RUIN PROBLEM, OPERATIONAL RISK AND HOW FAST
STOCHASTIC PROCESSES MIX

PAUL EMBRECHTS AND GENNADY SAMORODNITSKY

ABSTRACT. The recent increasing interplay between actuarial and financial mathemat-
ics has led to a surge of risk theoretic modeling. Especially actuarial ruin models under
fairly general conditions on the underlying risk process have become a focus of attention.
Motivated by applications to the modeling of operational risk losses in financial risk man-
agement, we investigate the stability of classical asymptotic ruin estimates when claims
are heavy, and this under variability of the claim intensity process. Various examples are
discussed.

1. INTRODUCTION

Over the recent years, we have seen an increasing interest in the finer analysis of ac-
tuarial risk models. One of the main reasons being the growing importance of integrated
risk management (IRM), and the resulting stochastic modeling of financial solvency; see
for instance Doherty (2000), Briys and de Varenne (2001), Kaufmann et al. (2001). One
important class of such models concerns ruin theory as it is known in the actuarial lit-
erature; see for instance Rolski et al. (1999) for a detailed overview for risk theory in
general, and Asmussen (2000) for an up-to-date account on ruin theory. A further source
of applications of the results presented in our paper stems from the area of Operational
Risk (OpRisk). In the wake of quantitative modeling of market and credit risk for finan-
cial (typically banking) institutions, through Basel II (see Basel Committee on Banking
Supervision (2001)) the quantitative modeling of operational losses has become a key con-
sideration. The official Basel II definition of OpRisk reads as follows: “The risk of direct
or indirect loss resulting from inadequate or failed internal processes, people and systems

or from external events”. Typical examples include losses resulting from system failure,
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fraud, litigation, handling of transactions. The risk management aspects of OpRisk are
currently under detailed discussion between the regulators, the financial institutions and
academia; see for instance Danielssn et al. (2001) for an academic view on this topic. The
so—called Pillar I of OpRisk will lead to a capital charge for this risk category. As a conse-
quence, more detailed statistical modeling of operational losses will be called for. Though
few publicly available data exist, the stylized facts of OpRisk data can easily be deduced
from the fact that Basel II aims at the stochastic/economic modeling of low intensity, high
severity events. Hence such losses have properties very similar to non life insurance type
losses such as: heavy-tailedness, arriving at discrete (though random) time instances, they
may exhibit clustering and/or cyclic behavior due to exogenous economic factors. For in-
stance, losses due to back—office errors in the handling of transactions no doubt depend on
the volume of trades. As a consequence, methods from Extreme Value Theory (EVT) will
play an important role; see Embrechts et al. (1997) and Embrechts (2000) for a review with
applications to IRM. For the specific case of OpRisk; see Medova (2000). The excellent
Crouhy et al. (2000) contains an overview on IRM in general, and OpRisk in particular;
see also ORFT (1998).

It is clear that, as for any type of financial risk, a sound combination of qualitative
and quantitative judgment is called for. In this paper, we concentrate on one piece of
the more quantitative OpRisk puzzle. So far we are talking about mathematical research
originating from quantitative IRM discussions. To be more precise, we concentrate on the
type of OpRisk which comes from losses due to a malfunctioning of trade settlement in
the back—office of a bank, say. The malfunctioning may for instance be due to the use
of wrong quotes, volumes and/or currencies, or stemming from incomplete counterparty
information. These important types of errors have some very clear characteristics which,
as explained above, bring the loss process due to such errors close to actuarial modeling.

The following, rather basic model turns ought to be relevant. The OpRisk—loss process
over the time period [0, ¢] will be denoted by (Y (¢),t > 0). Typically, Y (¢) will have the

form
N(t)
Y(t)=> Y, t>0,
k=1

for some counting process (N(t),t > 0), and claim process (Y, k =1,2,...). Asis done in
insurance, one could think of some bank internal risk premium rate system which compen-
sates the expected losses, i.e. we are looking at the process (Y (t)—ct, t > 0). Alternatively,
OpRisk losses can be reinsured and hence a reinsurance premium has to be quoted. Next,
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within this system, an OpRisk—capital u. can be defined as that initial capital which as-
sociates a given, small probability €, to the event “over that accounting period, Y (t) — ct
will be larger than u.”. How do we estimate such u.? How can we use classical ruin
theoretic estimates assuming that the loss intensity is random, only satisfying some very
mild conditions? The results given in this paper address these questions. We now make
the mathematical set—up more precise.

Let (Y(t), t > 0) be a separable stochastic process, which, as discussed above, we view
as a claim process. That is, for t > 0 we view Y (¢) as the total amount of claims received
in the time interval [0,¢]. Let ¢ > 0 be the premium rate. We assume that

(1.1) P (hm (Y (1) = ef) = —oo) —1.

t—00

The ruin probability

(1.2) Yo(u) = P (sup(Y(t) —ct) > u)

t>0

and its modifications are the main object of interest in Risk Theory; 1(u) describes the
likelihood of eventual ruin when the initial capital is u > 0. The assumption (1.1) means
that the ruin is not certain if the initial capital is large enough. Most often this assumption
is implied by the assumption that the long run claim intensity is smaller than the premium
rate (positive loading)

(1.3) tlir?o @ =/ as.

for some p < c.

In the OpRisk applications discussed above one for instance has to deal with losses that
occur more often when the transaction intensity is high. To understand the effect of this
phenomenon on the likelihood of ruin, we introduce a stochastic process (A(t), t > 0),
which is a right continuous nondecreasing stochastic process, satisfying A(0) = 0 almost
surely, defined on the same probability space as (Y (t), t > 0). We view (A(t), t > 0) as
a time change; if time runs faster, then losses occur faster as well. In practice, the time
change process (A(t), t > 0) typically will be directly related to the volume of transactions
process. For the EVT modeling of equity transactions data, see Chavez-Demoulin and
Embrechts (2001).

We will assume that

A
(1.4) lim Al =1 almost surely.

t—oo
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This assumption says that, in the long run, the clock given by A(t) runs at the same speed
as the natural clock. Clearly, any positive limit different from 1 in (1.4) can be made to
fit into our discussion by a suitable modification of the claim process.

Consider the modified ruin probability

(1.5) Y(u) = P (sup(Y(A(t)) —ct) > u) :

t>0

Certain assumptions will have to be imposed to make sure that 1(u) — 0 as u — oo and,
hence, that the ruin is not certain in this modified situation.

An important question is, what is the effect of the time change A on the ruin probabil-
ity? Is the modified ruin probability ¥ (u) asymptotically equivalent to the original ruin
probability ¥g(u)? Are the two of the same order as u goes to infinity? We will see that
the answers to these questions (as well as the actual behavior of 1 (u) for large w if the
answers to the above questions are negative) depend heavily on certain mixing properties
of the time change A. Specifically, how fast is the convergence of A(t)/t in (1.4) to 17 We
will see that if A(t)/t converges to 1 fast enough, then the effect of the time change on
the ruin probability is negligible for large values of initial capital u. On the other hand, if
A(t)/t converges to 1 sufficiently slowly, then the modified ruin probability ¢ (u) may be
of a different order of magnitude than g (u).

