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1 Introduction

Extreme Value Theory (EVT) has developed very rapidly over the past two decades
both methodologically and with respect to applications. Whereas (non-life) actuaries
have, at least implicitly, used EVT techniques for a long time, mainly through the
emergence of quantitative Risk Management, EVT has entered only more recently
the finance stage as a useful toolkit for describing non-standard (more precisely non—
normal) price fluctuations. Econometricians for a long time were well aware of the
so—called stylized facts of market data, which clearly showed that normal distribution
based models (i.e. Brownian motion technology) are only a first step into the direction
of finding more realistic models. What was perhaps not so clear were the next steps,
i.e. how to use this “heavy-tailed” reality in pricing, hedging, portfolio management,
risk management and even banking and insurance regulation. For the latter, despite
the well supported evidence for non—normality, such tools like mean—variance optimiza-
tion, Value-at—Risk (VaR), Sharpe-ratio etc. play a very dominant role. EVT offers
a pair of glasses through which to look at these types of questions more realistically.
Embrechts, Kliippelberg and Mikosch (1997) detail the mathematical theory of EVT
and discuss its applications to financial and insurance risk management. Various up-
dating material is to be found under the URLSs http://www.math.ethz.ch/finance and
http://www.risklab.ch. In the edited volume Embrechts (2000), various papers high-
light the current state of the art on EVT modelling in Integrated Risk Management
(IRM). See also Reiss and Thomas (2001) for a very readable discussion.

The traditional approach to EVT is based on extreme value limit distributions.
Here, a model for extreme losses, say, is based on the possible parametric form of the
limit distributions of maxima over independent, identically distributed (iid) (or weakly
dependent) data; see for instance Embrechts, Kliippelberg and Mikosch (1997), p. 121.
Whereas the original data may not be iid, perhaps by considering maxima over blocks
of data within certain periods, one may hope to reduce the data to fairly uncorre-
lated maxima observations (for details of this so—called annual maxima method, see
Embrechts, Kliippelberg and Mikosch (1997), p. 317). A more flexible model is based
on a so—called point process characterization. The resulting Peaks Over Threshold
(POT) method considers exceedances over a threshold u. For a pictorial presentation

of the POT method, see Figure 1. In Figure 1, Z, ..., Z, denote the ground up losses
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Figure 1: The point process of exceedances (POT).

(say), u a (typically high) threshold, n the number of exceedances by Z,. .., Z, of the
level u, and Wy, ..., W, the corresponding excesses (loss exceeding u minus u). The
level u may for instance correspond to the attachment point, or the lower level of an
excess—of—loss reinsurance treaty; within finance, v could stand for a VaR number when
managing market risk or a stress loss value within credit risk. A further example would
correspond to larger operational losses Wy, ..., W, above a threshold u. Mathemati-
cal theory (see Leadbetter (1991)) supports the condition of a possibly inhomogeneous
Poisson process with intensity A for the number of exceedances combined with inde-
pendent excesses W over the threshold. Given u, the excesses are treated as a random
sample from the generalized Pareto distribution (GPD), with scale parameter o and
shape parameter x; see (1) in Section 2 for the basic definitions.

An additional advantage of the threshold method over the method of annual max-
ima is that, since each exceedance is associated with a specific event, it is possible to
let the scale and shape parameters depend on covariates. For instance, insurance losses

can be of different types (so—called lines), credit loss data typically will be a function



of credit scores, business type, exogenous economic variables, time and other infor-
mation. Operational losses will typically belong to various subclasses (fraud, system
failures, backoffice errors, ...) and their occurrence no doubt shows a non—constant
(often stochastic) intensity, possibly depending on such factors as business cycles, vol-
ume etc. Large losses may become more or less frequent over time, or indeed they
may become more or less severe. It is also well-known that in general, insurance and
financial losses show cyclic behaviour.

