |F§| < NY/® and
that |F§| concentrates around its typical value, which turns out to be |Fy|?. By excluding
a short segment of the random walk (when it is far away from Fy and thus does not affect
F%) during which it “forgets” the shape of F§ we will show that the way in which X.
covers F4 is essentially the same as the way an independent random walk would cover
FY. Thus L, should be close in distribution to (1 — p)Neg(0)log|Fn|+ Lc,,, where F
is independent from X. and distributed as F§,. Since F% is “small” with high probability
we can apply the previous case for typical realisations of F” to get that L¢,, is close in
distribution to Ng(0){log|F'| + G}. Since |F%| concentrates around |Fy|? we find that
log |F'| = plog|Fy| so adding L¢,, to the deterministic part (1 — p)N%g(0)log|Fy| we
get that Le, ~has law close to Nig(0){log |Fn|+ G} (which is the intuitive interpretation
of (0.5)).

We now describe how this article is organized. In Section 1 we fix notation, recall some
standard results on random walks and random interlacements and prove some preliminary
lemmas. In Section 2 we use our main result Theorem 0.1 to prove (0.1), (0.3) and (0.4).
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In Section 3 we then prove Theorem 0.1, using the full version of the coupling (0.6) (i.e.
Theorem 4.1), and a quantitative version of (0.8) (see (1.45)). The proof of Theorem 4.1
is contained in sections 4, 5 and 6.

Finally a note on constants. Named constants are denoted by cg, ¢, .. and have fixed
values. Unnamed constants are denoted by ¢ and may change from line to line and within
formulas. All constants are strictly positive and unless otherwise indicated they only
depend on d. Further dependence on e.g. parameters «, § is denoted by c¢(a, 3).

1 Notation and and some useful results

In this section we fix notation and recall some known results about random walk and
random interlacements. We also state and prove Lemma 1.2 which gives an upper bound
on a certain killed Green function in the cylinder, Lemma 1.4 which relates local time of
the random walk to excursion times and to Brownian local time, and Lemma 1.5 which
gives a bound on certain sums of the “two point function” in the random interlacements
model.

In this article N = {0, 1,2, ...}. For any real > 0 we denote the integer part of = by
[z]. If U is a set |U| denotes the cardinality of U.

We denote by | - |o and | - | the I, and Euclidean norms on R¢*! and by du(-,-) and
d(-,-) the corresponding induced distances on (R/Z)? xR, Z¢*! and Ey. For any two sets
A,B C Z™ or A, B C Ey we denote their mutual Euclidean distance inf,c4 yep d(z,y)
by d(A, B). The closed l,-ball centred at z in Z** or Ey of radius R is denoted by
B(x, R). For any set U C Z4™! or Ey we define the inner and outer boundaries by

U ={zeU :d{z},U°) =1} and 0.U = {x € U : d({x},U) = 1}.

A trajectory (or path) is a sequence w(n),n € N, in Z4*! or Ey such that d(w(n +
1),w(n)) <1 for all n > 0. We define the trace of the trajectory as follows:

w(a,b) = {x : w(n) = z for some n € [a,b]},a < bin N. (1.1)

We write T for the space of trajectories in £y and W for the space of trajectories in Z+1.
For any set I' C Ey or F C Z%*! we write T for the countable subset of 7 consisting
of trajectories that are contained in F' U OF and stay constant after a finite time. The
canonical coordinates on 7 and W are denoted by (X,,),>0 and the canonical shift by
(0,,)n>0. For a subset U of Ey or Z*! we define the entrance time Hy, the hitting time

Hy;, and the exit time Ty by:

Hy; = inf{nzO:XnGU},ﬁU:inf{nzl:XnEU},
Ty = inf{n>0:X, ¢U}.

When U is the singleton {z} we write H, or H, for simplicity. We define the special levels
rn, hy and the special slabs B, B of Ex by

v =N, hy = [N(2+ (logN)?)] and B = Ty x [—ry,rn], B =Ty x (=hy, hy). (1.2)



The successive returns to B and departures from B are given by

Rl :HB,Dl :TBOQRl +R1, and for /{ZZ 1,

1.3
Rk+1:RloeDk+Dk; and Dk:DloeDk—'—Dk. ( )

For z € Z4*! we denote by Pfd+1 the law on W of simple random starting at x. Forx € Ey
we denote by P, the law on T of simple random starting at z. If e is a measure on Z+!
or Ey we denote by PZ"" | P, the measures 3, e(a) P2 and 3 e(a) P, respectively. A
special role will be played by the measures

1 1

€Ty X{—rNn,rN} z€T Ny x{z}

Note that the measure P that appears in the introduction coincides with F,,. For any
finite K C Z*! we define the escape probability (or equilibrium measure) ey and capacity
cap(K) by

ex(r) = PZdH(HK = 00)1lg(x) and cap(K) = Z ex (). (1.5)

rzeK

If K c U C Ey with U finite, then we define the escape probability and capacity of K
relative to U by

exu () = Px(ﬁK > Ty)1k(z) and capy (K) = Z ex.u (). (1.6)

We define the Z4*! Green function by

g(z,y) =Y P (X, =y) and g(-) = g(:,0) for z,y € Z*". (1.7)

n>0

The Green function killed on exiting U for U C Z*! is defined by

:ZPach+1(Xn:yan<TU)u

n>0

and similarly for U C Ey with P, in place of PdeH. Classically, if K C U C Ey with U
finite, then for all x € U

P HK<TU ZgnyeKU ) (18)
yeK

For two disjoint sets Si, S» C B we define their “mutual energy” relative to B:

E(S1.5) = Y eg p(®)gs(x.y)es, 51). (1.9)

xES1,y€SQ

The following classical bounds on the Green function g(x) follow Theorem 1.5.4 p. 31 of
[12]:



Lemma 1.1. (d > 2) For all non-zero x € 7!
clz['™" < g(x) < o] (1.10)
We also have similar bounds on gz(z,y):

Lemma 1.2. (d > 2, N > 1) For any v,y € B withx # vy

_ _ hy
clz —y|! dggg(x,y) < clz —y|* d+cm. (1.11)
Proof. Let e denote the vector (0,...,0,1) € 741 By “unwrapping” the cylinder Ey we
see that for any =,y € B

gé(x7y) = Z gU(Ilvy/—{_nN)? (1'12)

n€Zit+l n.e=0

where U = {z € Z¥" : |z -e| < hy} and 2,y € Z? x [—ry,rn] are representatives in
73+t of x,y such that |x — y| = |2’ — /|. Now the lower bound of (1.11) is a consequence
of gg(z,y) > gu(a',y') > gB(y,%hN)(x/, y') > c|l’ — /|'~? where the last inequality follows
from Proposition 1.5.9 p. 35 of [12]. Furthermore it follows from (2.13) of [17] with
L=hythatifn-e=0

~ 1 Ninl|
gu (@', y' + nN) < clz — y|" Lynesy + (V)1 &P (—C . ) L{jn|>3}-

But ) 7 Inlﬁ exp(—c%:‘) < k¥ 0 summing over n in (1.12) one obtains the upper

bound of (1.11). O
Note that thanks to (1.11) we have the following bound on £(S;, S2) when Sy, Sy C B:

(1.6),(1.11)

E(S,Ss) < ccap (St )cap 3 (S2) {(d(Sl, So))t=d + % (1.13)
(1.6) )
< ¢ S |[Sa| {(d(Sh, S2))' " + &%
The equalities contained in the following lemma will be essential:
Lemma 1.3. (N >3) For all K C Ty X (=7n,7N)
1
P,(Hx <Tps, Xp, =x) = K—eKVB(x),x € K and (1.14)
N
1
Pq(HK < TB, (XHK+.> S d'l,U) = K_NPeK,B(dw)’ (115)
where N
Ky = (1.16)

(d+1)(hy —7n)

Proof. (1.14) follows from Lemma 1.1 of [20] and (1.15) follows from (1.14) by an applic-
ation of the strong Markov property. O]



Incidentally (1.14) can be used to see that capgz({z}) < caps(K) when x € K C
Tx x (=rn,ry) and therefore together with the bound capg({z}) > PdeH(TB(y&N) >
. (1.11)

H,)— SUDycoB(y, 1 N) gp(z,y) > cvalid for all x € Ty x [rn,7n] and N > ¢ we see that

(1.9),(1.11)
£(S1,S;) > eN'%for all N > 1 and non-empty Sy, Sy C Ty X (—ry,rn). (1.17)

The local time of X,, at the zero level (or equivalently the local time at 0 of the
Z—component of X,,) is denoted by

L,=|{i€0,n]:X; €Ty x{0}},neN, (1.18)
and the first time the local time at the zero level is at least u by
Yo =inf{n >0: L, >u},u>0. (1.19)

Similarly we define R
C(u) =inf{t > 0: L; > u}, (1.20)

where the continuous process L, is the local time at zero of a canonical Brownian motion.
Note that by the scaling invariance of Brownian motion

((u) satisfies the scaling relation ¢(u) o u?C(1),u > 0. (1.21)

The cumulative distribution function of ((u) is known explicitly (see e.g. Theorem 2.3 p.
240 of [15]) it is the continuous function

2 [TV .
F(z) = 1{Z>0}\/;/ e 2z (1.22)

The following lemma relates v, to the excursion times Dy, and to the law of ¢(-):
Lemma 1.4. For any N > c, % >0 > COZ—I; and u such that uKy > 2 we have
P(Di1-spurcn] < Yunvt < Diaysyurcy)) = 1= cexp(—cuv/N). (1.23)

Also under P, for any fired N > 3,

Yu law 1
el C(\/m), as u — oo. (1.24)

Proof. We start with (1.23). Note that

{7. < b} (1.18),(1.19) {a < Ly} for real a,b > 0. (1.25)

Thus it suffices to show (using also that 02Ky > ¢v/N)

P(LD[ ; < ulN¢ < LD[ >1— cexp(—c52uKN). (1.26)

(1-6)uK (1+6)uKN])



Define the successive returns Ry, k > 1, to Ty X {0} and departures Dy, k > 1, from
Ty x {0} analogously to (1.3) with Ty x {0} replacing both B and B. Let V, = |{k :
Dy, € [Ry, D,]}| denote the number of contiguous intervals of time spent in the zero level
during the n—th excursion between B and 9,B. Then

Vi+...+Vn _ ~
Lp,= Y (Dy—Ry)foralln>1. (1.27)

n
k=1

By the strong Markov property V,,,n > 1, are independent and Vi is geometric with
support {1,2, ...} and parameter LN (the probability P.(Ry > D;) when x € Ty x {0})

and V, 1— UV; for n > 2, where U is a Bernoulli random variable, independent from V7,

with P(U = 0) = & (the probability that X,, leaves B before hitting Ty x {0}, when
starting in 0;B). By a standard large deviation bound using the exponential Chebyshev
inequality and the small exponential moments of }xlv we see that if § > 4% then

)

PVi+ .. 4+ Viagoyury < (1 + §)uKNhN) < exp(—cd?uKy) and
)

PWVi+ ... 4+ Via—sjuky = (1 — §)uKNhN) < exp(—cS*uKy).

