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BSDEs With Rough Drivers

Classical BSDE theory concerns the solution of

T T
Yt = 5 +/ f(r, Yra Zr)dr - / Z”dW"‘
t t

We are interested in giving meaning to

T d T T
Yy =¢ +/ f(r,Yy, Z)dr + Z/ Hi(Y,)d¢k — / Z.dW,.
t =1/t t
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BSDEs With Rough Drivers

Classical BSDE theory concerns the solution of

T T
Yt = 5 +/ f(r, Yra Zr)dr - / Z”dW"‘
t t

We are interested in giving meaning to

T T T
Y, :§+/ f(r, Y,,Z,)dr+/ H(Y,)dC, / Z,dW,.
t t t

When ( is smooth, this is just a Lipschitz BSDE

T T T
yt:§+/ f(r, Yr,Z,)dr+/ H(Y,)C,dr—/ Z,dw,,
t t t
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BSDEs With Rough Drivers

Short reminder on rough path theory
It is well known that the solution mapping ¢ — x to the
(deterministic) ODE

t

xe = 30+ /O H(x)dC, = %o+ /0 H(x,)Cdr,

defined for smooth paths ( is in general not continuous in
supremum norm.
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BSDEs With Rough Drivers

Short reminder on rough path theory
It is well known that the solution mapping ¢ — x to the
(deterministic) ODE

t

xe = 30+ /O H(x)dC, = %o+ /0 H(x,)Cdr,

defined for smooth paths ( is in general not continuous in
supremum norm.
For p > 1, rough path theory

» embeds smooth paths
¢ € ¢=([o, T],R?) C C([0, T], GIPI(RY)),
> defines a metric dp—ar oOn this space (p-variation),

» can then handle the closure of all smooth paths with respect
to this metric (geometric p-rough paths).
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BSDEs With Rough Drivers

Back to BSDEs
We factorize the randomness of the vector field H through an lto
process, i.e. we consider

t t
Xe =x —|—/ b,.dr + / o, dW,,
0 0

T T T
Y, = g+/ fw:r, Y,,Z,)dr+/ H(X,, Y,)d¢, —/ Z,.dW,.
t t t
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BSDEs With Rough Drivers

Back to BSDEs
We factorize the randomness of the vector field H through an lto

process, i.e. we consider

t t
Xe =x —|—/ b,.dr + / o, dW,,
0 0

T T T
Y, = g+/ fw:r, Y,,Z,)dr+/ H(X,, Y,)d¢, —/ Z,.dW,.
t t t

Where
> £ € L>®(Fr),
» ( is a p-rough path fora p > 1,
» b, o are predictable and bounded,
» f is predictable and Lipschitz in (y, z),
» H=(Hi, -, Hq) has bounded derivatives up to order 2 + p.

Joscha Diehl BSDEs With Rough Drivers



BSDEs With Rough Drivers

Theorem (Definition/Existence/Uniqueness of solution)
Assume (" — ( in p-variation. Let (Y",Z") solve

T T T
yo—¢ +/ F(r, Y7, Z")dr +/ H(X,, YP)d¢h — / Zrdw,.
t t t
Then there exists a process (Y, Z) such that
Y'Y, Z"-> Z

It only depends on ( and not on the approximating sequence.
We write (formally)

T T T
Yt:§+/ f(r, Y,,Z,)dr+/ H(X,, Y,)dg,—/ Z,dW,.
t t t
(1)
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BSDEs With Rough Drivers

Proof idea

» Define the (deterministic) flow

-
¢n(t,X,y)—y+/t H(x,¢"(r,x,y))d¢;.
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BSDEs With Rough Drivers

Proof idea

» Define the (deterministic) flow

-
¢n(t,X,y)—y+/t H(x,¢"(r,x,y))d¢;.

» Y= [¢"]7X(t, X¢, YI), ZP := ... then satisfies the BSDE
~ T ~ ~ ~ T ~
Yt”:§+/ Fr(r X, Y,”,Zr”)dr—/ Zrdw,.

t t

where 7 is quadratic in z (e.g. if f =0 then

~ 8 n X,
Fr(t,x,y,2) = G|z ?).
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BSDEs With Rough Drivers

Proof idea

» Define the (deterministic) flow
-
S"(exy) =y+ [ H6"(rx )G
t

» Y= [¢"]7X(t, X¢, YI), ZP := ... then satisfies the BSDE

T T
v = g+/ F(r, X, »“/,",Z")dr—/ Z"dW,.
t t
where 7 is quadratic in z (e.g. if f =0 then