In the present paper we deal with the so—called heavy tailed case, which arises when
the claim process (Y (t), t > 0) is heavy tailed. The literature on the ruin probability in
the heavy tailed case is vast; see Embrechts et al. (1997) for a discussion of the situation
with iid heavy tailed claims, as well as for numerous additional references, and Asmussen
et al. (1999) and Mikosch and Samorodnitsky (2000b,a) for more complicated heavy tailed
claim processes. For our purposes in the present paper it is not particularly important,
most of the time, what kind of a heavy tailed claim process we are dealing with, and our
main assumption of heavy tailedness is in terms of the ruin probability itself. Specifically,
we will assume that

(1.6) Yo(u) € Reg (—F) as u — oo

for some 3 > 0, where Reg(—3) is the collection of all functions of the type f(u) = u="L(u),
with L slowly varying at infinity.



RUIN PROBLEM AND OPERATIONAL RISK 5
2. FAST AND SLOW MIXING OF THE TIME CHANGE

One way to measure how fast the average clock rate A(t)/t converges to its limit is by
studying the probability

(2.1) g(u):PQ@q

> ¢ for some t > u)

as u — oo for fixed € > 0. The main point of our first result below, Theorem 2.1, is that
if g(u) is of a smaller order than the original ruin probability 1g(u), then the effect of the
time change is negligible. To state the result precisely we need to introduce some new
notation. For € € R let

(2.2) Po(u) =P <Sup(Y(t) — cet) > u) ;
>0
clearly 101 (u) = ¥o(u). We assume that
(2.3) lim lim sup Yo(w) = lim lim inf Yolw) =1.

ell oo wO,e(u) ell u—oo Q/JO,é(u)

We also need to assume that ruin does not happen too soon. Specifically, assume that

P Y(t) —ct) >
(2.4) lim lim sup (supocr<an (Y (1) — ct) > u) —0
510 y—oo Yo (u)

Conditions (2.3) and (2.4) turn out to hold in virtually all examples of interest when the
ruin probability ¥y(u) is regularly varying. See the examples below.

Theorem 2.1. Assume that (2.3) and (2.4) hold. Under the assumption of heavy tails
(1.6), assume that for every e > 0 and 6 > 0

. g(ou)
(2.5) it Yo(u)

Assume, further, that either A is continuous on a set of probability 1, or that for some

=0.

a >0, on a set of probability 1,

(2.6) the process {Y (t) + at, t > 0} is eventually nondecreasing.
Then
(2.7) tim 20

U—00 ’l)bo (u)
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Proof. For t > 0 let
ATHt) :=inf{s > 0: A(s) > }.
It is elementary to check that (2.5) implies that for every € > 0 and 6 > 0

P(‘A%(t) — 1’ > ¢ for some t > 5u)
2.8 lim
(2.8) Jim o)

Suppose first that A is continuous on a set of probability 1. Then for every 6 > 0 and
e>0

U(u) > P (sup (Y (t) — cA™H(t)) > u)

t>ou

=0.

>P <sup(Y(t) —c(1+¢€)t) > u) — P(A7'(t) > (1+€)t for some ¢ > du) ,

t>0u
and, hence, using (2.8) we conclude that
P Y(t) —c(1 t) >
lim inf wlu) > lim inf (5P V(1) — (1 + ) > u)
U—00 O(U) U—00 wo(u)
On the other hand,
P (sup(Y(t) —c(l1+¢€)t) > u) > o 14e(u) — P ( sup (Y(t) —ct) > u) :

t>0u 0<t<éu

and so by (2.4)
Y(u) - Yo14e(w)

lim inf > liminf —/————~ .

U— 00 1/}0(11,> U—00 wo(u)
Letting € | 0 and using (2.3) we see that

(2.9) lim inf Ylw) > 1.

u=oo Yo(u)

On the other hand, suppose that (2.6) holds. Write for § > 0 and € > 0

P(u) > P (Sup (Y(A(t)) + aA(t)) — aA(t) — ct) > u)

t>ou

> P (sup Y({(1—=et)+a(l —e)t—a(l+e)t—ct) > u)

t>0u

o

2
=P ( sup (Y(t) _cr mt) > u) —g(0u),
t>(1—¢€)du I—e

A()

> ¢ for some t > u>
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and using, once again, (2.8) and (2.4) we conclude that for every € > 0

lim inf vlu) > lim inf Yo, (142eae1)/(1-0) (W) 7
U—00 1/}0 (’U,) U—00 77/)0<U)
and letting, once again, € | 0 and using (2.3) we see that (2.9) still holds.

In the other direction, for every § > 0

Y(u) < P (s;gloa (Y(t) — cATHt)) > u)

o <p ( sup (Y1) — A7 (1)) > “) o (S“p (@) = ea™ () > U> |

0<t<éu t>0u
Observe that

P ( sup (Y(t) — cATY(1)) > u) <P ( sup Y (1) > u>

0<t<du 0<t<du
<P < sup (Y(t) —ct) > u(l — 50)) ,
0<t<du

and so using (2.4) and regular variation of 1y we conclude that

. P (SUPogtgéu (Y(t) - CAil(t)) > u) _
@1 i, ) -

On the other hand, for every e € (0, 1)

P (Sup (Y(t) —cA™'(t)) > u) <P (sup(Y(t) —c(1—e)t) > u>

t>d0u t>d0u

+ P (A7'(t) < (1 =€)t for some ¢ > du)

and, hence, using (2.8) we conclude that
Yo,1-(u)

lim sup ) < limsup —————.

U— 00 Q,[JO(U) U— 00 7/}0(“)
Letting € | 0 and using (2.3) we see that

(2.12) i s i)(&)) <1

Finally, comparing the bounds (2.9) and (2.12) we obtain the statement of the theorem. [

One may suspect that the assumption of continuity of the time change A in Theorem 2.1
is superfluous and is only an artifact of our proof. In fact, this assumption can be removed
in a variety of situations; the alternative assumption (2.6) provides a naturally occurring
situation where this is possible. However, Example 2.2 below shows that Theorem 2.1 is,
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in general, false without the assumption of continuity of the time change A. We also note
that the asymptotic upper bound on the ruin probability 1 (u) in Theorem 2.1 does not

require the continuity assumption.

Example 2.2. Let X > 0 be a random variable such that P(X > u) € Reg (—f) asu — o0
for some 8 > 0. Define
0 for 0 <t < X,
Y(t)=<{2X for X<t<X+1,
0 fort > X +1.
Let ¢ = 1. Then

Po(u) = P(2X — X > u) = P(X > u) € Reg (—0)
as u — 0o, while for e € (0, 2)

wo,e(u) = P(2X —eX > u) =P (X > (2 — e)flu) 5

and so (2.3) holds. Moreover, for every 0 < 4 < 1
P( sup (Y(t) — ct) >u) < P(X <ou, X >u)=0,
0<t<du
and so (2.4) holds as well.

Define
t for0 <t < X,

A(t) =
t+1 fort>X.

Obviously, (1.4) holds. Moreover, for every ¢ > 0

1 1
g(u) <P <; > ¢ for some t > maX(X,u)) <P (— > e) =0

u

for all u large enough. Therefore, (2.5) holds as well. However, Y/(A(t)) = 0 for all ¢, so
that ¢ (u) = 0 for all w > 0 and (2.7) fails.

Roughly speaking, Theorem 2.1 shows that if the rate of “mixing” of the time change A
is fast enough, meaning that A(t)/t is not “very far” from 1, measured with respect to
the original ruin probability 1y, then the ruin probability is not much affected by the time
change. The next result can be viewed as a counterpart of this statement: if the time
change “mixes” slowly enough, once again, in the context of the original ruin probability,
then the ruin probability is affected significantly by the time change. Of course, technical
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conditions are required in both cases. The speed of mixing in the latter result is measured
differently than in the former result, and the way we measure it turns out to be naturally
related to the ruin probability after the time change.