Combining this with (1.27) we see that (1.26) (and therefore also (1.23)) follows once we
show that

[(1—-$)uKnhy] [(1+5)uKnhn]
P( Y (Di—R)<uN'< Y (Dp—Ry)) > 1—cexp(—cs’uKy). (1.28)
k=1 k=1

Now by the strong Markov property Dy — Ry, k > 1, are independent geometric random
variables with support {1,2, ...} and parameter -5 (the probability that X, ¢ Ty x{0}
conditioned on X,, € Ty x {0}). Therefore by a standard large deviation bound we see
that

[(1-5)uKnhy] 5
P( ) (Dp-Ry)=>(1- D+ DuKyhy) < cexp(—cd?uK yhy) and
k=1
[(14+$)uKnhy]
P( Z (Dp — Ry) < (d+1DuKnhy) < cexp(—co*uKyhy).
k=1
. . 5 1-6/4
From thls (1.28) follows by observing that (1 — 7)(d + )uKNhN = Nd1 T’N;hN <

uN? " S (d + DuKyhy if 6 > 472 This completes the proof of (1.23).

We now turn to (1.24). For ﬁxed N > 3 let Z,, denote the Z—component of X,,. Then
L, is the local time of Z, at zero. By (1.22) of [6] we can couple L. with L., the local
time at 0 of a Brownian motion, so that

supn~3/8|(d + 1)[:# — L,| < o0 a.s. (1.29)

n>1



For any u > 0,z > 0 we have P(v, < zu?) = P(u < Li,2) by (1.25) and thus it follows
from (1.29) that for any o € (0,1)

lim, ,. . Pu(l+a) < (d+1)Lyz2) < lm

22— 00 =
a+1 S N 1.30
< limy o P(u(l — a) < (d+1)Li.e2). ( )

But by (1.20) and (1.21) we have P(u(l + a) < (d+ 1)Lp.e) = P(((2=) < 24
and therefore from (1.30)

P(C(—) € ) € T, P € 20?) S B(G(—mm) € )
Varl = (tap) = Hueoet =200 = BT = = a2
Thus taking o — 0 we get (1.24). O

In the proof of the coupling result (0.6) (i.e. Theorem 4.1) the first step is to couple
random walk with so called “Poisson Processes of Excursions”. To introduce them we
first define for any law e on Ey the probability

Ke(dw) = Po(X a7, € dw). (1.31)

A special role will be played by , where ¢ as in (1.4). A “Poisson process of excursions”
is a Poisson process on the space T3 (see below (1.1)) of intensity which is a multiple of

v(dw) = Knkg(dw) = KnPy(X a1y € dw). (1.32)

If 4 =3, 500w, is a point process on one of the spaces T or W we define the trace Z(u)
of 1 by (see (1.1) for notation)

Z(p) = | J wa(0,00) C Ey or Z4, (1.33)

n>0

We now recall some facts about random interlacements. They are defined as a Poisson
point process on a certain space of trajectories modulo time-shift, on a probability space
we denote by (o, .Ag, Qo). For a detailed construction we refer to Section 1 of [22] or
Section 1 of [16]. In this article we will only need the facts that now follow. On (€0, Ag, Qo)
there is a family (Z"),>o of random subsets of Z4™!  indexed by a parameter u. We call
Z", or any random set with the law of Z%, a random interlacement at level u. Intuitively
speaking Z" is the trace of the Poisson cloud of trajectories mentioned in the introduction.
Two basic properties of random interlacements are that

the Z* are translation invariant and increasing,

in the sense that if v < w then Z¥ C Z". (1.34)

We can characterise the law of Z N K for finite sets K C Z9*! in the following manner
(see (1.18), (1.20), (1.53) of [22])

"N K'Y I(pxu) N K for each u > 0 where pk,, is a (1.35)
d+1

Poisson point process on W of intensity uPeZK
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An important fact is that if u < v and Z; and Z, are independent random interlacements
then |
u vy 1AW U TU V—U
(Il 7I ) (Il 7I I2 ) (136>
The law of (Z%)¢ (also called the vacant set) on {0,1}2°"" is characterized by (see (2.16)
of [22]):

Qo (A C (Z%)°) = exp(—u - cap(A)) for all finite A C Z*™.

Since cap({z}) = 7y and cap({z,y}) = m (see (1.62) and (1.64) of [22]) we have:

2

O rga—y 13D

Qo(zr ¢ I) = exp(—m) and Qo(z,y ¢ I") = exp(—u

If A and B are two disjoint finite sets in Z%*! that are “far apart” we have the following
independence result which is a direct consequence of Lemma 2.1 of [4]

U U U n cap(A)ca
Qu(A C T% B CT") — Qo(A CT")Qy(B C I)| < cuhiierB) (138)
for all disjoint A, B C Z4*! and u > 0.

The next lemma gives a bound on certain sums of the “two point probability” Qo(z,y ¢
Z"). It is a generalisation of Lemma 2.5 of [4].

Lemma 1.5. (d > 2)There is a constant ¢, > 1 such that for any F C Z4 u > 0 and
a>0

Z Qo(0,z ¢ T9O) < 2| F| A 0t + cu|F|ﬁ} + ce” ", (1.39)

0<|z|<a,xeF

Proof. We assume |F'| > 1. The left-hand side of (1.39) equals I; + I> where

02 Z exp (—2u (1 + g(x)/g(0))"!) and (1.40)
0<|z|<una,xeF
5, 20 ST exp(—2u(1+g(x)/9(0) 7). (1.41)

uha<|z|<a,xEF

We first bound I;. Note that for x # 0 we have g(x) < g(e1) < ¢(0), where e; is
a unit vector in Z? so that the summand in (1.40) is bounded by exp(—c,u) where
¢, =2(1+4 g(1)/g(0))" > 1. Therefore we find that

I < cu™ exp(—cyu) < cexp(—cyu) (1.42)

for a constant ¢; such that cl1 > ¢; > 1. Next to bound /5 we use the elementary inequality
(1—z)'>1+2z,2>0to get

I, < Y. e (=2u(l—g(x)/9(0)))

uha<|z|<a,xEF

< exp(—2u) Z (1 + cug(x)/g(0))

uha<|z|<a,x€F

11



(1.10)
where in the last inequality we have used that ug(x) < (cu-u'"?Ac) <cforuna <

|z| < a. We thus get

I, < exp(—2u) {|F| A (ca™t) + cng(m)} :

el
Let F' = {fi,.... fip;} with [fi| < |fo] < ... < [fip| and let Ry, ho,.. be an enumera-

(1.10)
tion of Z*! such that |hy| < |he| < .... Then since g(f;) < c|fi]*™¢ < c|hy|'™¢ and
{h1, ..., lyp} is contained in the Euclidean ball B’ of radius c|F |ﬁ around the origin we
have ,cp 9(2) < Sl A g(0)) < Fepcla A g(0)) < c| F/@H). Therefore
we see that
I < cexp(—2u) {]F] A a®tt o cu]F|2/(d+1)} :

which in combination with (1.42) yields (1.39). O

In proving Theorem 0.1 we will often consider events similar to {L¢,, < N 49(0){log | Fx|+
z}}. To simply formulas we define

up(z) = g(0){log |F| + z} and uny = upy, (1.43)

so that the previous event coincides with {Lc, < N dun(z)}. We denote the cumulative
distribution function of the standard Gumbel distribution by

G(z) = exp(—e™7). (1.44)

We now state a quantitative version of (0.8) which will be what we actually use in
the proof of Theorem 0.1. Recall the definition (0.7) of the cover level Cr of a set F'. We
have that (see Theorem 0.1 of [4]) for all finite non-empty F C Z+*

SUD.> _ 1og 1 [Qo(Cr < urp(2)) — G(2)] < ¢l F| . (1.45)

2 Applications: Convergence of cover times and point
process of uncovered vertices

In this section we will derive from Theorem 0.1 and the coupling (0.6) the convergence
in law of the rescaled cover times (i.e. (0.1)), the convergence in law of the point process
of vertices covered last (i.e. (0.3)) and the statement that “the last two vertices to be
hit are far apart” (i.e. (0.4)), in the form of Corollary 2.1, Corollary 2.2 and Corollary
2.3 respectively. Corollary 2.1 will follow easily from Theorem 0.1 once we have related
the random walk local time L, to the local time of Brownian motion using (1.24). To
prove Corollary 2.2 we will use Kallenberg’s theorem which allows us to conclude that
NF converges weakly to a homogeneous Poisson point process by checking two conditions
involving convergence of the intensity measure and the probability that the point measure
does not charge a set. Finally Corollary 2.3 follows from Corollary 2.2 by a calculation
involving the Palm measure of the limit of the NF.
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Corollary 2.1 (Convergence in law for cover times). (d > 2) Let F be a sequence of
sets as in Theorem 0.1. Then under P

Cn law

g(0)
Nlog [FE o

Vd+1

), as N — oo, (2.1)

where Cy = Cp,.
Proof. We set u = N%log|Fy|. For any z > 0 we have
(1.18) (1.18)
{LCN < L[wz]} C {CN < ZUQ} C {LCN < L[qu]}- (2'2)

It follows from (0.5) that L¢, /u — g¢(0) in probability as N — oo, so that for any
de(0,1)

22)
22) :
< HmyseP(g(0)(1 = 8)u < Lizy).

But by (1.25) we have P(g(0)(1+0)u < Lizy2) = P(Yg0)u(i4s) < zu?) and thus from (2.3),
(1.24) (using that © — 0o as N — 00) and the continuity of the limit law (see (1.22)) we
get:

1 z T 2
< () € o)

Vd+1" 7 (9(0)(1 —9))?

Once again by the continuity of the law of {(-) we can now let § | 0 to get limy_,o, P(Cy <

2u?) = P(C(ﬁ) < 5roz) and (2.1) then follows by the scaling relation (1.21). O

Next we prove the weak convergence of the point process of vertices covered last (recall
the definition of this process from (0.2)).

Corollary 2.2 (Convergence of point process of vertices covered last). (z € R) In the
topology of point processes

N5 converges weakly to a Poisson point process (2.4)
on (R/Z)% x R of intensity exp(—z))\, '
where \ denotes Lebesque measure on (R/Z)% x {0}.