In this paper we discuss some of the more recent EVT methodology which may
be useful in handling the presence of such covariates and the resulting modelling of
extremal events. Several contributions in this context have been made: Smith and
Shively (1995) assess the probability of high-level exceedances in the tropospheric
ozone record as a function of meteorological information. Rootzén and Tajvidi (1997)
use meteorological information in wind storm insurance and present a detailed anal-
ysis of Swedish wind storm claims. In particular, to obtain data as homogeneous as
possible, they consider separately the storms from six Swedish meteorological and hy-
drological stations. They apply maximum likelihood theory to fit a GPD distribution
with constant shape parameter £ and with o(t) = exp{a + ft}, with ¢ denoting time
in years. They motivate this choice by the fact that previous experience of similar
situations indicate that a constant x should be reasonable and that the model for the
scale parameter corresponds to a constant growth in cost, by 100 x (eﬁ — 1) % per
year. Chavez-Demoulin (1999) finds that in an environmental context, when applied
to extreme temperatures, a fully parametric form for the parameter x often suffices.

The natural variability of the exceedances tends to mask any trends or other depen-
dence on time. While variation due to the different covariates such as type of claims,
of losses or geographical locations could be summarized parametrically, changes in
time need not have a specific parametric form. In this paper we therefore propose to
combine the point process for exceedances with smoothing methods to give a flexible
exploratory approach to model changes in large values for insurance or financial data.
In doing so, we closely rely on the methodology developed by Chavez-Demoulin (1999)
and Chavez-Demoulin and Davison (2001).

A possible model might consist of an inhomogeneous Poisson process for the number
of exceedances, with intensity of the form A(¢) = exp {z"a + f(t)}, combined with

the generalized Pareto distribution for the sizes of exceedances (the excesses) with



a parameterization of the form x(t) = 278 + ¢g(¢) and logo(t) = 7y + s(t) where «,
[ and 7 are vectors of parameters and f, g and s are smooth functions (see Section 2
for the basic POT notation). The vector of covariates x can depend on time also, in
particular taking into account possible discontinuities in A, x and o, due for example
to a worldwide crisis such as the one in the insurance industry of the early 1990s, or
stockmarket crashes like 1987, 1998. Other reasons for discontinuous effects could be
the announcement of economic policy decisions like interest rate changes.

Problems can arise when statistically identifying the functions g and s. These can
be avoided by working with so—called orthogonal parameters. We might use either
the reparameterization {x, v(k, o)} such that the parameters x and v are orthogonal
with respect to the Fisher information metric or the reparameterization {((x,0),o}
such that the parameters ( and o are orthogonal. As k is hard to estimate and phys-
ically more stable than o, we prefer to use the parameterization (,v). Following the
orthogonalization technique described in Cox and Reid (1987), we find the parame-
ter v = o(1 + k) to be orthogonal to x. With this parameterization we find that, as
pointed out above, g(t) is usually constant or at worst linear in ¢. Below, we shall use
v(t) = exp {zTn + s(t) }. Whatever statistical estimation method we use, we are faced
with a mixture of a finite dimensional problem (parameters «, 3, n) and an infinite
dimensional one (functions f, g, s). In order to handle the latter, some smoothness
assumptions must typically be made. Estimation algorithms will carry a penalty com-
ponent which is a function of the amount of smoothness we require for the functions f,
g, s. Obviously, we could also restrict these functions to finitely parameterized classes
of functions; we prefer however to let the data speak for themselves on this crucial
time dependence and hence go for a fairly general and versatile model. The construc-
tion of such a model requires semiparametric techniques. Having observed wy, ..., wy,
we might estimate «, (5, n, f, g and s using maximum likelihood estimation based
on penalized loglikelihood criteria. A motivation for the use of a procedure based on
penalized loglikelihood is that it treats the entire dataset as a single entity. We use
a Fisher scoring algorithm which has a clear justification through the penalized loglike-
lihood and furthermore allows for the incorporation of different smoothing methods.