7 Oy P"(t,x,y)
Fr(t,x,y,2) = G|z ?).

» Use standard rough path results to get f1 — 79 and use

comparison for BSDEs (Kobylanski '00) to show that Y™ and
Z" converge
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Connection To Rough PDEs
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Markovian Setting - Connection To Rough PDEs
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Connection To Rough PDEs

If ¢ is a smooth path, it is well known that the FBSDE
t t
X :x+/ a(r,Xf’X)dW,+/ b(r, X>)dr,
S - S
VI g + [ X Y 28 dr
t

T T
+ / H(XS%, Y$¥)d(¢, — / 75 dW,.
t t

is connected (via u(t,x) := Y;*) to the PDE

Oru+ Lu+ f(t,x,u, Du-o(t,x)) + H(x, u)C.t =0,
o(T, %) = g(x).

where

Lu(t,x) = %Tr[a(t,x)a(t,x)TDQU(t,x)] + (b(t, x), Du(t, x))
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Connection To Rough PDEs

If (" — (, in p-variation, then by the previous section

u"(t,x) — u(t,x), (t,x) € [0, T] x R".
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Connection To Rough PDEs

If (" — (, in p-variation, then by the previous section

u"(t,x) — u(t,x), (t,x) € [0, T] x R".

» could hence define a solution to the rough PDE
(Caruana/Friz/Oberhauser '09)

» but: not straightforward, via this approach, to show uniform
convergence on compacta and continuity of the solution map

> hence work directly on PDE
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Connection To Rough PDEs

Theorem
Assume (" — ( in p-variation. Let u" € BUC([0, T] x R") be the

solution to
deu” + Lu™ + F(t,x,u", Du" - o(t, x)) + H(x, u"){? = 0,
u"(T,x) = g(x).

Then (under apropriate assumptions on g, f and H) there exists a
u € BUC([0, T] x R™), only dependent on { but not on the

approximating sequence (", such that

u" —u locally uniformly.

We write (formally)
du+ [Lu+ f(t,x,u, Du - o(t,x))] dt + H(x,u)d(; = 0,
u(T,x) = g(x).
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Connection To BDSDEs

Let
Q8 = c(|o, T],RY), Q" = ([0, T],R™),
with Wiener measures P2, PW. Let
Q=0 xQ%" p:=pfap".
Define B(w!,w?) := w!, W(w!,w?) = w?; so B is a d-dimensional

Brownian motion, W is an independent m-dimensional Brownian
motion.

Joscha Diehl BSDEs With Rough Drivers



Connection To BDSDEs

Let
Q8 = c(|o, T],RY), Q" = ([0, T],R™),
with Wiener measures P2, PW. Let
Q=0 xQ%" p:=pfap".
Define B(w!,w?) := w!, W(w!,w?) = w?; so B is a d-dimensional

Brownian motion, W is an independent m-dimensional Brownian
motion.

In this setting Pardoux/Peng '92 introduced the notion of BDSDEs
T T T
Yy =¢ —|—/ f(r,Yr, Z)dr —1—/ H(X;, Y;)odB, — / Z,dW,.
t t t
We note that it is F; 1= ]-"fT V .7-"0'/"{ adapted, where

]:ET =o(B,: relt, T]),]—“&‘; =o(W,:re0,t]).



Connection To BDSDEs

Let p € (2,3). Let B; = exp(B: + A¢) be the Enhanced Brownian
motion (over B), i.e.

Jy BtodB .- [5BlodB?
B; = (B, )
Jo BdodB! .- [5BZodBd

Especially B € CZ7*'([0, T], G3(RY)), P! —a.s..
For almost every w! € QF we can construct the solution to the
BSDE with rough driver

T T
Ve —ek [ feve zp)ds [ HG YP)dB W)
t t

.
—/ ZPdW,, telo,T].
t
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Connection To BDSDEs

Theorem
Let (Y, Z) be the solution to the BDSDE

T T T
Y, =¢ +/ f(r, Y, Z,)dr +/ H(X,,Y,) o dB, — / Z,dW,.
t t t

For w! € QB let (Y, Z'P) be the solution to the BSDE with
rough driver

T T
V=gt [ fyrzPydr [ H Y B ()
t

t

-
—/ Z"PdW,, tel0,T].
t

We have for PB a.e. w! that PV —a.s.
1 _ rp 1
Ye(w™,) = Y (w',), t<T.



Connection To BDSDEs

Future Work

» connection to BDSDEs driven by fractional Brownian motion
(Jing/Leon '10)

» numerical scheme (problems: either exploding Lipschitz
constant or driver not Lipschitz in y, not %—Hb’lder in t)
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Connection To BDSDEs

Thank you!
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Connection To BDSDEs
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