Assume the positive loading condition (1.3), and define
(2.13) Yy(u) =P <sup(uA(t) —ct) > u) :
>0
One can view 1; as a version of the ruin probability v in which the stream of the claims
(Y(t), t > 0) is replaced by its long run average stream (ut, t > 0). Let us introduce the
e—modification of ;. Let

(2.14) Py (u) =P (sup(ueA(t) —ct) > u) .
>0

Assume that

(2.15) lim lim inf Yalw) lim lim sup Galw) _ L.

€]l u—oo ’le’e(’li) €1l y—oco Qpl,e(u)

We also assume that for every € > u/c

. Yo,e(u)
(2.16) hznﬁscgp o)

As before, conditions (2.15) and (2.16) turn out to hold in virtually all cases when the ruin

< 0.

probabilities we are dealing with are regularly varying. See the examples below.
We define
Y ()

(2.17) he(u) = P ((T — M) < —e for some t > u) .

Theorem 2.3. Assume that (2.15) and (2.16) hold. Assume, further, that either the
processes (Y (t), t > 0) and (A(t), t > 0) are independent, or that for any e > 0 and 6 > 0

(2.18) Tim Zf?;‘)) ~0
If

. ¢0(U) .
e 5 -
then
(2.20) im 20

uroo 3 ()
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Proof. Define for 0 < e < 1

T.=1nf{t > 0: peA(t) —ct > u}.

It is clear that 7., — oo with probability 1 as u — co. We have

(2.21) Y(u) > P (Tﬁ,u <00, Y(s)—eus >0 forall s > %) .
€

If (Y(t),t>0)and (A(t), t > 0) are independent, then it follows from (2.21) that

¢(u) > 1/]1,6(“) (1 - h(l—e)u(u/(eﬂ))) ;
and we conclude by (1.3) that

timinf 2 >
u=oo Py e(u)
Letting € — 1 and using (2.15) we conclude that
(2.22) liminf 20 >
u—oe 9y (u)

On the other hand, it also follows from (2.21) that
() = Pre(u) = ha—qu(u/(ep))
and now (2.22) follows as before, using (2.18) (instead of independence) and (2.15).
In the other direction, for e > 1 we obtain from (2.21)

W(u) < P (sup(ueA(t) —ct) > u)

t>0

+ P (sup(Y(A(t)) —ct) > u, peA(t) —ct <u forall t > O>
)

(2.23) < pro(u) + P <Sup (Y(A@1) = 2u(t) > (1 - 1) “>

>0 €

< wl,e(u) + 7,[10761/2‘%71 ((1 — %) u) .

Using (2.16) and (2.19) we see that for all € > 1,

lim sup Jb(?)) <1
U—00 1,e(U

Finally letting € | 1 we conclude that

liHL sup ;bl(;;)) <1

which, together with (2.22), completes the proof of the theorem.
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Example 2.4. For 0 < H <1 let {Wy(t), t > 0} be Fractional Brownian motion with
parameter H — the H-self-similar Gaussian process with stationary increments; see e.g.
Samorodnitsky and Taqqu (1994). Define for a o > 0

(2.24) At)=t+o sup [Wy(z), t>0.

0<x<t
This time change is continuous on a set of probability 1, and (1.4) holds. Moreover, this
time change mixes very fast. Indeed, we have for € > 0 by H-self-similarity of Wy

ﬂw=P<A®

=2
t
=P ( sup |Wg(z)| > “tuH  for some t > 1)
o

> ¢ for some t > u)

0<z<t
w
<P < sup |[Wg(z)| > EulH) +P (supﬂ > £u1H> .
0<z<1 o z>1 xT o

However, both {Wg(t), 0 <t <1} and {Wg(t)/t, t > 1} are bounded Gaussian processes.
Hence for some C,Csy > 0
2
€ 2(1-H
9(u) SC&@XP{—WU ( )}
(see Adler (1990)) and so (2.5) holds for every ¢ > 0 under the assumption (1.6) of heavy
tails. This fast mixing of Wy is somewhat surprising for H > 1/2 because the increments

of Fractional Brownian motion are long range dependent in that range of H. See, e.g.
Beran (1994).

Example 2.5. Let
(2.25) Y(t)=Yo(t)+put, t>0,

where (Yy(t), t > 0) is an H-self-similar symmetric a—stable (SaS) process with stationary
increments with 0 < H <1 and 1 < a < 2. We refer the reader to Samorodnitsky and
Taqqu (1994) for more details on both a stable processes, their representations discussed
below, and self similarity. We assume that (Yy(¢), ¢ > 0) can be represented in the form

(2.26) Yo(t) = / filz) M(dx), t>0,

S
where (5, S) is a measurable space, M a SaS random measure on this space with control
measure m, and f; € L*(m) for all £ > 0, such that

fi(@) [
(2.27) /Sst%) Tt

m(dzr) < co.
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It is well known that (2.26) with (2.27) hold for all H—self-similar SaS process with station-
ary increments with 1 < a <2 if 1/a < H < 1, whereas in the case 0 < H < 1/a (2.26)
with (2.27) is an assumption that holds in some cases and does not hold in other cases; see
Section 12.4 in Samorodnitsky and Taqqu (1994).

Observe that by the self—similarity of Y,

Yo(t) 1—H) —a(i-
u)=Psup—————— > u ~ O, Ky~ (=H)
O (e
as u — oo, where C, is a finite positive constant that depends only on « and
K = [ sup _ Nl m(dz) ,
st20 |1+ (c—p)t

and so (1.6) holds. Similarly, for all € > u/c
1100,6(“) ~ CaKeuia(liH)

as u — 00, with
[e3

K.= [ sup ful) m(dzx),

s t>0 |1+ (ec—p)t
demonstrating that (2.3) holds as well. Furthermore, for any § > 0

Yo(t) 1H) a1
Pl sup (Y(t)—ct)>u ) =P sup —————— > u ~ Cok(8)u 01
<0§t§1<)5u( ) ) > (ogtga 1+ (c—p)t (9)

where

_ ft(l“)
o) = [ s |

Since k(6) — 0 as 6 — 0, the assumption (2.4) holds.
No nondegenerate processes Y of this kind will satisfy (2.6) so in order to apply Theo-

m(dx) .

rem 2.1 one will have to assume continuity of the time change A as, say, in Example 2.4.

Example 2.6. Let Y be as in (2.25), but this time (Yy(t), ¢ > 0) is a zero mean Lévy
process with Lévy measure p. We assume that

(2.28) p((u,00)) € Reg (—a) asu — o0

for some a > 1, and that for some C' > 0

(2.29) p((—00,u]) < Cp((u, 0))

for all u > 1. It follows from Theorem 5.3 in Braverman et al. (2000) that for all € > p/c

Yo.e(u) ~ Keup((u, 00))
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as u — 0o, where

1
(o = D(ec—p)
Therefore, (1.6) holds with § = a — 1, and (2.3) holds as well. On the other hand, for all
0>0

K. =

P< sup (Y(t) — ct) > u> < P( sup Yo(t) > u)

0<t<du 0<t<du

[u]
<P(S s (V) -Y(G—1)8)>u)

j=1 (1—1)6<t<j6

Here [a] is the smallest integer greater or equal to a. Since
P sup Yo(0) > ) ~ dp((u. o)
0<t<5

as u — 0o (see e.g. Embrechts et al. (1979)), we can apply then the usual large deviation
results (see e.g. Nagaev (1979)) to see that

[u]

P Z sup  (Y(t)=Y((j—1)0) >u) | ~uP < sup Yy(t) > u) ~ dup((u, 00))
j=1 (—1)0<t<jé 0<t<s

as u — 00. Therefore, the assumption (2.4) holds.