The paper is organized as follows. In Section 2, we review some of the stochas-
tic techniques underlying the threshold (POT) method. In Section 3, we propose

a smoothing methodology as a new tool for practical extreme value exploration in



finance and insurance. In Section 4, the methods introduced will be applied to some

idealized examples from insurance and finance.

2 The Threshold Method

The approach based on the threshold method considers a characterization of all obser-
vations which are extreme in the sense of having exceeded a high threshold u. Consider
a sequence of independent and identically distributed random variables 71, ..., Z, from
a distribution F'(z) in a wide class of continuous distribution functions. The number
of exceedances over the level u has a Poisson distribution with mean A and conditional
on n exceedances, the excesses W; = Z; — u are a random sample of size n from the

generalized Pareto distribution (GPD)
B {1 -(1- mu/o)i/'i, Kk # 0,
Gro(w) = (1)

1 —exp(—w/o), k=0.

As k = 0, Gy »(w) tends to the exponential distribution with mean o. Equation (1)

can be used as the basis for a likelihood for o and s which is

l(o,k) = —nlogo — (1 — I/K)Z]og(l — kwjifo), ,

i=1

and the Poisson Process loglikelihood in term of A, o, k is then

n
I(A\,0,k) =nlogA— X —nlogo — (1 —1/k) > log(l — kw;/o), . (2)
j=1
In deriving (2), one obviously uses the (asymptotic) independence of the frequency
and sizes of the losses over a high threshold u. Maximum likelihood estimation of
the parameters x and o of a generalized Pareto random variable is non-regular in
the sense that the score statistic is not asymptotically normal if x > 1/2 (Davison
(1984a, 1984b), Smith (1985)). For x > 1 the GPD has infinite mean and so, whereas
the usual Taylor expansions can be made, they do not yield a consistent estimator.
Typically, in most applications the value of k is close to zero and consistency and
asymptotic efficiency of the maximum likelihood estimator hold. The generalized
Pareto distributions yield a practical family for statistical estimation, provided that
the threshold is taken sufficiently high.



The choice of the threshold is important. Smith (1987) proposes a graphical tech-
nique to get an aid for choosing the threshold and to assess the fit of the model;
a “mean residual life plot” (see Yang (1978)) in which the mean excess over a thresh-
old u is plotted against u, for a wide range of values u. See Davison and Smith (1990)
and Embrechts, Kliippelberg and Mikosch (1997) for an extensive discussion of this
approach. Matthys and Beirlant (2000) contains a nice review.

The level exceeded on average once in 1/p years (or any other relevant time period),
called the 1/p-year return level, is often a quantity of interest. Based on the threshold
model its value is

yip=u—"{(\Mp)" =1}, (3)
which may be estimated by replacing o, Kk and A by their maximum likelihood esti-
mates. Interval estimates may be obtained by the delta method or by a reparameter-
ization in terms of (y1_p, A, k), treating x and A as nuisance parameters, and solving
(3) for 0. This method is also referred to as the profile likelihood approach.

Independence of widely separated extremes seems reasonable in most applications,
but they almost always display short-range dependence in which clusters of extremes
occur together. Serial dependence will typically imply clustering of large values: hot
days tend to occur together, for example, and sea level maxima often occur during
the strongest storm of the year. Likewise volatility bursts will produce clustered ex-
tremes in financial data, whereas environmental factors may result in clustering of
catastrophic events like storms and floods. In these cases, it seems unrealistic to as-
sume independence within each period, a year, say. In the threshold method, the
usual solution is to fit the point process model to cluster maxima, as the use of the
GPD for the peak excess in each cluster is justified. An important practical problem
is the identification of clusters from data, provided that the cluster size is random
and its distribution depends on the local correlation of the Z;. The identification of
clusters has been much influenced by earlier work like Leadbetter et al. (1983), and is
a topic of much current research. Following Davison and Smith (1990), Robinson and
Tawn (2000) propose a run approach for both the choice of a suitable high threshold
and of a method to identify independent clusters. Suppose that a stationary series
Zy, ..., Zy has short range dependence, so extremes occur in clusters of mean size 1/6,
where 0 < 8 < 1; 0 is called the “extremal index” for the data and # = 1 corresponds