Proof. Let M5 = erTNX{O} Ly, >Ndu(z)y- We will first show (2.4) with M7 in place of
NF%. By Kallenberg’s theorem (see Proposition 3.22, p. 156 of [14]) to show (2.4) with
% in place of NF it suffices to check that for all I in

J = {I : I a union of products of open intervals in (R/Z)* x R, \(I) > 0},

13



the following two statements hold:

J\HHOOEMZ( ) = exp(—2)A(]), (2.5)
J&i_r)nooP(/\/lfv([):()) = exp(—e*A(])). (2.6)

For any I € J define Fy = NI NTy x {0}. Note that because of the special form of I
(recall A(I) > 0) we have

/ |yl
Fy| = o0 and ————F— — A({) as N — oc. 2.7
To show (2.6) we note that
P(M3 (1) =0) = P(Ly, < Nu(2)), (2.8)

where C)y = Cpr and u(z) = uryxo}(2) (recall the notation from (1.43)). Let uy = Upr

and note that u(z) = uy(z — log |1r| xN{|o}|) so that for all @ > 0 and N > ¢(/, z,a) we have

(2 —a—log MI)) = u(z) C (2 + a —log A(I)). (2.9)

Therefore using (0.5) with F, and C'y in the place of Fiy and Cf, we get

exp(—e *T\(I)) @) li_mN_mP(LC;V < Nuy(z — a —log A(1)))
(2.8),(29) ___
< limy, PMRZ() =0)
28,29 __ .
< llmN_,ooP(LC;V < Neuy(z+a—logA(1)))
(0.5)

2 exp(—e T N(D)),

so that so letting a | 0 we find (2.6).
It remains to check (2.5). Note that

EMiy(D) "2 3" P (yyiue) < Ha) - (2.10)

xEF]/V
Let us now record (for use now and later) that

for F C Ty x [-4, 5] with |F| > 2,z € [-3log |F|, -4 log |F],
a € (0,%],6 = (logN)~*? and N > c(a) we have (2.11)

\/Lﬁgu (z—a)SuF(_)( 0) <up(2)(1+9) <up(z+a) <clogN.

' 10
for N > ¢, with § as in (2.11)) that P(Dxyu(z+a)) < YNdu(z))s P(Dixyuz—a) = YNdu(z)) <

_ c
ce~*N° and thus

P (Digcyutva) < He) = ce™™ < P (v < Ha)
< D[KNu(zfa)] < Hx) + Ce_CNC'

Thus for any a € (0, 15] and N > ¢(z,a) it follows from (1.23) (note that 1 > ¢ > Co
)

(2.12)

14



Now since {Dy < H,} L

P(Digyu(sta) < Hs) = P(x ¢ X(0, Digyu(z+a)))- (2.13)
We can now use (0.6) twice to get that if a € (0, ] and N > ¢(z,a) then

' 10
P ('T ¢ X(Ov D[KNu(z—a)])) < QO (‘T ¢ :Z’-U(Z_QG)) + CN_3d7
P (z ¢ X(0, Digyuiz+ay)) = Qo (x ¢ Z"=129) — eN—3,

{z ¢ X(0,Dy)} for any k > 1 we have

(2.14)

where we have also used (2.11) with u(z £ a) in the place of z, that § > c3% (4 as in
(2.11)) for N > ¢, the fact that ZU#9ur(zte) hag the same law under the coupling Q,
as under the canonical probability Qo and (1.34). But Qo (z ¢ ZT*29)) = % by
(1.37), so combining (2.12), (2.13) and (2.14) we get that if N > ¢(z,a) then

exp(—z — 2a) Y exp(—z + 2a)
D=2 = 20)  Nsd < p oy < ) < SRITET 20
T < (0)] < P (v < Ha) < S Sy

So by (2.7) and (2.10) and we have that for all z € R and a € (0, 15]

+ N3,

M) exp(=2 — 2a) < limy_, . EM3 (1) < M) exp(—2z + 2a).

We simply have to take a | 0 to get (2.5). This completes the proof of (2.4) with

% in place of NF. Thus the limit of the Laplace functionals of M3 is the map f —
(02)
exp(—e* [(1—e 7@)\(dz)), which is continuous in z. By using the inequality M5™° <

(0.2)
Nz < M5, valid for any 2 € R,;0 > 0 and N > 1, and letting 6 | 0 we see that the
limit of the Laplace functionals of N is f — exp(—e™ [(1 — e F@)A(dz)) as well, and
therefore (2.4) holds. O

Finally we derive Corollary 2.3 from Corollary 2.2.

Corollary 2.3 (Last vertices to be hit are far apart). Let the random vector (Y1,Ya, ..., Yry x{0})
be the vertices of T x {0} ordered by their entrance time with Yy being hit last, so that:

C’]TNX{O} = HY1 > HYQ > > HY|TNx{0}| = HTNX{O}'
Then for all k > 2

%ir%EN%OP(m <i<j <k such that d(Y;,Y;) <IN) =0, (2.15)
_>
or in other words for large N the last k vertices of T x {0} to be hit are separated, at

typical distance of order N.

Proof. For z € R, Corollary 2.2 says that N converges weakly to N, a Poisson point
process on (R/Z)? x R of intensity exp(—2z)A (X as in Corollary 2.2). Note that for any
z € R and 0 > 0 the limsup of the probability in (2.15) is bounded above by

lim P(3z # y € Supp(N7),d(z,y) < 0) + P(N*((R/Z)* x R) < k), (2.16)

N—o0
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where we have used that P(NZ((R/Z)? xR) < k) — P(N*((R/Z)* xR) < k) as N — oo.
Let f: (R/Z)? x R — [0,1] be a continuous function such that f(z) = 1 if d(0,z) < §
and f(z) = 0if d(0,x) > 2§. Then

limg_o mNM (Fx # y € Supp(NF) s.t. d(x y) 5 <
hm6%0 th%OOE(Zm,yESupp(N’Z ),z#Y ( ))7

where we have used Markov’s inequality going from the middle to the last line. Consider

the sum 3, cquppovir oy 2 — 1) = Nz @ NZ(F( = ) = FONG(R/Z) x B). Note
that N3 @ NZ tends weakly to N'* ® N* so that

lim B > fle—y)| =E oo fla-w)l. (2.18)

x,y€Supp(NF),x#y z,y€Supp(N?),z7£y

By Proposition 13.1.VII p. 280 of [7] the local Palm distribution for N* at x € (R/Z)? xR
is the distribution of N* + §,. Therefore (by e.g. Proposition 13.1.IV p. 273 of [7]) the
right hand side of (2.18) equals

< c(z)d4. '

Combining (2.18) and (2.19) we get that the right-hand side of (2.17) equals zero, and
therefore from (2.16) we see that for all z € R

lim th P(31 <i < j < ksuch that d(Y;,Y;) <ON) < P(W*((R/Z)* x R) < k). (2.20)
6—0 N—o0

But if we take z — —oo then the right hand side of (2.20) tends to zero, so (2.15)
follows. O

3 Convergence to Gumbel

We now turn to the proof of Theorem 0.1. Intuitively speaking (0.5) says that “Leg,
is approximately distributed as a Gumbel random variable with location Ng(0)log |Fy]|
and scale N%g(0)” (recall that a Gumbel random variable with location p and scale 3 has
cumulative distribution function exp(—e~@~#/8) and that the standard Gumbel distribu-
tion has location 0 and scale 1). The first step of the proof is to use (1.23) to reduce this
to the statement “the number of excursions needed to cover Fy is approximately Gumbel
distributed with location Kyg(0)log|Fy| and scale Kyg(0)”. To prove this latter state-
ment we want to use the coupling result Theorem 4.1 from Section 4 that couples the
trace of the random walk X. with random interlacements, and apply (1.45) (i.e. Theorem
0.1 of [4]) which gives the corresponding distributional limit result in the random inter-
lacements model. It is however not immediately obvious how this might be done because
Theorem 4.1 only couples the trace of X. in several separated “local boxes” of side length
N'7¢0 < ¢ < 1 centred in Ty X [—%, %] with random interlacements, and in general
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it will not be possible to cover Fiy by a collection of such local boxes. We are able to
deal with this problem by splitting the sequence Fl into two subsequences, one with Fy
that are small in the sense that |Fy| < N'/® and one with Fy that are big in the sense
that |Fy| > N8, In the first case (small Fy) we are able to apply Theorem 4.1 and
(1.45) to get that the number of excursions needed to cover Fly is approximately Gumbel
distributed with appropriate parameters. Moreover we are able to reduce the second case
(big Fy) to the first case.

We now state Proposition 3.1 which deals the first case. Recall (1.4), (1.43) and (1.44)
for notation.

(Gumbel for “small” F). (d > 2) For any 0 € (0,+], N > 1 and

Proposition 3 ' 10

A1
FCTyx [—%, %] such that NY/® > |F| > ¢(0) we have:

sup |y (F C X(0, Diggyur(ey)) — G(2)| < 0. (3.1)
z€[—1log|F|,4 log |F|],l€[-N,N]

We postpone the proof of Proposition 3.1 until after the proof of Theorem 0.1 and
instead state Proposition 3.2 which deals with the second case.

Proposition 3.2 (Gumbel for “big” Fi). (d > 2) Let Fx be a sequence of sets as in
Theorem 0.1 with the additional requirement that |Fx| > N8 for all N > 1. Then for
all z € R (recall that uy is a shorthand for up, ):

P(Fn C X(0, Diyun(=))) — G(2) as N — oo. (3.2)

The proof of Proposition 3.2 is also postponed until after the proof of Theorem 0.1,
which we now start.

Proof of Theorem 0.1. We write Cy for Cp,. By (1.25) we have P(L¢c, < N%uy(z)) =
P(Cn < Yniuy(z)) for all z > —1log|Fy|. Also note that for all z € R, a € (0, ;5] and
N > ¢(z,a,(Fy)n>1) it holds that

P(On < Diuy(z—aykn]) = P(Dluy c—a)Kn] = YNAuy ()5
P(Cn < Diuy(z+aykn]) + P(Dpuy (4a)kn] < INduy(z))-

P(CN < /VNduN(z)) >
P(Cn < YNduy(z) <

_ (1.1) _
Now using that P(Cnx < Dy zxaky]) = PFn C X(0, Dy +a)iy])) and (2.11) with
F = Fy (similarly to under (2.11) but with z & @ in place of z) it follows from the above
and two applications of (1.23) that for all z € R and a € (0, 15]

limy_, P(Fy C X (0, Diuy (z—a)kn])) limy . P(Ley < Nfun(2))

<
< L 3.3
< th—>ooP<FN C X(O, D[uN(z-i—a)KN]))- ( )

But by splitting the sequence Fy into two subsequences and applying Proposition 3.1 (re-
call that P = P,;) and Proposition 3.2 it follows that limy_,oc P(Fn C X (0, Djuy(zra)kn])) =
G(z £ a). We can thus replace the right- and left-hand sides of (3.3) with G(z + a) and
G(z — a) respectively, and then let a | 0 and use the continuity of G to conclude that
limy o P(Lcy < N%uy(2)) = G(2) for all z € R, and therefore that (0.5) holds. O
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We now turn to the proof of Proposition 3.1 which deals with “small” sets Fy. It
turns out that such small sets can be chopped into pieces Sy, Ss, ..., Sx such that each
individual piece is contained in a local box of side length N2 and is separated from
the other pieces by a distance of at least |F|?>. The separation will allow us to apply
Theorem 4.1 to conclude that the traces left by X. on each S; are approximated by k
independent random interlacements, and thus that the number of excursions needed to
cover F'is approximately K times maxy CN’Sk, the maximum of the cover levels of the
Sy by the k random interlacements. Using (1.38) we will be able to assemble the pieces
(placing them suitably far apart) into a single random interlacement, so that maxy ésk
is close in distribution to the cover level C'z of a set F which consists of the reassembled
pieces Si, 9, ..., Sr and thus has the same cardinality as F. It will then be straight-
forward to prove that C 7 (and thus max CN’Sk) is approximately distributed as a Gumbel
random variable with location ¢(0) log |F'| and scale ¢g(0) by applying (1.45). This in turn
will imply that the number of excursions needed to cover F' is approximately distributed
as a Gumbel random variable with location Kxg¢(0)log|F| and scale Kyg(0), which is
essentially speaking what Proposition 3.1 claims.