3. MIXING OF MARKOV CHAIN SWITCHING MODELS

A very important and widely used class of stochastic models in almost every area of
application is that of Markov switching (Markov modulated, Markov renewal) models. We
refer the reader to Cinlar (1975) for a general theory of such models. In the context of
Operational Risk it is natural to consider a class of time change processes A in which
time runs at different rate in different time intervals, depending on the state of a certain
Markov chain, and the Markov chain stays in each state a random amount of time, with
the distribution that depends on the state. It turns out that this class of models is very
flexible and mixing in this class of models can be either fast or slow. The speed of mixing
in this class of models is our subject in this section.

Here is the formal setup. Let (Z,, n > 0) be an irreducible Markov chain with a finite

state space {1,..., K}, transition matrix P and stationary probabilities 7y, ..., 7x. Let
F;, j=1,..., K be probability distributions on (0,00). Fj is the law of the holding time
the system spends in state j, whose mean p; is assumed to be finite for j =1,..., K. We

denote T = ZJKZI T
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Let (Hi(j ), 7> 1), j=1,..., K be K independent sequences of iid random variables
such that HZ.(j) has the distribution F; and describes the length of the ith sojourn in
state j. Transitions from state to state are governed by the transition matrix P, and,
given the present state of the Markov chain, its next state is independent of the sojourn

times sequences.

Let r1,79,...7x be nonnegative numbers such that

K
> i1 TiT
K
Zj:l 5T

We define the time change A to be an absolutely continuous process with

(3.1) =1.

(3.2) A(0)=0, %(t) = r; if at time ¢ the Markov chain is in state j .

Clearly, a complete definition of the time change A requires a specification of the initial
distribution pq,...,pg of the Markov chain. This initial distribution has, however, no
effect on the speed of mixing of the time change.

A simple renewal argument shows that (3.1) guarantees (1.4). It is our goal to relate
the rate at which the average clock A(t)/t converges to one to holding time distributions
F;, 5 =1,..., K and the parameters of the Markov chain.

Our main assumption is that of heavy tailed holding times. Specifically, we assume that
there is a distribution £ on (0, co) such that

= Fi(z)

(3.3) F(z) € Reg(—y) as © — oo and lim T =fjforj=1...,K
r—0o0 -:E
for some v > 1 and some 0y, ...,0k € [0,00) not all of which are equal to zero.

Let € > 0. The theorem below addresses the rate of decay of the probability g(u) in (2.1)
as u — o0o. We mention that ideas similar to those we use in the proof of this theorem
can also be used to obtain the asymptotic behavior of various other probabilities related to
the time change process A, for example the probabilities v, (u) and 9 (u) in (2.13) and
(2.14). We put some of the auxiliary statements as lemmas at the end of this section.

Theorem 3.1. Let € > 0 be such that {j=1,....K : |r; —1| = ¢} =0, and let

(3.4) Jie)={j=1,...,K:rj>1+4¢}, J(e)={j=1,....,K:r; <1l—¢€}.
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1
= — | D Omilry = 1= =1+ Y Om(l—r—e)(1—ry)"!
JEJ+(€) J€JT—(€)

Remark 3.2. If 0; > 0 for at least one j such that r; # 1, then it follows immediately
from Theorem 3.1 that g(u) is regularly varying with exponent v — 1 as u — oo for all
€ > 0 small enough.

Remark 3.3. The conclusion of the theorem is independent of the initial state or, indeed,
of the initial distribution of the underlying Markov chain. Where it is convenient, we will
denote in the proof below by j, the initial state of the Markov chain and assume it to be
non random. In most cases we will not use the explicit notation Pj, Fj;; the initial state
will kept implicit in most cases.

Remark 3.4. The proof of Theorem 3.1 given below is fairly technical. Its idea is, however,
very simple. Under the assumption (3.3) of heavy tails the event {|A(t)/t— 1| > € for some
t > u}, if it occurs for a large u, is caused, most likely, by a single long holding time, either
with a state j € J;(¢) or with j € J_(¢). The reader can easily realize what is happening
by checking two possibilities: the long holding time can end either before time u or after
time u. In both cases one figures out just how long this long holding time has to be
by pretending that before the start of the long holding time and its end all the random
quantities are about equal to their averages. The technical details in the proof are required
to justify the above statements. We provide most of the details, but try to avoid duplication
of the argument.

Proof. Denote
A
Ef(u) = {# —1>¢€ forsomet > u} and
A
E;(u):{¥—1<—e forsomet>u}
and let for 7 > 0 small enough (we will specify just how small 7 has to be in the sequel)

B, (u) = {for at most one pair (4,75) € {1,2,...} x {1,..., K}, HZ»(j) > (u —H’)T}
D (Br(u) N B () U (B (u) N B (u)
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where

B () = {for exactly one pair (4, j) € {1,2,...} X Jy(e), Hi(j) > (u+)7’}

T

and

T

B )(u) = {for exactly one pair (i,7) € {1,2,...} x J_(¢), Hi(j) > (u+)7’} :
We will show first that
p (Ej(u) N B, (u) N B (u))

1
(3.6) liminf — > — O;mi(r; — 1 —e)(r; —1)77!
o uF(u) <R F€J+ ()
and that
P(E-nB@nB W) 1
(3.7) hﬁg}f F ) > o Z O;mi(1 —r; —e)(1 —r;)"~
JEJI_(e)

Since the sets B, (u) N B (u) and B, (u) N B (u) are disjoint, this will imply that

lim inf g_(u)
u—co ' (u)

> | X oml =19 - 17+ Y m == (1=,
JEJ1(e) JEJ(e)
Note also that the statements (3.6) and (3.7) are of the same nature, and so we really need
to prove only one of the two. We choose to prove (3.6), and this is what we proceed to do
now.
Forj=1,....,Kandi=1,2,...let Ti(j) be the starting time of the ith sojourn in state j
of the underlying process. For j € J,(€) and i = 1,2, ... consider the events

B, (u) = {Tim +HD >, HY £ A (Tio'))
(3.8) - (Ti(j) n H}J’)) (146, HY > (u +@')T}
and
59) E®?. (u) = {TZ(J') CHY < u, rHY 1A (Ti(j)>
3.9

+ (A(u) “A (T}” + H}”)) > 1+ u, HY > (u+ z)T} .
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Notice that

Ef(w) N By (w) N B (w)

(3.10) > U U(ESB” Bw) |U[ U UE2wn5w)

j€J4(e) =1 Jj€J4(e) i=1
= B (u) UEZS (u).
Note that all the events in the above unions are disjoint and, in particular, the events
ElF(u) and EZF(u) are disjoint.
We start with estimating the probability of the event Ee(l’rz ;(u) N B (u). Assume that
0; > 0. For 6 > 0 we have

(3.11) P(ED, ()0 B(w) = P (B, (w) 1 Bo(w)) .

where

_ i
BV () = { HY > max (u_l (ﬁ _ ) S b2 (u+i)7>
677-76717] _ 1 — € ) )
]

Ty

i(ﬁ—é) gTi@gi<ﬁ+5) , A(T}”) >@'<ﬁ—5>},
T Ty Ty

j € Ji(e),i=1,2,.... We now estimate the probability in the right hand side of (3.11) in
different ranges of i. Denote for j € J, (¢)

12 Fle) = — <
(312 (0= =T >0,
and

2e +3 —r;
1 D& =6 ————2) .
(3 3) J () <7"j—1—6)

We consider only 6 > 0 so small that

(1 + sj(e)) WE] + D;.“E(é) (1 + 1s HG )) 2 > 0.