to asymptotically independent clusters of size 1. For a fixed threshold u, we identify



different groups of exceedances over u as independent clusters only if there are at least
v consecutive observations over u between them. Robinson and Tawn (2000) estimate

the number of independent clusters for a sample of n observations by
Cn(u,v) = ZXj (1= Xj1) - (1= Xjp)
7j=1

where X; = I (Z; > u). The estimate of the extremal index is then § = Cy,(u, v)/N (u),
where N (u) is the number of exceedances over u. Two important remaining points are
the choices of v and v. In practice, we recommend the use of sensible choices based on
the specific situation. See Embrechts, Kliippelberg and Mikosch (1997, Section 8.1)
for more details and alternative estimation procedures. An example showing how esti-
mation can go wrong when # is not taken into account in a financial risk management

context, is to be found in Embrechts, Resnick and Samorodnitsky (1999).

3 The Description of the Methodology

In this section, we present the methodology that applies smoothing techniques to
extreme values in an insurance or financial context. In these contexts, there is a need
for exploratory data analysis to gain an understanding of the structure of the data. The
goal of the method proposed is to offer some more advanced exploratory data analysis
tools for financial and insurance risk management in the presence of extremal events.
Theoretical results and details of the approach are described in Chavez-Demoulin
(1999) and Chavez-Demoulin and Davison (2001).

As we see below, modelling of exceedance times in terms of a Poisson process
combined with independent excesses over a threshold facilitates the procedure by per-
mitting separate modelling of the number of exceedances and their sizes. Moreover,
when modelling the two parameters of a GPD, it is straightforward to reparameterize
the problem using orthogonal parameters. Chavez-Demoulin (1999) gives an exam-
ple where a non—orthogonal parameterization leads to computational difficulties and
non—convergence of the algorithm. This could arise when smoothing is performed di-

rectly on the three parameters of the generalized extreme value distribution (GEV)

H, <$;201 ) where

Hy(z) = {exp{—(l - mv)i/n} , k#0,

exp{—exp(—z)}, k=0,



for which it is difficult to find an orthogonal reparameterization. For the link between
the GPD and the GEV, see Embrechts, Kliippelberg and Mikosch (1997, Section 3.4).

Suppose a sequence of excesses results from the threshold method for which we
recall the basic properties; see Leadbetter (1991):

i) The excesses over a high threshold u occur at the times of a Poisson process with
intensity A.

ii) The corresponding sizes over u are independent and have a GPD(k, o) distribu-
tion.

iii) Exceedance sizes and exceedance times are independent of each other.

For a precise formulation of the above properties, see the quoted reference of Lead-
better. The way we formulated i), ii), and iii) allows for an immediate application to
the construction of likelihood functions. Hence the resulting process is of the so—called
compound Poisson type. For this process, the overall loglikelihood in terms of the

parameters A, k, o is

T ni
I\ k,0) = Z nilog\i — N\ — n;logo; — (1/k; + 1) Zlog{l + kiw;i/oi}|
i=1 j=1
where T is the observed number of time periods (the number of years, say), n; is the
number of exceedances during the ¢th year, and wy = 2, —u, k =1,..., N, are the ex-
cesses, having observed a total number of N = )" n, data z,. .., zy over a threshold u.
Due to the following “cut” of the loglikelihood

(A k,0) =1(A) +U(k,0),

estimation can be performed separately for the point process of exceedance times and
for the excesses. Based on Leadbetter’s results, semiparametric models for exceedance
times and excesses will be proposed.

Assuming an inhomogeneous Poisson process for the exceedance times, with in-
tensity A(t) = exp {xToz + f(t)}, the point process part defines a semiparametric gen-
eralized linear model within the Poisson family. Following the approach of Green
and Yandell (1985), we use the Fisher scoring algorithm to maximize the penalized
loglikelihood

)~ 57 / £(t)? dt
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where 7, is a smoothing parameter. Estimation and inference procedures are the usual
ones for the exponential family (Green and Silverman (1994)).