Proof of Proposition 3.1. Construct a graph (F, Er) with vertices in F' and edge set Er
such that {a,b} € Er iff a,b € F and du(a,b) < |F|?. Let S}, Ss, ..., Sp be the connected
components of (F, Er) and let x1,...,xx € Ey be arbitrarily selected x; € S;;i =1, ..., k.
Then for each i and for all y € S; we have dy(y,2;) < |F| x |F|? = |F|* < N2,
where the last inequality follows by our assumption on the cardinality of F. Therefore
S; C B(z;, NY?) for all 4, and if i # j we have do.(S;, S;) > |F)>.

We now apply Theorem 4.1 with ¢ = 3, u = up(z), d as in (2.11) (using also (2.11) with
a= 0/4 smnlarly to under (2.14)) and l in the place of z to get that for any [ € [-N, N/,
z € [—31og|F|, 3log|F|] and |F| > ¢(0)

_0
Hf:l QO(SZ —x; C Zvr( 4)) - % PQl(F - X(O’ D[KNMF(Z)]))

<
< 3.4
< 15, Qo(Si — ay € TorHD)) 4 8, (3.4)

where we have also used that N > [F|® and (when & > 1) that 7. &£(S;,5;) <

Zi#jc‘sl}"f il < iy by (1.13) and d(S;, 5;) > ¢|F|?. Consider the sets S; = (S; — x;) + i -

exp(N)ey - 74+ where S; — x; is viewed as a subset of Z4™! and e; = (1,0, ...,0) € Z*+1,
Let F=Jf, S;. By (1.38) and (1.5) the following holds for z € [~ 5 log |F] > log | F]:

[Sil|F|

|Q0(F - ZuF(z:t%)) — Qo(gl - IuF(zi%))Qo(F\Sl IUF Zi )| < clog |F| Xp(N)

Applying (1.38) another & — 1 times and using the triangle inequality we get that

Qo(F © TvrED) — 15, Qo(S: — 2 C 7ur(ED)| < clog |F|e>l§(|N < ¢ (3.5)

holds for all |F| >
(1.34)

) and z € [—log|F|,3log|F|] (using also that Qo(S; — x; C

c(f
ZurE) Qo(S; C T*rE*D)). Now finally we apply (1.45), using that |F| = |F|, to
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get that for all |[F| > ¢(9) and z > —1log|F:

i 0. 0
Qo(F c Tv7£D) — G(z + <7 (3.6)

Combining (3.4), (3.5) and (3.6) with the fact that |G(z) — G(z £ &)] < £ for all 2, we
get (3.1). O

Next we prove Proposition 3.2, which deals with “big” sets Fy. In this case we will
consider for some 0 < p < 1 the set F{y = Fn\X (0, Dja—p)kyuy(0)]), i-€. the subset of Fy
left uncovered by a fraction 1 — p of the typical number of excursions Kyuy(0) needed
to cover Fl, and show that the cardinality of F%, concentrates around its typical value
which turns out to be |Fy|? (this is the content of Lemma 3.3). To do this we will once
again split Fy into pieces S, ..., S, that are contained in local boxes (but this time they
will not in general be far apart). Using the coupling Theorem 4.1 for one i at a time will

allow us to use a random interlacements calculation to prove that |F§ N .S;| concentrates

|:Si]
[N ]
this value for all 7 at the same time with high probability, and thus that | F§| concentrates

around |Fv|? with high probability.

Now for the p we pick (cf. (3.20)) we will have [Fy|? < ((2N 4 1)N9)? < N'/8 5o that
(with high probability) F% is a “small set” in the sense of Proposition 3.1. It will turn
out that the excursions after the [(1 — p) Knyuy(0)]-th departure are “almost” independ-
ent of F§, and therefore we will be able to apply Proposition 3.1 to the set F% to prove
that the number of additional excursions needed to cover it is approximately a Gumbel
random variable with location Kyg¢(0)log|F%| ~ Kyg(0)log|Fn|? = Kng(0)plog|Fn|
and scale Kxg(0). Adding to this random variable (1 — p) Kyun(0) = (1 — p) Ky log | Fi|,
the approximate number of excursions that reduced Fy to F%, we find that the number
of excursions needed to cover Fly is approximately distributed as a Gumbel random vari-
able with location Kxg¢(0)log |Fx| and scale Kyg(0), which is essentially speaking what
Proposition 3.2 claims.

around

X |Fn|P. A union bound will then ensure that |F§ N .S;| concentrates around

Proof of Proposition 3.2. Fix a z € R. Define for any p € (0,] and N > ¢
/(o) = (. N) = [(1— ) Enun(0)] and F§ = F\X(0, D). (37)

Because {Fy C X (0, Dixyuy)))} = {FK C X(Ry(p)+1: Digyun(2)))} for N > ¢ it suffices
to show that for some p € (0, 1]

P(FY € X(Ry(p)+1, Digcyun(2)))) = G(2) as N — . (3.8)
For each A € (0, 1f5) and N > 1 we define the collection of “good sets” by:

Gua={F' CFEx:(1=)N|Fy|” <I|F'|<(1+NI|Fn|}. (3.9)

To show (3.8) we will use the following lemma:

Lemma 3.3. For all A € (0, 1—(1)0) we have imy_,o P (FN € Gy ) = 1.
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Proof. Let

1 1
= ——0. 3.10
3(d+1)16" (310)
For each N we can select xy,..,z,nv) € Ty X [—%, %],n(N) < ¢N@HDe and partition

Fy into disjoint non-empty sets Sk, ..., S% such that S% C B(z;, N'=¢) for each i and
Fyx =i, Si. Consider for each i = 1,...,n(N) the events

Ef = {|SI\X(0,Drg)| = (14 Dail Fxl? + 2 @l Fy]?} and
3 : 3 ¢ (3.11)
E; = {|S\\X(0,Dy))| < (1= 3)alFn* = 5p/ail Fx|}

where a; = ;Ii}; : and t = ZZLZ(JIV) V/a;. Because the right-hand sides of the inequalities in

the events in (3.11) sum up to (1 £ \)|Fy|? we have:

P(IFg| > (1 +N|Fyl?) < X P(E) < eN@Dsup, P(

P(FSI < (1= NIFxl?) < SP(E) < N sup, P(E |

i)
We therefore wish to bound P(E). To this end let

us(A) = g(0){(1 — p)log | Fx| +log }and u = (1 = p)un(0), (3.13)

1
1FN/2

and note that we can apply Theorem 4.1 with £ = 1, € as in (3.10), v as in (3.13), J as
n (2.11) (using that u-(A) < (1 —puy(=%) < (1 P)UN( ) < ugp(A), u= (1= p)un(0),
so that [uKy] = r(p), and (2.11) with a = \/4 similarly to under (2.14) and above (3.4))
once for each i to show that if N > ¢(\) then

P(E) < Qo(IS\\T" | = (14 3)ai| Fx|? + 5 /a@i| Fy|?) + <N,

" ; _ 3.14
P(ED) < QullSiAT* | < (1= Balryle - S valF) + vt G0

where we view S% as a subset of Z%™! and have also used (1.34). Note that
EP (SN ) = Y Qo(a ¢ 7v7) P (1 £ 2 )az|FN| (3.15)

xESl

Thus the probabilities on the right hand sides of (3.14) are bounded above by:
Qo (|ISM\Z**| = E@(IS\Z* )| = §v/ail Fl?) (3.16)
Using the Chebyshev inequality we see that (3.16) is bounded above by:
(

B (|S3\T"|2) — (B2 (|Si\Z"+))”

3.17
S| Fy[? (317)
We thus wish to bound E? (]S4, \Z"*|?). Note that
Q i ut |2 ut (3.15)
EX(ISW\IP) = ) Qoley ¢T") < cail Falf
z,yesy,
+D D Qolay 1) (3.18)

xES}'\, yESZiV,y;é:c
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Now using the translation invariance of Z*" (cf. (1.34)) and Lemma 1.5 (with a = 10000 N
say) we get that for N > ¢

—
w
=
w

N/

Z$65§v,y¢m Qo(ff,y ¢ IU:F)
| o |
(14 32 [En[*2{|Sy|* + clog | Fi||Sk |71} + ¢ Siy || Fv |~

ot
=

(3.19)

=

hs)
VAVARVANTRIVAN:

. 2 -1

(B (SIATTD) + caslog | El[Ex 5 + car| Fylr
, 2

(B (SATTD)) "+ cail Pl

Combining (3.19) with (3.16), (3.17) and (3.18) we find from (3.14) that P(Ef) <
>1 .
c(N)2|Fyn|™" + eN734 < ¢(N\)#2N~5” and thus from (3.12) that

P{(1=N|En|? < |FY < (1+N)|Fy|P}9) < c()\)N(d“)EtzN_ép < c(A)N—%P,

where to get the last inequality we have used that ¢t = S/ /a; < n(N) < eN@HDe
and (3.10). Thus we just have to let N — oo and recall the definition (3.9) of Gy, to
complete the proof of Lemma 3.3. O

We now continue with the proof of (3.8). Fix

1 1

and write r in place of r(p). Note that by the strong Markov property

P(FJI\)T - X(Rr—f—l: D[KNuN(Z)})v FK[ € gN,A) (3 21)
Z P(FK, = F/, XDT = $)PI(F/ C X(07 D[KNuN(z)]frD- '

where the sum is over all x € 863 and F' € Gy . We now need the following lemma:

Lemma 3.4. For any A € (0 and N > ¢()\, z) we have that if F' € Gy and x € 9,B

then

s T05)
[PA(F' € X(0, Digeyu (o)) — G()| < e. (3.22)

Proof. By the strong Markov property we have
PQC(F, C X(O, D[KNuN(z)}—r» = E:E[PXRl (F/ C X(O, D[KNuN(z)]—r))]‘ (323)

Let x = (y,w), with y € Ty and w = {—hy,hyx}, and let v € {—ry,ry} with wv > 0.
Then by (2.2) of [21] we have

sup | Py(Xg, =) — q(2)] < eN,

2'€Tn x{v}.
Thus for N > ¢(\) we have

| Ex[Pxp, (F" C X(0, Digcyun(2)-r))] = Fou (F" € X(0, Dicyun ()l S A (3.24)
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Note that g( Wplog |Fn|+ 2z} = g( {log |F'|+ z +1log ‘flff,u } and since F' € Gy we have