J )
2 M

Let A > 0 be a small positive number. The first range of ¢ we consider is

. 1
o S (— (7 + Df‘(é)) "
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Notice that for some 71 (¢) > 0, if 0 < 7 < 71(€) then in our range of

i e%—l—e5+25
u—i(——é)zmax —— (u+0)7 | .
T Tj—l—é

Therefore,

-
< >z<

By Lemma 3.5 and (3.14) we have

(3.16) eriu) < CPe & < 000w

for [ = 1,2. Now, by the ergodic theorem, for every j =1,..., K
Y

1 7Tj

Therefore, for all u large enough and, hence, i large enough,

(3.17) egs(u) = P (T}j) > <% + 5)) P(HY > (u+i)r) <oF <u —i <% _ 5)) ,

where we have used regular variation of F, which also shows that for all u large enough,

64,i,j(U)SP<Hi( (u+1) )ZZP HP > (u+m)7)
(3.18) m=1 k=1

o2

We conclude by (3.16)—(3.18) that for all u large enough and all ¢ in the range (3.14)

(3.19) J2 (EE(}T)’(;’Z.J(U) N BT(u)) > (0, — 50)F <u i (E _ 5)) .

T
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We next consider ¢ in the range

. 1
(3.20) L= (7% (1+5/(e)) + Dj’%é)) '

Notice that for some 75(¢) > 0, if 0 < 7 < 72(€) then in our range of

el +ed+20 T
iJ—ZmaX(u—i<——5) ,(u—l—i)7'> :
rj—1—c¢ T

Therefore, we can write as in (3.15)

@ o 6“ +€d + 20 4
P(ED, N B, w) = Fy (12

i | ;el,m(u)

and the same argument as above shows that for all v large enough and all 7 in the range

(3.20)

j—l—E

(3.21) P (B 50w 0 Br(w)) = (6~ 50) F ( ﬂ) |

We conclude that for all u large enough,

P<E1+ ) S Yo <E§1m mB())

j€J4(e) i>Au

> > (0;—50) > F(u_i(%_ ))
Jj€J+(e) )\u<7<u( <1+9+(f)) D+’€(5))71 j

(3.22)

L + ¢ 1)
z>u< (1+s+(e))+D+6(5))
= Y (6, —56) (S1(u) + Say(w)) -

J€J+(e)
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Notice that for u large enough

u(ﬂ(1+5;r(e))7r;1+Dj’é(6))_171 B i
SLJ’(U)E/ F<u—x<——5)> dx
A

u+2 7Tj

T —1 ru(1-A(7/m;-26)) _
> (— — 5) / 1 F(z)dz
5 u(l(u/w]'&s) (ﬁ(usj (e))w;1+D;L’E(5)> )

F9) o5 [ (1 - (&, -2) (F 00+ 07 ‘@)_1)

(3.23) ) (

(1 - (gj — 25) (% (L+s(e) + Dj’ﬁ(é))_1> o —~ (1 ) (gj - 25))_(7_1)

as u — 00, by the regular variation of F, where we used Karamata’s theorem (see e.g.
Theorem 0.6 in Resnick (1987)). Similarly, for u large enough

So j(u) > / ., Fle———— | dz
u(@ (145 @) w0l <0) 42 riml-e

€5 0+ 20 Ju(@ (15} ) +049) (i e 38) 10

(3.24) -1 e% + €0 + 20

ri—1—¢ 1 7] N Y. )
~— ul = (1+s; + D0
€%+65+25’7—1 <7Tj( J(E)) J (9)

. - 1l 4 €6+ 26
3 (u (ﬁ, (14 s7(0) + Dj’€(6)> —>

5 rj—1—¢€

rj—1—c¢

-1 6% +€ed + 26) ~=D
J

7"]'—1—6

rp—l-e 1 I . e
~— F = (1+s DI(s
€ Test2y—1 <u)<<7ﬁ( N ())

as u — 00, once again by the regular variation of F' and Karamata’s theorem.
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We conclude by (3.22)—(3.24) that for all 6 > 0 and A > 0 small enough,

_ P(BN W) 1 i -
limn inf e > — > (ej—55){(7r—j—5)

uf'(u) T e

(v=1)

(1= (2, -2 (5 en s Dm)‘l) ()

—(r-1)
11— i —16 +6(5+25
2] T

Letting 6 — 0 and A — 0 we conclude that

P (B (w)

- , sfe) \
(3.25) lim inf ) zﬁfy_ > 975<<m> —1).

J€J+(€

Notice that (3.25) has been proved under the assumption that 6; > 0 for every j € J,(¢)
but it is entirely obvious that if §; = 0 for some j € J;(€) then (3.25) still follows, with
the sum in its right hand side having appropriately fewer nonzero terms.

We proceed with estimating, in a similar manner, the probability of F T)Z ;(u) in (3.10).
Concentrating on the event E®

€,T,1,]

that 0; > 0. For 6 > 0 we have, as before,

(u) N B, (u) for j € Jy(€), we still may and will assume

(3.26) P (B2, )N B.(w) = P (B, ()N B.(w) .
where
(2) _ (4) M () €+0 . .
E s (u) = {HZJ <u—1i (7@ + 26) H;”” > max (um +iD}(8), (u+ 2)7) :

T}j)gz‘(ﬂ+5), A (1) >¢(ﬂ— ) ,
Ty Ty

where

(3.27) Df(6) = 6————%.
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Let once again A > 0 be a small positive number. Consider ¢ in the range

Tj—l—G

(3.28) A< i < _
(rj —1+46) <7%_ + 30+ Dj(é))

u .

As before, for some 73(€) > 0, if 0 < 7 < 73(€) then in our range of

e+ 0

.DJ’_ .
uirj_l_ﬂs—m 7(6) > (u+id)T

=

as long as 0 > 0 is small enough. Therefore,
P (E@) (w) N BT(U)) > P (00 D) < HY <u—i (2425
€T:0,0, - r;y — 1+ 0 J v Uy

7T]' 71']'
(329) —F (Nu) -A (T}” - Hf”) <(1-9) (u _TY H;ﬁ) ,

T+ HY <u—id, HY > (u+ i)’/‘)

= €+90 R = e ’
= F; <U7"j—1+5+ZDj (5)) —F; (u—z <7rj +25)) — 2 eii(u).

Notice that e;; ;(u) with [ = 1,2 was handled in (3.16) and (3.17) above. Similarly, by the
strong Markov property,

(3.30) esij(u) < P(A(t) < (1—9)t forsomet>id)P (Hi(j) > (u+ Z)’l‘) :
By the ergodic theorem,
At)

T—>1 ast — 00.

