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Concept Oriented Design

The numerical methods which should be implemented are
already formulated in an abstract way based on hierarchi-
cal structured mathematical concepts. Therefore, represent
each concept by a module and combine the modules ac-
cording to the numerical algorithm. This defines concept
oriented design.

The Software Package CONCEPTS

CONCEPTS [3] is designed using concept oriented design and
written nearly completely in C++. It is used for BEM [4],
hp FEM and DGFEM.

Results: Exponential Convergence

Solving the Maxwell Eigen value problem in a perfect con-
ductor boundary condition domain � = (−1, 1)3 \ (−1, 0)3

(so called Fichera corner) with ε = µ = 1 using weighted
regularization [1].
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convergence of 1st Eigenvalue (3.197)
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Maxwell EVP in Fichera C., ShortestDist, α = 2, hp method, p+2 int. points, N = 45102
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convergence of 2nd Eigenvalue (5.878) - double EV
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Mathematical Concepts

Find u ∈ H 1
0D

(�) such that ∀v ∈ H 1
0D

(�):

∫

�

∇u · ∇v dx +

∫

�

uv dx
︸ ︷︷ ︸

=:a(u,v) bilinear form

=

∫

�

f v dx +

∫

0N

gN v ds
︸ ︷︷ ︸

=:l(v) linear form

.

Find uN ∈ VN := S p,1
0D

(�, T ) such that ∀v ∈ VN :

a(u, v) = l(v).

Using a basis {8i}
N
i=1 of VN makes it possible to obtain a

stiffness matrix [A]i j = a(8i, 8 j ) and a load vector [l]i =

l(8i). The resulting linear system AuN = l can be solved
with a linear solver (e. g. conjugate gradients).

Assembling using T matrices: 8i |K =

mK∑

j=1

[T K ] j iϕ
K
j

l = l(8) =
∑

K̃

T K̃
>l(ϕ K̃ ) =

∑

K̃

T K̃
>l K̃

A = a(8, 8) =
∑

K ,K̃

T K̃
>a(ϕK , ϕ K̃ )T K =

∑

K ,K̃

T K̃
> AK̃ K T K

The constraints of hanging nodes are eliminated using S

matrices: ϕK
j

∣
∣
∣
K ′

=

mk′
∑

l=1

[SK ′K ]l jϕ
K ′

l for a K ′ ⊂ K generated

by a subdivision. T K ′ = SK ′ K T̃ K + T̃ K ′ builds the T ma-
trix for K ′. The S matrices for quads and hexahedra can be
built with tensor products from 1D S matrices. This makes
anisotropic refinements possible.

Fundamental Classes

Bilinear form a(. , .) and linear form l(.):
BilinearForm

+operator()(elmX:Element,elmY:Element,em:ElementMatrix)

Laplacian Identity

LinearForm
+operator()(elm:Element,em:ElementMatrix)

RHS

Mesh T and space VN :

Mesh
+ncell(): int
+scan(): Scan<Cell>

Space
+dim(): int
+nelm(): int
+scan(): Scan<Element>

Element
+T(): TMatrix

Cell
+map: ElementMap
+child(): Cell

Scan
+eos(): bool
+operator++(): P

P
ElementMap

+operator()(x:scalar[dim]): scalar[dim]

map

Assembling the global matrix and the load vector and solv-
ing the linear system:

Operator
+operator()(fncY:Function,fncX:Function)
+spaceX(): Space
+spaceY(): Space

LinearCombination
-A: Operator
-B: Operator
+LinearCombination(A:Operator,B:Operator,a:scalar=1.0,b:scalar=1.0)

SystemMatrix
-spcX: Space
-spcY: Space
-A: SparseMatrix
+SystemMatrix(spc:Space,bf:BilinearForm)

Solver
-A: Operator
+Solver(a:Operator)

Function
-spc: Space
+operator+(fnc:Function): Function
+operator-(fnc:Function): Function
+space(): Space

Vector
+data: scalar[]
+Vector(spc:Space,lf:LinearForm)

ElementMatrix
-data: scalar[]
+ElementMatrix(m:int=0,n:int=0)
+transpose()
+operator()(i:int,j:int): scalar

The T matrices are built columnwise: each column in a T
matrix corresponds to a global degree of freedom:

TMatrix
-data: scalar[]
+TMatrix(t:TColumn*=0)
+append(t:TColumn*)

TColumn
-lnk: TColumn*
-n: int
-index: int
-data: scalar[]
+TColumn(n:int,index:int,link:TColumn*=0)
+link(): TColumn
+operator[](i:int): scalar

TMatrixBase
+operator()(A:ElementMatrix,B:ElementMatrix)

TIndex
-data: scalar[]
+TIndex(m:int,n:int,idx:scalar[])

S matrices in 1D are computed by solving a linear system. In
higher dimensions, tensor product and composition is used:

SMatrixBase
+operator()(src:TColumn,dest:TColumn)

SMatrix1D
-data: scalar[]
+SMatrix1D(small:ShpFct1D,left:ShpFct1D,right:ShpFct1D)

SMatrixCompose
-A, B, C: SMatrixBase
+SMatrixCompose(a:SMatrixBase,b:SMatrixBase,c:SMatrixBase*=0)

SMatrixTensor
-matrix: SMatrixBase
-position: int
+SMatrixTensor(m:SMatrixBase,pos:int)

dim:int
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