—4) < log - o < log ‘I N <o L i < 4. Thus for all N > ¢(z, A) it holds that

(3.7) (3.7)
Kyup/(z —8\) < [Knuy(z)] =1 < Kyup(z+8\),

and therefore also that

Py, (F" € X(0, Dicyupr (z—s1)) Po,(F" € X(0, Digcyun (2))-+)) (3.25)

Py, (F" C X(0, Dicyupi(=+80)))-

IAINA

' (39),(3.20) ) B9 .
Now if N > ¢(A, 2) then |[F'| < cNis < N5, [F'| > cNs? > ¢()\) and —3 log | F'| <

z— 8\ < z+8X\ < ilog|F'|. We can therefore use Proposition 3.1 with A in the place of
6 on the right- and left-hand sides of (3.25) to get that

G(z = 8)) = A < Py, (F' € X(0, Digyun(o))—r) < G(z +8X) + . (3.26)

Now we simply have to combine (3.23), (3.24) and (3.26) with the inequality |G(z+8\) —
G(z)| < eX to get (3.22). O

We are now ready to complete the proof of Proposition 3.2. From (3.22) and (3.21)

we see that if A € (0, 155) and N > ¢(), z) then

|P(Fy C X(Rri1, Digcyun(=): Fy € Gun) — P(FR € Gua)G(2)] < e
Letting N — oo and using Lemma 3.3 we see that

’ lim P(Fp C X(Rr-i-l;D[KNUN(Z)])) - G(Z)| S C>\'

N—o0

Now letting A | 0 we get (3.8) and therefore the proof of Proposition 3.2 is complete.
]

We have now completely reduced the proofs Theorem 0.1 and its corollaries to the
coupling Theorem 4.1.

4 Coupling random walk with random interlacements
In this section we state and prove the main coupling theorem, Theorem 4.1, which couples

random walk X. with random interlacements. More precisely, for some ¢ € (0,1), k > 1
and suitably large N we select k vertices

Ty, ., Tp € Ty X [—%, %] and k non-empty sets (4.1)
S1, 89, ..., Sp C B(0, N'7¢) such that S; + x;,7 = 1, ..., k are disjoint, '
and then construct, for appropriate u and ¢, k independent pairs of random sets Iu(l A

Sl,Il- “099) 4 5, with the law of random interlacements at level u(l — 0), respectively
u(1 + 0), intersected with S;, such that the following event holds with high probability
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(provided the S; + x; have low mutual energy, see (1.9), for example if they are “far
apart”):
(74N S € (X(0, Dpureyy) — ) N S; € T A S, for all 4} (4.2)

A weaker version of the coupling which gave the upper inclusion for k& = 1, fized u
and 0 and large N is contained in [21] (a similar lower inclusion is contained implicitly in
[20]). Theorem 4.1 improves on this by allowing v and ¢ to vary with N, by constructing
7' (1£0) S; such that they have the joint law of random interlacements at levels u(1 £ )
intersected with S; (the naive way of combining the explicit coupling from [21] with the
implicit coupling from [20] to get a double inclusion, as in (4.2), does not guarantee the
“correct” joint law), and by coupling the trace in several sets Sy + x1, ..., Sk, + ;. For
more on why constructing Z;' (1
see Remark 6.11 (2).

The proof of Theorem 4.1 is divided into three steps: The first is to construct two
independent Poisson processes of excursions (that is point processes on the space Tj
of intensity proportional to v, see (1.32)) p; and po, such that with high probability
done in Section 5; in the proof of Theorem 4.1 we invoke Corollary 5.3 for this step.

The second step is to exploit the fact that “the traces of a Poisson process of excursions
on sets of low mutual energy are approximately independent” (if & > 1, otherwise this step
is trivial) to construct k independent pairs of Poisson processes of excursions pl, pb, i =
1,...,k such that with high probability (Z(u}) — z;) N.S; = (Z(p1) — ;) N S; and (Z(uf) U
Z(p) — ) NSy = (Z(p1) UZ(p2) — x;) NS; for i = 1, ..., k. This is done in Lemma 4.2.

The third step is to construct from p},ul the random sets I;‘(l_‘s) N Si,Iiu(Hd) N S;
from (4.2) such that with high probability Z"~" N S; € (T(u}) — ;) N S; and (T(u}) U
I(us) —x;)NS; C L (%) 1 5, This is done mainly in Section 6; in the proof of Theorem
4.1 we invoke Proposition 6.1 for this step.

We thus postpone a large part of the work to Sections 5 and 6, and here only prove
Theorem 4.1 conditionally on the results of these two sections. We now state the theorem.

N S; such that they have the correct joint law is useful

Theorem 4.1. (d >2) For any k> 1, ¢ € (0,1), N > c(¢e), z € [-N,N], 1 > § > 3%,
u satisfying uKy > (log N)®, and xy,..., 2%, S1, ..., S, as in (4.1) we can construct on
a space (4, Ay, Q1) an Exy—valued random walk X. with law P, , and an independent
collection ((Z”(l_(s) N SZ-,ZZL(H&) N S;)E, such that the i-th member of the collection has

)

the (joint) law of (Z%'=9 N S;, Z*0+) N S;) under Qq and

cuN 341 if k=1,

| (43)
cu i E(Si+ i, Sj+ay) if k> 1,

where F' is the event from (4.2). (Recall the definition of £ from (1.9) and the bound on
it from (1.13).)

Proof. Let ¢y = 2¢c, where ¢4 is the constant from Corollary 5.3. We first apply Corollary
5.3 with £ in place of § (note that 1 > § > caz) to construct on a space ({3, A3, Q3) a

23



coupling of X. with law P, and two Poisson point processes ji1, fto on Tz with intensities
u(1 — 2)v, Suv respectively such that

Q3(¥i, Z(p1) N (Si + zi) € X (0, Dpurcy)) N (Si + 25) C (Z(p2) UZ(p2)) N (sz'v+ ;) >
1 — culN =31,
(4.4)

For the case k > 1 we will need the following lemma:

Lemma 4.2. (N > c(¢)) Let pu be a Poisson process on T of intensity sv,s > 0. We can
then define (by extending the space) an iid collection ny, ..., of Poisson processes such

that n; law i and

Qi3 Z0) N (Si+20) A Z() N (Si+2:) <25 S E(Si+ w0, Sy +a,).  (45)

i,J:J71

Proof. For all j,ilet A;; C Tz denote the set {Hg, ., < Hs, 4o, < T3}, and for all 7 let
B; C Tj denote Uj.;£.A;,; and let C; C T denote {Hg,1,, < T}. For each i make the
decomposition p = ¢; + ¢; where ¢; = lg,npept and ; = leeyp, - Because C; N By (“the
excursion reaches S; + x; first”) are disjoint the ¢;,7 = 1, ..., k are mutually independent

Poisson point processes. Now extend the space by adding an independent collection of
point processes ;i = 1, ..., k such that 1, law ¥; and define 1; = 9, + ¢;. Then the n;
are independent and 7; law i, so to complete the proof of the lemma it suffices to show
(4.5). Note that for each i:

Q1(Z(m:) N (Si + i) # L(p) N (S + 1)) 1§32 Q1 (i(Ci) # 0 or 4;(C;) # 0)
( < ) 25K n P, (B;) (4.6)
<

2s Z KNPq(.AjJ‘).

J:g#

If we let K = (S; +x;)U(S; + z;) then (provided N > ¢(¢) so that K C Tx x (—ry,7n))

KnPy(4;:) = > KnP(Hg <Tp, Xy = x)Po(Hs, 40, < Tp)
€S+,
(114),(1.8)
= > ex.3(0)95(xy)es 0. 5(Y) (4.7)
xESj-i-a:j,yESi-i-mi
(1.6),(1.9)
E(S] + Zj, Sz + l’,)
Now combining (4.6) and (4.7) we get (4.5). O

We now continue with the proof of Theorem 4.1. If £ > 1 we apply Lemma 4.2 once
for 11 and once for o and extend our space with independent u',n = 1,2, = 1,.... k,

such that pu} law w1 and g law 1o for all ¢ and

Q1(F") <cu) i, E(Si+ x;, S + x;) where F” is the event

{(Z(p) —x)NS; = (Z(pn) — ;) NS for allm = 1,24 = 1,..., k}, (4.8)

If k¥ = 1 then simply define ui = p; and u3 = po. When N > c(e) we now apply
Proposition 6.1 with = z;, p = i, u(l — §/2) in place of u, u_ = u(l — §) and
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uy = u(l — 30) (note that “ u(l= 5/2) =1+ 6/2 > N~ and ;55 = 1+ 15{;;2 > N—¢(e)
for N > ¢(¢)) once for every 1 § 1 <k, each time extending our space by adding a pair

of independent random sets Z; ;,Z,; depending only on p} with the distribution under @
of 749 N B(0, N'=¢) and Z%1° N B(0, N'~¢) respectively, such that for each i

Q1(Vi,Z,; C (Z(ph) — 2;) N B(O, N'™%) C Z, ; UT,,;) > 1 — cuk N—10(d+D), (4.9)

We then apply Proposition 6.1 again, this time with p = 5, ud in place of u, u_ = 0 and
up = u® (so that “= =2 > N~ for N > ¢(e)) once for every 1 < i < k, each time
extendmg our space by addlng a random set Z3 ; depending only on p and distributed as
"% N B(0, N'=¢) under Qg such that

Q1(Vi, (Z(1) — ;) N B(0, N*™%) C Zy;) > 1 — cuk N0+, (4.10)
We now define Z'"" 1 5; and 7" N S; by

NS =7,n S and ' N S = (T, ULy, UTs,) NS, 1 < i < k.
Since Z; 4, Zp,; and Z3; are independent, we get from (1.36) that (Iu(lf‘s N Sl,I“ I+ g, )
has the law of (Z(!=9NS;, T¢0+9)NS;) under Q. Also the collection ((Z;' u(1-0) ﬂSZ,IZ (10

S;))k_, is independent so it only remains to show (4.3). But (4.3) in the case k = 1 follows
directly from (4.4), (4.9) and (4.10), and if £ > 1 it follows from (4.4), (4.8), (4.9) and
(4.10) (using the crude bound k < ¢N4*1 and (1.17)). O

We have now completed the proofs of all the main results this article (Theorem 0.1,
its corollaries and Theorem 4.1) conditionally on the results of Sections 5 and 6.