Therefore, the first term in the right hand side in (3.30) goes to zero as u — oo uniformly
in 7 in the the range (3.28). Using, once again, the regular variation of F' we conclude that
for all u large enough,

(3.31) erij(u) <ouF(u) forl=1,2,3
for all 7 in the the range (3.28) and j € J(¢). Letting
ri—1—e¢

- (rj —1+9) (%+35+D}(5))
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we have, therefore, for all u large enough,

P(EX(w) > Y )((ej — ) Au;du (F @% + z’Dj(é‘))

JEJT4(e

Toe(2 ) s

(3.32) Z (6, —6) < Z F(u%—i—iD;L((S))
T, j

Au<i<du

. Ag;duﬁ (u — (% + 25)))

=3 Y Oj0uF(u):= > (6;—6) (Ss,(u) — Saj(u) —3 > 0;0uF (u

JEJ+(e) J€J+(€) JE€J+(€)

Clearly, if § > 0 is small enough, then

o i 1/2
(3.33) Ssi(w) > ((d — Nyu — 2)F <u 0 >

Tj—1+(5

for all u large enough. Observe, further, that as in (3.23) and (3.24), as u — oo,

s [ (s (8 +2)) o
N = IO L ACHER))
(o) (8 )

We conclude by (3.32), (3.33) and (3.34) that for all 6 > 0 and A > 0 small enough,

_P(E% () o2\

JE€J+(€)

R (RO
(s (Eea) e e

JEJ4(€)
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1 si9 \
(3.35) Fid L@\ 145709

! st \ B
y—=1\\1+sf(e '

Now the statement (3.6) follows from (3.10), (3.25) and (3.35). As mentioned above, this
is enough to establish the asymptotic lower bound in our statement.

We will prove now the corresponding asymptotic upper bound. We will, actually, prove
that

(3.36) limsup@<i > Omi(rj—1—¢€)(r;—1)"

U—00 UF(U) - G’Yﬁ .

Since the corresponding result for the event £ (u) can be established in the same way,
this will be enough to finish the proof of the theorem.
For 7 > 0 we define the event

(3.37) A (u) = {HZ@ < 71(u+1) for all pairs (i,75) € {1,2,...} x {L,.. .,K}} :

Our first goal is to check that for all 7 small enough
P(EFn A, (u)

(3.38) ulirgo ;F(u) =0
Observe that

(3.39) E}(u) = ES (u) U BP (u),
where

EO @) = {19 + 19 > u, r;1? + A (19) > (19 + 1) (14
for some (i,7) € {1,2,...} x J+(e)}
and
ED(u) = {T( Ny HD <, r;HD + A (TU)) + (A(u) ~A (T}” + Hfﬂ)) > (1+e)u

for some (i,7) € {1,2,...} x J+(€)} :
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Therefore, (3.38) will follow once we show that
P (Eﬁ“ N AT(U))

3.40 li — =0
(3.40) T

for i = 1,2. Since the arguments for i = 1 and i = 2 are very similar, we only prove (3.40)
for i = 1.
Let A\ be a positive number satisfying

1 T 1
(3.41) 1+ )r<® min (— ),
)\ 4 j:l ..... K ’/TJTJ
and write
(1) — p@1) (12)
(3.42) E} EXY U ESY
where

B ) = {19 + HY = 0,5 1+ A (1) > (19 4+ BO) (14 ¢

for some ¢ < Au and j € J+(e)}

and
B0 (y) = {T}j) + HD >0, HY + A (Ti(j)> N (Tz-(j) I Him) (1+¢)
for some ¢ > Au and j € J+(e)} :
Let us introduce some notation. For a state j let [ 1(j ), 1 l(j ), ... be the times between sub-

sequent returns of the underlying Markov chain to state j, Similarly, let I l(j ) he the time
of the first visit to state j starting at the initial state j;. Note that

P(EMNA@w) < > {p ({1{]’04) > %u (1—7(1+ A))} N AT(u)>
€)

JEJ+(

(3.43)
+3P ({1@ b9 > %u (1—7(1+ )\))} N AT(U))] .

i<\u

Let Nl(j ), Nl(j ), ... be the numbers of steps it takes the underlying Markov chain to return
to state 7, and let Nl(JO’J ) be the number of steps it takes the underlying Markov chain
to visit to state j starting at the initial state jy,. Since the Markov chain is finite and
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irreducible, the random variables Nl(j ) and Nl(jo’j ) have exponentially decaying tails. Note,

further, that, by Lemma 3.6, for every i < Au,

p ({11@ 9 s i — A))} n AT(u)>

2
(3.44) N9 4 4N, 1
<P > HIATAHNu) > su(l—T(1+ ) |
k=1 2
where H, HJ, ... are iid random variables independent of XV, ,ij ), k > 1 with distribution F™*

(described in that lemma). Exponential Markov inequality immediately tells us that there
is a ;1 > 0 such that for all 7 < A\u

(3.45) P (ij) +...+ NP > 2)\uEN1(j)) < et

Furthermore,

1
P > (H AT+ Nu) > Sul=7(1+2)
k<2xuENY)
(3.46)
<P Y ((HpAT(L+Mu) — E(H; Ar(1+ Nu) > %
k<2 uENY
as long as
1 1
A S 7() Al and 7 S -
2EN,’ 8

Applying Lemma 3.7 with ¢ = 7(1 + A\)u we immediately conclude that for some 6 > 0

1

(3.47) P > (Hi AT+ Mu) = E(Hy A7(14+ Nu)) > = | < fu™5 .

k<2xuENY)

|

Bounding in the similar the way the first term under the sum in the right hand side of
(3.43) we immediately conclude from the above that for all A > 0 and 7 > 0 small enough
and such that (3.41) holds,

(3.48) fim - (EE(H) A AT(UD

— =0.
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Before proceeding to treat P (Ee(u) N AT(u)> we note, for the future use, that the same
argument as the one used above to establish (3.48) shows also the following. For a fixed
7> 0 let

(3.49) T*:inf{Ti(j) j=1,....K.i=1,2.... and HY >T(u+i)} .
Then for all 7 > 0 small enough

(3.50) tim © (supo<icr, (A() = (1 + 1) > u)

— =0.
u—00 uF'(u)

We now switch to estimating P (Ee(lz) N AT(’U,)>. Note that for any A > 0

PEPnA@)< Y Y p ({T}” +HY >u

JjE€J(€) i=Au

(3.51) rHY + A (T}f')) > (10 + HP) (1+ e)} N AT(u))

= > Y P (EwnAw).

J€J1(€) i2Au

Let G be the o—field generated by the process (Z,, n > 0), i.e. by the sequence of states
the system goes through. Note that for every j € J,(€) and i > Au

P (ES)(w)n Ar(w))

<P ({rty=1=+i)+A(T") = 1+ T > 0} N Ac(w))

=P (ES;)J.,T(u)) —F (P (Ef;)ﬂ( ) g)) .

Forl,j=1,...,K and i > 1 let J; (i) be the number of visits to state [ until the ith visit
to state j. Obviously, J; (i) is measurable with respect to G for all [, j,i. Notice that

(3.52)

T
E(1(2) = Ji;,(1)) = —,
T
and so, since the Markov chain is finite and irreducible, for any given p > 0 there is 63 > 0
such that

(3.53) P <

foralll,7=1,..., K and i > 1.