Consider the semiparametric generalized Pareto model. We aim to fit x(t) =
'8+ g(t), v(t) = exp{z"n + s(t)}, and for that reason, attempt to maximize the
penalized loglikelihood

1 b 1 b
U, v) — 50 / g'(1)" di — 3, / ()2 dt, (4)
where 7, and 7, control the degree of smoothing applied to the shape and scale pa-

rameters respectively. Here,

T g
l(k,v) = Z [nz log(1 + k;) + n;logy; — (1/k; + 1) Zlog{l +k; (L+ ki) wivi ]| -

i=1 j=1
Details of the estimation procedure are given in Chavez-Demoulin (1999). A procedure
can be implemented to estimate simultaneously the parameters £ and v. Inference in
semiparametric models for the GPD uses results for semiparametric generalized linear
models or generalized additive models.

For the nonparametric component, we justify the use of simultaneous tests based on
deviances for the two models by the orthogonality of the parameters k and v. That is,
applications show that deviance test results for one model do not depend on the other
parameter model form. Furthermore, for smoothing parameter selection we recom-
mend the use of criteria such as AIC; see McQuarrie and Tsai (1998) for more details
on such criteria. The behaviour of AIC curves for one parameter remains unchanged
by a modification of the smooth function for the other parameter. Use of appropriate
degrees of freedom in conjunction with deviances allows for the assessment of model
adequacy. A possible general approach to assess uncertainty for semiparametric GPD
estimates is to use bootstrap methods. A bootstrapping strategy is based on the result

that, given the model is correct, the residuals
RJ=f%;110g{1+/%jo(1+/%])19]}, jzl,,N, (5)

are distributed approximately as independent, unit exponential random variables. We

define simulated responses by

W;‘ _ 1A+ exp {A/%je}f}
Ry (1+Ry) 75

: j=1,...,N, (6)
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where €], ..., €y is a random sample from the residuals R; defined in (5). This leads
to basic bootstrap confidence intervals for & and ».

To summarize, the following points give general guidelines to take into account
before proceeding:

a) Decide upon a model form for each parameter A\, x and v. In practice the Poisson
process for the exceedance times is not necessarily homogeneous and hence a smoothing
of A = A(t) over t is appropriate. Additionally, the parameter x which controls the
weight of the tail of the extremal distribution is generally hard to estimate and a fully
parametric form x = 273 often suffices. The scale parameter o (and hence v) may
vary much more with external explanatory variables.

b) The choice of the smoothing parameters depends on the aim of the analysis. If
the aim is purely exploratory, the smoothers can be modified to suit the situation by
changing the degrees of freedom. If an automatic procedure for selecting the smoothing
parameters is required, we recommend the use of criteria such as AIC rather than cross—
validation, which becomes computationally costly when the size of the data increases.

¢) Informal inference based on deviance tests is also useful to assess models and their
differences separately for each parameter. Uncertainty about the parameter estimates
is assessed by constructing confidence intervals. For the nonparametric component,
plots of pointwise confidence bands around the fitted curve yield useful visual tools.
Procedures based on residuals are also useful to assess the goodness—of-fit of the
model. A possible graphical diagnostic is based on the result that the residuals (5) are
distributed approximately as independent unit exponential variables when the model

is correct.

3.1 Application

In the previous sections, we laid the foundation of an approach towards the anal
ysis of extremes in a non—stationary environment, based on the exceedances of a high
threshold. owadays, the threshold approach dominates most applications, being in
tuitively more appealing and exible than the traditional approach. e consider
for illustrative purposes two examples a first based on simulated data, and a second
analysing some real data. These examples serve more the purpose of showing how
the methodology can be turned into a real analysis, rather than giving an in depth

discussion of a particular application.
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