5 Coupling random walk with the Poisson process of
excursions

In this section we state and prove Corollary 5.3 which couples Ey—valued random walk
X. with two independent Poisson processes of excursions iy, o, i.e. Poisson processes on
75 with intensity proportional to v (see (1.32)), such that with high probability the trace
X (0, Dpyky) (for appropriate u) dominates the trace of y; (see (1.33)) and such that the
union of the traces of y; and jp dominate X (0, Dy,k,1) (cf. (5.23)). The majority of the
work will be to couple X. with

iid Ey — valued processes X', X2..., X', X2, ..., with law Kq (5.1)

(see (1.31)), such that for suitable u and ¢ the following double inclusion event holds with
high probability:

[u(1-8) K] K
I={" g “Xi(0,D)) qu(RZ,D)
- u(1+8/2) K] . (82K n] (5.2)
c U0, by 0T R0, Do)

=1 =1
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To get pq, o one must then carry out “poissonization”, that is one must “put a Poisson
number of iid the excursions” into each of p; and po. This relatively simple step is carried
out in Corollary 5.3.

The more challenging step of coupling X. with the iid excursions X!, X2.... X1, X2, ...,
is carried out in Proposition 5.1. To prove this proposition we first quote a result from [21]
that couples X. with “conditionally independent” excursions X!, X2, ... which are such
that conditionally on Xf:,l € Ty x {zhy}, where z = %1, the next excursion X**! has
law rg,, . We then couple the conditionally independent excursions X with the truly

independent excursions X L X 2., X T X 2. by using Sanov’s theorem for the empirical
distribution of successive pairs of values of the Markov chain (ﬁf(ﬁ )i>1 (with state space
{—1,1}) to show that for any given z; € {—ry,rny} and 2o € {—hy, hy} the number of
X' that start in Ty x {21} and end in Ty x {2} is close to what this value would be if
the X were truly independent.

Weaker forms of the “upper inclusions” in Proposition 5.1 and Corollary 5.3 appeared
as Propositions 3.1 and 4.1 in [21]. However, as opposed to the results in this paper, the
results in [21] require that u and § are fixed as N — oco. Our proofs follows the proofs in
[21] with the most important improvement taking the form of the improved bound (5.18)
on the empirical distribution of successive pairs of the Markov chain (%X%l)izl, which

h
allows for 0 to go to zero as N — oo, as long as it does not do so too quickly.

Proposition 5.1. (d > 2) For any N > ¢ and z € [-N, N| one can construct on a space
(Qs, Az, Qs) a process X. with law P, and processes X', X2, X, X2 ... as in (5.1)
such that for any w and 6 satisfying uKN (log N)S and >0 > c33- one has, for I as

Q2(I¢) < cuN 341, (5.3)

Proof. Let X. = (Y., Z.) where Y. is Ty—valued and Z. is Z—valued. For v = (21, 23) €

re {=rn,7n} x {=hy,hx} we let P, denote the law of X \p, under P, conditioned

on {Zp, = z}. By Proposition 2.2 of [21] we can construct a coupling (@, €, A"
of the random walk X. with law P, , a Z?—valued process (ZRJC, ZD,k)kzl distributed
as (Zry, Zp,)k>1 under Py and Ey-valued processes ()~( ¥)g>1 which conditionally on
(ZR ks Zp.k)k>1 are independent with the law of X* given by Py, 7p.» Such that Q' (X(my+ 7Dy 7

Xk) < e¢N~% for all k. Thus:

(1.16)

Q' (3k < 2uKy such that X (Ry, D) # X*(Ry,Dy)) < cuN—31 (5.4)

We will construct on a space (X, B, M) a coupling of a sequence of processes (X*);>; with
the law of (X*)i>; under Q" and X', X2..., X', X2 ... iid with law #,, such that:

u>N71000d,N20

M(F") < exp(—c(logN)?) < cuN=34-1, (5.5)
where F’ is the event given in (5.2) Wlth U X(Rz, D;) replaced by U X ‘(Ry, D1). Using
the argument below (3.22) in [21], this, together with (5.4), is enough to show the existence

of the desired coupling of X. and X*, X"? such that (5.3) holds (essentially speaking because
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we can construct (€2, A", Q") such that the regular conditional probability of X. given
(X?);>1 exists).

We thus proceed with the construction of (X, B, M). We start by defining on (X, B, M)
the following collections of processes

Y € Z* k > 1, (v, € T if k > 2) with the law of (Zg,, Zp, Jx>1 under P,_, (5.6)
v, € I,k > 1, iid, where 7, has the law of (Zg,, Zp,) under P,, (5.7)

for all v € I' an iid sequence ({/(+));s, of processes with law P, (5.8)

an iid sequence (X'");>1 of processes with law rg, (5.9)

such that the collections are mutually independent. Also define for every v € I':

Ni(y) =Hj €2k 1y =1}, k=2, N,(7) = [{j € [1,k] : v, =}k > 1. (5.10)

We further let:

ko — & . >
X! ¢ ,(%;)()fork_l,

- N, . (5.11)
— k — 1

X o= Groy()fork>2md X = X

where iy = inf{i > holds}, J; = {X hits Ty x {z} before leaving B,Xgl €

1: J;
Ty x {22}} and 71 = (z, 22). We then have that:

(X*)j>1 under M has the same law as (X*);>; under Q', and (5.12)

X' X2 ., X", X" .. under M are iid with law Kq. (5.13)

Thus it only remains to show (5.5). We introduce the “good event”:

. 'U/5 / /
G = {in< {?KN} s Niw—sy k] (1) < Ny () < N[U(Hg)KN] (Vvy e}

By (5.10) and (5.11) we have G C F’ so to show (5.5) it suffices to show that

M(G) < cexp(—c(log N)?). (5.14)
Note that M(ip > n) < M(J;)",n = 0,1,..., and M(J;) > g5 for N > ¢ by a one
dimensional random walk calculation (see (3.23) of [21]). So if N > c and § > X
ud
4 ud 51\ L7 K] r
M (ip > [7KN]) < (m) < cexp (—cuKN%) ) (5.15)

Recall that the sequence 7;,7,, ..., is iid and note that M(y; = 7) = ipnliizso +

30N L (ziz<0y, for v = (21,22) € T, where py = § + 7% and gy = 5 — 37~ Using

the exponential Chebyshev inequality we get that if N > ¢ and § > 6;—1; (ensuring

N [—
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that %qN [u(l + g)KN], the “typical size” of NE 21, 22) when 2129 < 0, is “much

u(1+%)KN](
larger” than fu(l+ 2)Ky):

/ 2
sup,er M (N[uu—a)KN](W) > qu(l— %)KN> < cexp [ —cuKy (%) 7
A (5.16)

sup,er M (N[u<1+g>KN]<v> < qu(l+ %)KN) < coxp (—cuky (1)

If we write ' = (2%, 2%) then V; = %,z’ > 1, is a Markov chain on {—1,1} with transition
probabilities P(Viz1 = a|Vi = b) = pyl{asop + avl{a<oy for a,b = £1. Also o' =
(Viiry, Vihy) almost surely for all ¢ > 2. The sequence of consecutive pairs (V;_1, V;),i >
2, is a Markov chain on {—1,1}%. Let (U;),, under the probability R, be a Markov chain
on {—1,1}? with the same transition probabilities as (V;_1, V;) but with Uy = o € {—1,1}?
uKpn]—1
almost surely. If a,b = +1 let I; and I, denote the events {[ Z] Lvi=(ap)} = Fu(l +
i=1

[UKN}—I
OEn}and { Y lgyi—(ap < tu(l — 2)Ky} respectively. Then by (5.10) we have:

=1

M (Npugy((ary,bhy)) < tu(l = 2)Ky) < sup, Ry(ls).
We have the following lemma:
Lemma 5.2. (N >¢) If% > 5> 32}% then for all a,b = +1
~ ’r' 2
sup R, (1;) < exp (—cuKN <h_N) ) fori=1,2. (5.18)
o N

Proof. By symmetry it suffices to check the cases a = 1,0 =1 and a = 1,b = —1. For
a probability u(-,-) on {—1,1}* we write py, uo for its marginals and pu(j|i) = ’;(1’—(5)) By

Theorem 3.1.13 p. 79 of [10] and by sub-additivity (cf. Lemma 6.1.11 p. 255 and Lemma
6.3.1 p. 273 of [10]), we have that for all n > 1 and z € (0, {]

inf, Ro (L3070 Liw—ey > 5 + 7)) exp(—n¥3 y(z)),

<
inf, A " < . 5.19
inf By, Ty Ligmay < £ 2)) < exp(-nly (@) (5.19)
where
1
Ui y(x) = inf{Hyy(u): p probability on {—1,1}* g = pa, u(1,0) > el T},
1
U, n(z) = inf{Hyn(p) : o probability on {—1, 12, 1 = g, pu(1,0) < . o,
1j1 —1J1
PN qn
-1 —1| -1
i~ (1] = Dtog MU= Crp - 1o #EU =Ly
N PN

28



Because inf, ; R,(Uy = j) > ¢ we have

sup, R, (Z[“ T ey > Jull + %Vﬁv)

< 2 1nf (Z[UKN i L=y = iu(l + %)KN) (5.20)
uK N 5>2,(5.19) Lo 5
< cexp (= ([ukn] + 1) 3 v(35)) < cexp (—uBnT3 v (53)) .

and similarly

[uKn]—1

~ 1 J J
sup R, Z Liv,=(1,p)) < Zu(l - Z)KN < cexp (_“KN\P;,N(?)_Q)) : (5.21)
7 i=1

To conclude the proof of the lemma it thus suffices to show that for b = —1, 1:

Y

2
g (V) s (V) 29
o (h1v> - C<hzv (522)

Consider the function fo(@) = zlog T + (1 —z)log }_T; for p € (0,1) and z € [0, 1]. Since
fo(@) =1+ >4and f,(p) = f,(p) = 0 integrating twice gives that f,(z) > 2(z — p)?
for all p = (0 1) and x € [0,1]. Using this and g (1), i (—1) > 1 we get
Hyn(p) > 2 {pm(1)*(p(11) = pn)? + pa (=1)*((=1] = 1) = px)*}

= 2{(u(1, DA = px) = prvpu(l,=1)* + (u(=1, =1)(1 — pn) — pyp(=1,1))*}

Write 6 = 1py, p(1,1) = 0+ y and p(—1,-1) = 0 + z. If yy = po then p(1,-1) =
p(—1,1) = 17% — # and plugging this into the above formula we get

Hon(n) > 2{(y(1—0) +20)" + (2(1 — 6) + y)*}

> 2(1-20*{y+ 2%
{1, 1) = o+ (ut=1,-1) = o |

v

2
Now i (1, 1) = > £ or (=1, 1) =4/ > 2 and iy = s then (1, )= o > 52
or |u(—1,-1)—3Ipn| > ZZN , so by the above inequality Ha n(1) > ¢ (%) and thus (5.22)
holds when b = 1. Furthermore if |p(1,—1) — 1| > wx and pn = pip then [p(1,1) — 1>

or [u(—1,-1) — 1| > x50 (5.22) holds also when b = —1. Thus the proof of the lemma
is complete. O

We can now finish the proof of Proposition 5.1. Combining (5.15), (5.16), (5.17) and
(5.18), and using the bounds cexp(—cuKn;X) < cexp(—cuKn(;X)?) < cexp(—c(log N)?)