Jii(@) _m|

1 7Tj

P) < fze"/%
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For p > 0 so small that

(3.54) Z“l (——p) (1+e—r)> ;’:

for all j € J; () we let

D@ _m) foralllzl,---aK}eg‘

1 7'(']‘

Aij(p) = {w

It follows from (3.53) that for some 63 = 05(p) > 0

(3.55) P(@%A))S&ﬂﬂ%+E<1Mm@DP<$%AM

Denote

We have then

P(ﬂ%A)

‘)

(3.56) :P<{( — 1= (uti)+ WY >ZmJl] (1+e—rl)}ﬁAT(u)

<P ({W(] > j—— H } N A, (u) Q)
by (3.54) and (3.41).

4r;
Let S, be the sojourn time the system spends in the nth state it visits (i.e. in state Z,,);

‘)

then the total increase of the time A during that sojourn is rz,.S,,. Then

PIP/RIGOES!

where
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We conclude that

£ (-1
P ({W,}” > z%} N A, (u) g) <P Zl_lﬂz::) Un1 (S, < 7(u+n)) > @% G
Denote
U =U,1(S, <71(u+n))—F (Unl (Sp < 7(u+mn)) ‘g) , n>0,
and observe that
E (Unl (S, < 1(u+mn)) g> —0
as u — 0 uniformly over w € A; ;(p) and n > 0. Furthermore, U, Uy, ... are, conditionally

on G independent zero mean random variables, and for some absolute constant C' > 0, for
allw e A; ;(p) and n > 0, |U}| < C1(u+n). For all u large enough, for all w € A; ;(p) and
7 > Au we have then

" e Y Ji()—1 i
5T Pl{iwY >i=tnA, <P A R
(3.57) ({ Z >247rj}ﬂ (u)g>_ > Un>z8ﬂjg

n=0

We are now in a position to apply Lemma 3.7 with ¢ = C1 (u + Zfil lej(z')) to conclude
that there is a 65 > 0 and 75 > 0 such that for all 0 <7 < 79, all w € 4; ;(p), all ¢ > Au,
and all u > 0 large enough,

(3.58) P ({W}” > z%} N Ay (u)

g) < 03i77/0

Therefore, we conclude by (3.51), (3.52), (3.55), (3.56) and (3.58) that for all A > 0 and
7 > 0 small enough

=0.

P (E§12) N AT(u)>
(3.59) ulggo TF )

Now the statement (3.40) with ¢ = 1 follows from (3.48) and (3.59).
Next for 7 > 0 define the event

B.(u) = {H}” > 7(u 4 1)
(3.60)
for at least two different pairs (7,7) € {1,2,...} x {1,.. .,K}} :
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It is an immediate consequence of Lemma 3.8 that for for any 7 > 0
P (E* B

(3.61) li L (E (W) 0 Br(w))

Therefore, if follows from (3.38) and (3.61) that to establish (3.36) it is enough to prove

that

=0.

PUEWNCw) L 3~

.62 lim li
(3.62) im lim sup <oz

— 0,m; (r;—1—¢)(r; — 1),
710 y—co UF(U) )],/TJ(J 6)('7 )

JEJ+(e

where
(3.63) Cr(u) = {HZ-(j) > 7(u + i) for exactly one pair (i,7) € {1,2,...} x {1,.. .,K}} :
To this end let

CH(u) = {HZ-U) > 7(u + 1) for exactly one pair (i,7) € {1,2,...} x {1,..., K},
(3.64)
and the corresponding j € J+(e)} C Cr(u).

We will first check that for all 7 > 0 small enough

(3.65) iy B () N (Cr(w) \ CF ()
U—00 uF'(u)

Let T,, H, and r, be, correspondingly, the starting time, the length of the holding time

=0.

satisfying Hi(j) > 7(u + 1) and the corresponding rate r;, see also (3.49). Note that on
the event C,(u) these are well defined random variables. Moreover, for some 0 < ¢’ < ¢,
r. < 1+ € on the event C;(u) \ CF(u). Consider the events

Si(u) =A{T, >u}, Sy(u)= {T* + H, < g} . S3(u) = {T* <u,T.+ H, > g} :

Notice that replacing any holding time Hi(j ) with j ¢ Ji(e) and such that T;(j ) > by
min (Hi(j ) r(u+ 2)) cannot take a realization in £ (u) to the complement of this event.
Therefore, replacing H, with min (H,,7(u + 1)), we can use the same argument as that

used in the proof of (3.48) to see that for any 7 > 0, 6; > 0 and 2 > 0

566, PN (G @\ CHa) N Siw)
u—00 uF'(u) ’

and that same argument we used to prove (3.48) also gives us that

(3.67) lim P(ES(w) N (CT(“_) \ CF (u)) N S3(u))
U0 uF'(u)

=0.
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Now, with 0 < €’ < € as above write
P (EF(u) N (Cr(w) \ CF (w) N Sa(w))
< P(EH(u) N (Co(w) \ CH(w)) N ()
N{A (T, + H,) < (1+¢) (T. + H,) + (e — €) u})
+ P (ES(w) N (Cr(w) \ CF (u)) M Sa(u)
N{A(T. + H.) > (1+¢€) (T + Ho) + (e — €)u})
= P (Dy(u)) + P (Dy(u)) .
Observe that, on the event Ds(u), A (T%) — (1 + €)1, > (e — €')u, and so it follows from
(3.50) that for all 7 > 0 small enough,

. P(Ds(u))
A Fw Y

On the other hand, on the event D;(u), we have

sup (A(t+T.+ H,) —A(T.+ H,)— (1+¢€)t) >0,

t>u/2

and then the strong Markov property and the argument leading to (3.67) give us

lim m =0
for all 7 > 0 small enough. In conclusion, for all 7 > 0 small enough
+ +
. . PEZ(0 0 (C0)\ CH) 01 Sauw) _

and now (3.65) follows from (3.66), (3.67) and (3.68).
Summing up, to finish the proof of the theorem we need to show that

P(Ef(u ) NCH(u
3.69 lim lim su Ojmi(rj—1—¢€ —1)?
J€J+ (e)
Let T, H, and r, be, as above, the starting time, the length of the holding time satisfying
HZ.(J) > 7(u + 7) and the corresponding rate r;, and let I, be the corresponding i (= 1,2,...).

For ¢ > 0 write
Lo PE@NCHW) = P (E) N CHw) AT+ . > (1 =)
(3.70) + P (Ef(u) N CH(u) N{T\ + Ho <u(l—=0)}) := P(Ds(u)) + P (Ds(u)) .

We have
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(3.71)

3 ip(Hi(j)>maX (u(1—5)—i<ﬁj+5) o __615_625>

JE€J+(e) =1 )
+ P (Dg(u) N {Hi(j) <wu(l—46)—1i (ﬂ +(5) forall j € Ji(e) and i =1,2,.. })
T
+ P | Ds(u)yn{ HY <z”—1foralleJ+(6)and2—1,2,.
ri —1—¢€
Now, a computation entirely analogous to the one in (3.22), (3.23), and (3.24) gives us

Y e ZHP( )>max<u(1—5)—i< +5> $)>

lgm lim sup —
(3.72) 1 woee ul'(u)

ste)
A= 1) Z(Q((l <>> ‘1>'

We now check that the last two probabilities in the right hand side of (3.71) are, asymptot-
ically, small. Denote the events measured by these two probabilities by Ds;(u) and Dsa(u)

correspondingly. Observe that for a A > 0

Poaw)<P| U U { (79 > (75 +5) } A Ao

jEJ () i>Au

(3.73)

P U U +19 > = 0)} | == P(Dsu(w) + P (Dana(w)

jeJy(e) i<iu

where for j=1,..., K andi=1,2,...
Aijiru) =

{Hl(k) < 7(u+1) for all pairs (I, k) € {1,2,...} x {1,..., K} such that Tl(k) < Tl-(j)} :
Now the same application of Lemma 3.7 as we used to prove (3.40) shows that

P(D
(3.74) lim lim sup M =0
710 y—oo UF(U)

for all 9 > 0 and A > 0. On the other hand, it is clear that

(3.75) lim lim sup M =0
A0 y—oo UF(U)
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for all o > 0. Therefore, we conclude that
P
(3.76) lim lim sup ———— =0
710 u—co UF(U)
for all o > 0. Furthermore,
P (Ds(u)) = P (Daa(u) N {r. + A(T%) > (1+€) (Ho + T0)})

(3.77) + P (D3so(u) N{r. + A(T. (1+€)(H,+T.)})

1= P (Ds21(u)) + P (D322(u)

Y

) <
)
where we recall that 0 < ¢ < € is such that r; <1+ € for all j ¢ J,(¢). Now, for a A >0

P (D)) < P (D) + P (Duatw) + P | J U {2 <i(£-5)} )

jEJ(€) i>Au
and so it follows from (3.74), (3.75) and Lemma 3.5 that

(3.78) lim lim sup P (Dsn(w)

— =0
710 y—co UF(U)

for all § > 0. Furthermore,

P (D3e(u)) = P <D322(u) N {¥ > 1+ ¢ for some u <t < T*}>

+ P (DgQQ(U) N {# 1+ € for some t > H, +T*}) )

Since time 7 is the beginning of the only holding time H i(j BN 7(u + 1), the first probability
in the right hand side above describes a situation of the type (3.38), and so the same

argument gives us

P <D322(u) N {A(t) > 1+ € for some u <t < T, })
(3.79) lim

— =0
U— 00 uF(u)

for all 6 > 0 and 7 > 0 small enough. Finally, by the strong Markov property

t
< { )1+ef0rsomet>H —i—T})

<P ( s (B0 -1+90 > u-0)c-)).

0<t<T
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and so it follows from (3.79) and (3.50) that

. P (Dspa(u)
(3.80) Jim. T 0

for all 6 > 0 and 7 > 0 small enough and, hence, by (3.76) and (3.80) we get
P (Ds(u))

3.81 limlimsup —="—2- = ()
( ) 710 u—>ocp UF(U)

for all § > 0. Now we conclude by (3.72), (3.76) and (3.81) that

P (Ds(w) _ $O )
(3.82) lg?oqlrl?olhmwp () Z 0;m; <<m> — 1) .

U—00 M Y j€J+

Now, a similar decomposition of the event Dy(u) gives us a corresponding upper bound

P(D
(3.83)  lim lim lim sup M
810 710 y—oo UF(U)

1 sj (e) - ) sj (©) —(v-1)
<— ST o 1+s7 ()<1+8f(6)> -1 <1+8f(€)> e

]€J+ (e)

and so the statement (3.69) follows from (3.82) and (3.83). This establishes the asymptotic
upper bound and, hence, completes the proof of the theorem. O

We conclude this section with several statements required in the proof of Theorem 3.1.
Some of these statements are well known, and we present them here for completeness. We
use the notation introduced earlier in the section. The first lemma shows that the starting
times of the sojourns of the underlying process in different states are very unlikely to be
much smaller than their means.

Lemma 3.5. For every j =1,..., K and ¢ > 0 there are positive numbers C’fj) and C’2(j)
such that for all i > 1

(384) P <Ti(j) < (ﬁ . 5)) < C%J')efcéj)i

and

(385) P (A (Tz(])) < (Wﬂ _ 5)) < ij)e—c'éf)i‘
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Proof. Since the proofs of both statements are very similar, we only prove (3.85). It is,
of course, enough to consider i > 2. With the usual notation P; and FE; meaning that
j=1,..., K is the initial state of the Markov chain, we have for any 6 > 0

P(A@@%ﬁ(%—@)gg(A@ﬂ%g<%_0)
< exp {Hz' <% — 5> } Eje*M(Ti(f)l)

(2 ) o2}

K _

i T
EjA (Tl(])) = E —k/ﬁ/ﬂ“k = 2
T, 7Tj

by (3.1). Therefore, there is a # > 0 such that

EjefoA(Tl(n) < oxp {_9 <E B é)}
7Tj 2

and our statement follows with

") _ o0 g _ 00
O —eXp{G(Tj 2)}, Cy/ = 7

However,

The next lemma puts a common stochastic bound on the sojourn random variables.

Lemma 3.6. Under the assumption (3.3) there is a nonnegative random variable H* with

st : — —
a distribution F** such that H* > Hfj) foreveryj=1,...,K andlim,_, ' (z)/F(x) = 6*
for some 6* € (0, 00).

Proof. Let H be a random variable with distribution F. It follows from (3.3) that for every

st :
j=1,..., K there is a b; > 0 such that (6, + 1) H +b; > Hl(j). Now set
H* = (max(fy,...,0x)+ 1) H +max (by,...,bxg). O

The following inequality for sums of independent uniformly bounded zero mean random

variables is very useful.
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Lemma 3.7. Let Yy, ..., Y} be independent zero mean random variables such that for some
c>0, Y, <cas. form=1,....k. Then for every u >0
i u cu
P Z Yi >u | <exp{ —— arsinh
n=1 2c 2 Var (2221 Yk>

Proof. See Prokhorov (1959); also Petrov (1995), 2.6.1 on p. 77 or Lemma A.2 in Mikosch
and Samorodnitsky (2000Db). O

The next lemma shows that it is very unlikely that two different holding times are both
sufficiently long to matter as far as the rate of mixing is concerned.

Lemma 3.8. For any 7 > 0 the event B;(u) in (3.60) satisfies

P (B,
tim 2 _
u—oo  uf(u)
Proof. This statement is an immediate consequence of Lemma 2.7 in Mikosch and Samorod-

nitsky (2000b). O

4. CONCLUSION

Beyond the modeling of insolvency related to non-life insurance, more recently, ruin
estimation for general claim processes has become important as a potential methodolog-
ical tool in the analysis of operational risk losses in banking. The discussion on how to
calculate a risk capital charge for OpRisk within the Basel IT Pillar I setup is currently
underway. The present paper is not taking a stand on that discussion. However, given that
a Pillar I OpRisk charge emerges, more refined insurance—type risk processes are called for.
These models will in particular have to cater for stochastic intensities driven by exogenous
economic factors, and at the same time allow for heavy-tailed claim amounts. Our results
contribute to the methodology underlying the OpRisk discussion in showing how classical
ruin estimation results are “robust” with respect to stochastic changes away from a con-
stant intensity model. Through various examples, it is shown which intensity models allow
for such robustness. Especially the model treated in Section 3 on Markov chain switching
models was motivated by practical OpRisk considerations where underlying market vari-
ables may switch randomly between states indicating various levels of economic activity.
The way the results are formulated, there is still a long way to go before the “right” model
emerges. Our contribution will hopefully add some further understanding to the general
class of models which allow for a ruin theoretic analysis.
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Though our results were presented with eventual OpRisk applications in mind, it should
be obvious that the same results apply to numerous other areas of applied research, as
there are non-life insurance mathematics, teletraffic and internet data, dam theory and

storage models in operations research.
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