(recall uKy > (log N)®), we deduce that (5.14) holds. Thus the proof of Proposition 5.1
is complete.

O
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We are now ready to carry out the process of “poissonization” to construct Poisson

processes of excursions (i.e. Poisson processes on 7 of intensity a multiple of v, cf. (1.32))
from the iid excursions of the previous proposition.
Corollary 5.3. For all N > ¢, z € [-N,N], 1 > § > 04% and u satisfying uKy >
(log N)® we can define on a space (3, A3, Q3) a process X. with law P,, and two independ-
ent Poisson point processes i1, pro on Tg with intensities u(1 — §)v and 26uv respectively
such that

Q3(Z(m) € UMYX (R, D) € Z(pa) UZ (o)) > 1 — cuN =341, (5.23)

Proof. Let ¢4 = 2c3 so that we can apply Proposition 5.1 with g in place of § to get a space
(Q, Az, Q,) with a process X. with law P, and processes (X*)p>1, (X' *)i1, as in (5.1)
such that Q(1'®) < cuN—3?1 where I’ is the event in (5.2) with & replaced by $. We
define (€3, A3, Q3) by extending (£, Ay, Q2) with independent Poisson random variables
J1 with parameter Kyu(1l —§), Jy with parameter KNu?’—Q‘S and J3 with parameter KNug,
which are also independent from (X*)>1, (X*)4>1. We then define

pr= Y dgrandpp= Y dgt > O (5.24)

1<k<Ji J1+1<k<J1+J2 1<k<Js

Then p; and ps are independent Poisson point processes with intensities u(1 — §)v and
20uv. It thus only remains to show (5.23). Note that the complement of the event in the
left-hand side of (5.23) is included in

{h > u@l=O)KNIU{h+ L < [u(l+2)Kn]}U{J; < [uSKn]}UT"

But using standard large deviation bounds we see that the probabilities of the first three
uKn§2>(log N)2,N>c
events in the union are bounded above by exp(—cuK d?) < culN =341 and

thus (5.23) follows since we already know Q3(I¢) < cuN ~—34-1, O

In finishing the proof of Corollary 5.3 we have now proved the first of the two main
ingredients that were used to prove Theorem 4.1.

6 Coupling the Poisson process of excursions with
random interlacements

In this section we state and prove Proposition 6.1, which couples the Poisson process of
excursions with random interlacements and whose application was an important part of
the proof of Theorem 4.1. It states that if we have a Poisson process of excursions p (i.e.
Poisson process on T of intensity uv for u > 0, see (1.32)) then for any z € Ty x [—Z, J]
and ¢ € (0, 1) we can, provided N is large enough and u_ < w and u, > u are “sufficiently
far” from u, construct independent random sets Z;,Z, C A = B(0, N'7) such that

7, has the law of Z% N A under Qg and Z, has the law of Z“+ 7~ N A under Qo (6.1)
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and with high probability Z; C (Z(pu) — ) N A C Z; UZy (recall that Z" under @ is

a random interlacement and that (Z;,Z; U Z,) law (Z*- N A, Z% N A) by (1.36)). More
precisely:

Proposition 6.1. Assume ¢ € (0,1), N > c(e), x € Ty x [-3,5] and let A =
B(0, N'7¢). Suppose that we have a Poisson process u on Tz with intensity uv,u > 0
defined on a space (2, A,Q) . Then if 0 < u_ < u < uy, 5,2~ > N, where
cs = cs(e) > 0, we can define a space (', A", Q") and random sets T,,T, C A on the

product space (2 x Q,A® A, Q ® Q") such that (6.1) holds,
T,,T,, are independent, o(p) @ A — measurable and (6.2)

QRQ(Ti C (Z(n) —x)NACTUL) >1— cu, N0+, (6.3)

Before starting the proof of Proposition 6.1 we make some definitions and state Pro-
position 6.2, all of which we will need in the proof. We define the box

A = B(xz, N'79). (6.4)

The first step in the proof of Proposition 6.1 will be to extract from p a Poisson process
', by keeping only trajectories in u that hit A’ (the others are irrelevant for the coupling).
We will see that what is left, i.e. p/, is a Poisson process on Tz of intensity UKey, - We
define the boxes

N / ’
B = B(0, N'"¢/2),C = B(0, )8 = B(, N'=¢/2) C' = B(x, =) (6.5)
Note that for N > ¢(¢)
AcBcCand A cB cC. (6.6)

(One should not confuse B with B from (1.2).) We further define for £ > 1 the successive
returns Rk to A and departures Dk from B, and returns Rk to A" and departures D;c
from B', analogously to (1.3). For 1 <[ < oo we then introduce the maps qbl,gzﬁl from
{Dy < 00 =Ry} €W and {D, < Tz < R} C Tj respectively into >

or(w) C (w(( R+ ) A D)rcsens dy(w) & (w((R + ) A D) — o)t (67)

For 1 < I < oo we will then consider j, the image of ' under gb;, that is from each
trajectory we will only keep its excursions between A’ and 0.B’. Essentially speaking we
will then be left with Poisson point processes s, > 1, on the spaces W' 1 > 1, of
intensities u¢l,, [ > 1, where for wy, ...,w; € W

def '
E(wy,..,wy) = (¢z o (1{D;<T§<R;+1}/€6A/,B)> (w1 + z,...;w + ). (6.8)

Recall from (1.35) that Z°* N A has the law of Z(uas) N A for any s > 0. It will turn
out that if we consider the image of 1 (Di<oo—Rysr}HAs under ¢;, thereby only keeping the
excursions between A and 9.B, we get Poisson processes on the same spaces W*! 1 > 1,
but with intensities sflzdﬂ, where for wq, ..., w; € W

def
s (wy, oy wy) E (¢z0(1{Dl<oo RHI}PZEIH)) (w1, ooy ). (6.9)

The following comparison of £lzd 1 and &l is crucial in the proof of Proposition 6.1:
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Proposition 6.2. (N > ¢(¢)) For alll > 1
(1= clONO)ehs < € < (1 + (YN O)ehy. (6.10)

We postpone the proof of Proposition 6.2 until after the proof of Proposition 6.1. In
Proposition 6.1 we will use Proposition 6.2 to “thin” yu;,l = 1,...,r, where r is a constant,
to get Poisson processes p, ,l = 1,...,r with intensity u,flzd +1 and “thicken” p; — p;” to
get Poisson processes u;" = 1,...,r with intensity u+§lzd+1, such for each [ = 1,....,r we
have p; < < p; + 7. We will then essentially speaking define the set Z; in terms
of the traces of the y; and define Z, in terms of the traces of the p,". We will pick r
(see (6.15)) such that with high probability ), s = 0. This together with the relation
p; < < p; + g will allow us to prove that the inclusion in (6.3) holds with high
probability. Also the relation between £lzd+1, ta,s and Z° N A described above will allow
us to show (6.1). We now start the proof.

Proof of Proposition 6.1. We start with by constructing the processes y; in the following
lemma:

Lemma 6.3. We can define on (2, A, Q) processes p, 1 <1 < 0o, such that

. are independent o(p) — measurable Poisson point processes, (6.11)
w has statespace W*! and intensity ué;, (6.12)
(Z(p) —x) N A =U>1Z(u) almost surely. (6.13)

Proof. Define on (2, A,Q) the processes i = > >0 1{wn hits A,}(Swn(HA/Jr.) when p =

Y 500w, Then p" is a Poisson process on Tz of intensity

1.15
UK N Py(X (#4015 € dw) (1.15) wieA,’é(dw)

and

l

(Z(p) —x) NA = (Z(p ) — ) N A almost surely. (6.14)

Furthermore define for 1 <[ < oo the process y; as the image of 1 ' under

: ) {D;<TB<R;+1}
¢1. Then since {D; < Tj < R} are disjoint, and x4’ only depends on p we get (6.11).
By (6.7) and (6.8) we get (6.12). Finally (6.13) follows by (6.14) and (6.7) and since

U1{D; < Ty < R;,,} equals the support of y'. O

The next step in the proof of Proposition 6.1 is to construct the processes p;, "
First let us define

where cg = () is the constant from Lemma 6.6. We have the following lemma:

Uy U=

Lemma 6.4. (N > ¢(¢),0 < u_ < u < uy, -5, =
(Y, A, Q") and processes p; , ;7,1 <1 <1 such that

> N~%) We can construct a space

w1 <1<, are independent o(u) x A" — measurable, (6.16)
;. is a Poisson point process on W' of intensity u_flzd+1, (6.17)

;" is a Poisson point process on W*! of intensity (uy — u_ )&, (6.18)
p < < pp 4+ almost surely. (6.19)

32



Proof. By (6.10) it follows (if we define ¢; = ¢5(¢) appropriately) that for N > ¢(¢)
u_§lZd+1 < ufg < u+§lzd+1, for1 <l <r. (6.20)

Since p; has intensity uél, and u_§lzd+1 < u€l, we can thin g (by defining the appro-
priate random variables on (2, A’,Q))) to get p, such that p; ,p — p; are independ-

ent, o(u) x A'-measurable, y, < p; and (6.18) holds. The u; — u; then have intensity
2 1 !

(6.20)
ully —u_&ay < (uy —u_)&u so we can (by extending the space (€, A’,Q’)) thicken

them to get u; such that (6.16), (6.18) and (6.19) hold. O

We now continue the proof of Proposition 6.1 by further extending (', A", Q") with two
independent Poisson point process it and i~ on W of respective intensities u_1 (D " <OO}PZd+1

and (uy —u-)lp, +1<OO}PZ respectively and define on (2 x Q' A A, Q® Q")
T = (UL Z(h) UT() NA T = (U T( ) UTGE ) NA. (6.21)

Then (6.2) holds by (6.16) and the definitions of g™ and f~. We check (6.1) in the

following lemma:

Lemma 6.5. (6.1) holds for Z;,Z, as in (6.21).
Proof. Recall the definition of pa, from (1.35). Similarly to (6.14) we have:

T(inu) N A = (VLG conmipyian ) UT (5, cophine) ) DA (6.22)

Also similarly to (6.11) and (6.12) the ¢i(1p,coopy, jiAu- )1 S TS 1p L cooybAu_,
are independent Poisson point processes and have intensities u,ﬁlzd 41,1 <1 < r, and
u-lep <OO}P i respectively. These coincide with the intensities of p, ,1 <1 < r, i,

so from (6.21) and (6.22) we see that Z; law Z(pan ) NA law,a.35) Z"- N A. Similarly

I, = law Z"+~%= N A so the proof of the lemma is complete. O

Continuing with the proof of Proposition 6.1 we see that we are done once we have
shown (6.3). We have (noting that by (6.12) the process ), 1 has intensity ulypy

+1 <O°}HQA/,B)

, (6.13),(6.19),(6.21),

Q' (A" =0and i~ = 0)Q() i =0)

I>r

exp(— <u+PeZAdH(DT+1 <o) +ul, (D, < oo))) >
d+1 , ~ ~ /
1 —cuy {PeZA (Dr1 < 00) + Pey, 5(Dyyy < TB)} >
1 —cuy { ( sup P27 (Ha < oo)) + ( sup P,(Ha < TB)) } (6.23)
2€0.B 2€0.B’

To bound the last line of the above formula we will need:
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Lemma 6.6. (N > ¢(e),z € Ty x [—%, %])

sup P27 (Hp < 00) < N0, (6.24)
z€0.B
sup P,(Hy <Tz) < N7%©), (6.25)
2€0.B’

Proof. To prove (6.25) note that by the strong Markov property sup, ¢y, g P.(Ha < Tg) <
SupzeaeB/ PZ(HA/ < T(_"/) +Supz€85C’ PZ(HaeB/ < TB) X SupzeaeB/ PZ(HA’ < TB) Wthh lmphes

Sup,ep.e L (Ha < Tc/)
sup P,(Hax < T4 )
zeapr (Ha B) S inf,co.c P.(T5 < Ho,p)

(6.26)

By the invariance principle inf.co,c' P.(Tryx(-nn) < Hp) > ¢ for N > ¢ and by a

one dimensional random walk estimate we see infr, . (—n n} P.(T; < Hg/) > cm, SO
inf,eco,c P.(T5 < Ho,m) > c(logN)2 We also have
sup P.(Hp <Tc) < sup PZZdH(HA < 00).
2€0.B’ 2€0.B
But Proposition 1.5.10, p. 36 of [12] implies that sup,cs g PEN(Hp < 00) < N7206(0),
thus proving (6.24) and also, via (6.26), completing the proof of (6.25). O
Remark 6.7. Let us record for later that a similar argument (introducing a set C” =
B(z, %) D C’ which plays the role of C’) also proves
sup PZZ "(Hp,g < 00) < N~ and sup P.(Hpp < Tj %) < N9, (6.27)
2€0.C 2€0.C’
]

We now continue with the proof of Proposition 6.1. By (6.24) and (6.25) we see that

<sup PP (Hp < oo)) + ( sup P,(Ha < oo)) < c(eNT®)"

2€0.B 2€0.B’

(625) cN_IO(dH).

Thus (6.3) follows from (6.23). This completes the proof of Proposition 6.1. O
It remains to prove Proposition 6.2.

Proof of Proposition 6.2. For w € Tg (see under (1.1) for the notation) let w® denote
the vertex at which w starts and let w® denote the vertex at which it ends (i.e. stays
constant). Note that for all w = (w1, ...,w;) € (Tg)*!

6.9),(6.7
e (w) CHED PPN D < o0 = Rip, Xy aonp, = w1 < k <1}
! -1
= ea(wy) <Hr(wl)) (Hszd+1(w w”l)) tzari(wy), (6.28)
i=1 i=1
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where the last equality follows by several applications of the strong Markov property and
where we define

r(w) = PfjH(X./\TB =w) = Pyojo(Xpg, = w+ ) for w € Tg,
sgan(z,y) = PE(Hp < 00, Xy, = y) for z € 9.B,y € &;A and (6.29)
tgan(z) = PP (Ha = o0) for z € 8,B. (6.30)
Similarly for all w = (wy, ..., w;) € (Tg)*!

(6.8),(6.7)

fg(w) = PeA,’B(DZ < TB < RZ—H’ (Rk+')/\b;c — T = W, 1< k < l}
! I
= en p(wi + ) (H T(wl)> (H sp(w, wiﬂ)) tg(wy), (6.31)
i=1 i=1
where
sp(z,y) = Pogo(Ha <Tp,Xu,, =y+x)for z € 0.B,y € 9iA, (6.32)
tp(z) = P.y.(Ha > Tp) for z € 0.B. (6.33)

We will make a factor by factor comparison of the right-hand sides of (6.28) and (6.31)
to obtain (6.10). For this we will need the following lemmas:

Lemma 6.8. (N > c(e),z € Ty x [-5,5]) For all z € ;A
ea(2)(1 — eN~) < en gz +x) <ealz)(1+ cN~E), (6.34)
Lemma 6.9. (N > c(¢),z € Ty x [-&,5]) For all =z € 0.B
(1 — eN"“Ntgan (2) < tp(z) < (1+ eN"tgan(2). (6.35)
Lemma 6.10. (N > c(e),z € Ty x [-%, §])For all z € 0.B and y € 9;A
(1 — NN sgan(z,y) < splz,y) < (1+cN"D)szai(z,y). (6.36)

Before proving these lemmas we note that by comparing (6.28) and (6.31) and applying
(6.34), (6.35) and (6.36) we get (6.10). The proof of Proposition 6.2 is thus done once we
have proved Lemmas 6.8, 6.9 and 6.10. We start with Lemma 6.8:

Proof of Lemma 6.8. The upper bound follows by the argument in the proof of Lemma
4.4 of [20] (that lemma proves the upper bound with B(0, 2[%]) in the place of A’, but
the special form of the radius and that the centre is at 0 plays essentially no role in the
argument). The lower bound follows by the argument leading up to (6.4) of [21] (that
formula is the upper bound in the case x = 0 , but similarly the fact that x = 0 plays no
essential role in the argument). O

We now continue with the proof of Proposition 6.2 by proving Lemma 6.9.
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Proof of Lemma 6.9. We will compare tg(z) and tza+1(z) with

te(z) = PE (Hy > Te) “"2°Y b, (Hy > To) for 2 € 0,B. (6.37)

It is obvious from (6.30) that tza+1(2) < tc(z), so to show the first inequality of (6.35) it
suffices to show (1 —cN~“®)tc(2) < tg(z). But this follows by the following upper bound

on tc(z):

(6.37)

tc(z) PZer(H/_\/ > TB) + Pz(TB > Hp > TC/)

(6.33),(6.37)
tg(a) +tc(z) sup P.(Ha <Tp)
z'€0.C’

(6.25),B'CC’
t(z) + tc(2) N~

To show the second inequality of (6.35) note that from (6.33), (6.37) and C C B it is
obvious that t5(z) < tc(z2), so it suffices to show tx(2) < (1 4+ ¢N™%))tza1(2). But this
follows from by the following upper bound on tc(z):

te(z) 20 PEN(H, = 00) + PE (00 > Hp > T¢)
(6.30),(6.37) i
< tgan (2) +tc(z) sup P57 (Ha < 00)
2€d.C
(6.24),BCC

< tgar (2) 4 tc(z)eN~),
This completes the proof of Lemma 6.9. n

Finally we prove Lemma 6.10; the argument is close to that of Lemma 5.3 in [21] and
Lemma 3.2 of [20].

Proof of Lemma 6.10. For z € 0.B, y € 0;A we will compare sza+1(2,y) and sg(z,y) with

6.4),(6.5
sczy) = PE" (Ha < Te, X, = y) “2 P y(Hu < To X, =y +1). (6.38)

Recalling (6.29) and using the decomposition W = {Tc < Ha}U{Ha < T}, and similarly
recalling (6.32) and using the decomposition Tz = {Tc: < Ha'} U{Ha < T/}, we see
that

sc(z,y) < sgan(z,y) = sc(zy)+ P2 (Te < Ha < 00, Xg, = y) and (6.39)
SC(Za y) < SE(Zv y) = ( ) + Pz+a:<TC’ < Hp < TB7XHA/ y) '
To prove (6.36) it suffices to show
PP (Tc < Ha < 00, X, =y) < N sgaii(2,y) and (6.40)
Pz+x(Tcl < HA’ < TB,XHA, = y) < cN™ () E( ,y), (641)

since then sza1(z,y)(1 —cN~) < sp(z,y) by using the upper right-hand side of ( 39),
(6.40) and then the lower left-hand side of (6.39), and similarly sg(z,y)(1 — cN—¢®)) <
Sza+1(2,Y).
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We start with (6.40). We have

SupzeaeB PZZdJrl (TC < HA < OO7XHA = y)
d+1 d+1
< Supuegc P (Ho < 00)sup.iegs P (Ha < 00, X, =) (6.42)
(6.27),(6.29)
< cN=E sup e g Szt (2, ).

Note that the map z — P2 (Ha < 00, Xp, = y) is positive harmonic on Z4t1\A so that
by Harnack’s inequality (Theorem 1.7.2 p. 42 of [12]) and a standard covering argument
we get sup,nes g Sza+1(2”,y) < cinforey, g Szar1(2”,y). Combining this with (6.42) we get
(6.40).

It remains to show (6.41). Similarly to (6.42) we have:

(6.27),(6.32)
sup Poio(To < Hy < T, Xu, =y) < cN® sup sp(z,y). (6.43)
2€0.B 2€0.B

Now the map z — P,(Ha < Tj,Xp, = y) is positive harmonic on B\A' O C'\A.
Since C'\A’ can be identified as a subset of Z4! we have similarly to above by Harnack’s
inequality that sup,cs g sg(2,y) < cinf.cp.g sg(2,y). Combining this with (6.43) we get
(6.41). This completes the proof of Lemma 6.10. O

This also completes the proof of Proposition 6.2. n

All the steps in the proof of Theorem 0.1 and its corollaries have now been completed.
We conclude with an open question and a comment on the use of Theorem 4.1 as a
“transfer mechanism”.

Remark 6.11. (1) The Gumbel distribution has been proven to arise as a distributional
limit for rescaled cover times of certain finite graphs (see [11, 13]). One important graph
in the study of cover times for which a Gumbel distributional limit has been conjectured
(see Chapter 7, Section 2.2, p. 23 of [3]), but not proved, is the discrete torus Ty =
(Z/NZ)4,d > 3. Tt is an open question whether the methods of the proof of Theorem 0.1
could be used to prove that conjecture. A strategy could be to reduce it to the statement
(1.45) with the help of a coupling with random interlacements. For bounded u and fixed
d a coupling of random interlacements and the trace of random walk in the torus (in one
local box) has been produced in [23].

(2) A coupling of random walk with random interlacements can be used as a “transfer
mechanism” to reduce the proofs of properties of random walk in the cylinder to proofs of
properties purely in term of random interlacements (as we reduced Theorem 0.1 to (1.45)).
Sometimes such transfers require the use of both inclusions (cf. (4.2)) simultaneously and
therefore need a coupling of random walk with joint random interlacements, such as
Theorem 4.1. An example arises when using the random interlacement concept of strong
supercriticality of levels u > 0 (see Definition 2.4 of [23]) to “patch up” components of the
vacant set (X (0,n))¢,n > 1, in various local boxes where the walk is coupled with random
interlacements (as was done in the case of the torus in Proposition 2.7, see also Lemma
2.6, of [23]). For instance if one could prove that all u < u* are strongly supercritical
(where u* is the critical parameter of interlacement percolation, see (0.13) of [22] and
Remark 2.5 (2) of [23]) then Theorem 4.1 would be the kind of coupling that could be

37



used to derive from this, using the aforementioned “patching”, the “correct” lower bound
on the disconnection time Ty of the cylinder, (and thus improve on Theorem 7.3 of [21],
see also Remark 7.5 (2) of [21]).

]
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