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Abstract

The dependence scenario yielding the worst possible \&hiisk at a given level for
X1+ + X, is known forn = 2. In this paper we investigate this problem for higher
dimensions. We provide a geometric interpretation higtiiigg the shape of the depen-

with given uniform marginals, we give an analytical solatgustaining the main result of
Ruschendorf (1982). In general, our approach allows fonerical computations.
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1 Introduction

the problem of nding the worst Bossible Value-at-Risk at tevel for X+ +
X, which we refer to asVaR (L, X;). This question has been widely studied
in the literature, often formulated in terms of the best g@edower bound for the
distribution function of the sum; see for instance Secti@i®McNeil et al. (2005)
and references therein. In risk management this questioroisated by the fact
that the worst-case scenario does not occur under comdoatependence; see
Fallacy 3 in Embrechts et al. (2002). We do not emphasizedbige further. Recent
publications on this subject, which also widely discussrtile of comonotonicity,
are Denuit et al. (2005), Embrechts et al. (2003), EmbreahtsPuccetti (2006)
and Embrechts et al. (2005), where the problem is consideraabn-decreasing
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functionals. While the above cited papers provide bounds\éaR (P ", X;i)and
fully explain the two-dimensional situation nding a wordépendence scenario in
terms of copulas, they all fail to catch the nature of the ¢@pgolving the problem
in higher dimensions. In this paper we describe this extrdependence scenario
extending some geometrical arguments introduced in Erhbsest al. (2005) for
n = 2. This allows us to numerically answer the question at harll fam uniform
marginal distributions, to provide an analytical solutexuivalent to that presented
in Rischendorf (1982). The latter is the only known anajtresult for continuous
marginals. Some applications of our results are given iniGed.

2 Preliminaries and fundamental results

We brie y summarize the basic tools used in the literature metall the fundamen-
tal results on the problem of bounding the Value-at-RisktiA¢ theorems are for-
mulated for the sum of risks assuming no information aboeit ihterdependence.
For further discussions regarding more general funct®aall the assumption of
partial dependence information, we refer to the paperd aitéhe introduction.

2.1 Value-at-Risk and copulas
For risk management purposes we assufag ::; X, to have distribution func-

De nition 1 Let X be a random variable with distributioRyx . ForO < < 1
the Value-at-Risk at probability level of X is its -quantile, i.e.VaR (X) :=
Fo2)( ):=inffx2 :Fx(x) g

In risk management applications, typical values foare 0:95 or 0:99in the case
of market or credit risk and = 0:999for operational risk.

Given the joint distribution functiBF (X)=P(X1 Xg;::5:Xn Xp)ix 2 M,
the problem of calculatinyaR ( L, X;) reduces to a computational issue. In
what follows we assume full knowledge about the marginatsbyorior informa-
tion on the dependence structure. In this context, the idempula allows for a
precise formulation of the problem separatiagnto one part describing the de-
pendence structure and another part containing the intfosman the marginals.
We refer to Nelsen (1999) for the basic results about copulas

De nition 2 An n-dimensional copulaC is a distribution function restricted to
[0; 1]" with uniform{0; 1) marginals. We denote their class 6Y.

Remark 1 A copula can be equivalently de ned as a function [0; 1]" ! [0; 1]



EatisfyinQDC(ul;:::;ui 10U+ uy) =0,C(2;:::;u;L,:::;1) = yy and
- 2_1( 1)*" *InC(ugiy;iiiiUng,)  Oforu;v 2 [O;1] withu v
anduj1 = Uj, U2 =V, ) =1;::050.

versely, for any joint distribution function with given nzanals, there is a copula
linking them. It is unique if the marginals are continuouslylgcopulac lies be-
tween the so called lower and upper Fréchet bovds) := (" ", u; n+1)"
andM (u) := min ; ,U; implying countermonotonic (ih = 2), respectively
comonotonic dependence for the coupled random variakd&sng ( u) ;= L, u;
we obtain independence. Finally, we want to stress thattlverl Fréchet bound is
not a copulafon 3.

2.2 Bound on wVaR and known optimality results

LetF denote the left-continuous version of a distribution fimeE , i.e.F (X) =

z
c+(Fp;iii;Fa)(s):= np 0 dC(F1(X1);:::; Fn(Xn));
= Lo
c+ (F1; it Fr)(s) = sup 2C Fi(x1);::5Fn 1(Xn 1);F, S Xi
X1;25Xn 1 i=1

with marginalsFy;:::; F, and copuleC. Ths following result yields distributional
bounds for .. (Fy1;:::;F)(s) andVaR ( L; X;) when no information about
the underlying dependence structure is available. A mornemg version can be
found in Embrechts et al. (2003, Theorem 3.1) and Embrectadaccetti (2006,
Theorem 3.1), where results are given for non-decreasingtifunals in the pres-
ence of partial information.

Note that for practical applications, tikg's are assumed to be known HDtis un-

known. A long history exists about the sharpness of thesadsmMakarov (1981)
provided the rst result for the sum of two random variableater, using a geo-
metric approach, Frank et al. (1987) restated the resuigubie copula language.



The pointwise best possible nature of the bounds in the tweesional case was
nally proved in Williamson and Downs (1990) for non-decseag functionals.
Below we reformulate their optimality theorem for the sunonél historical refer-
ences can be found in the introduction of Embrechts and Fwu2@06).

Proposition 2 Let(X1; X5) have marginal distributionB4; F, and de neC- 2 C?
for ~2 [0; 1] as

8

<maxf +W (ui;uz)g if (U uy) 2 [+ 1P

C-(ug;up) = .
(Uz; Uz) - M (ug; up) otherwise

(2)

Then, choosing-= (S) := w:+ (F1; F2)(s), we obtain ¢_.. (F1; F2)(s) = (S).
Hence, for any 2 (0;1), wWaR (Xi+ X3) = w.+(F1;F2) () is attained
underC_; ~ =

Remarks 2

(a) Observe that, given son® 2 C?, a similar result holds assuming partial
informationC  C, on the unknown copul& and substitutingV (uy; u,) by
CiL(ug; up).

(b) TakingC_(u);u 2 [0;1]";n  3instead ofC_(uy; uy), (2) is not a copula. In
the no information case, this immediately follows from thetfthat the lower
Fréchet bounds is not a copula for 3. In the presence of partial informa-
tion, we refer to the example by Geiss and Paivinen repant&nbrechts and
Puccetti (2006).

Without mentioning the idea of copulas, Riischendorf (3% e the same result
stated by Frank et al. (1987) extending it for the sum ohiform random variables.

Proposition 3 The best possible lower bound on the distributiorﬁ)(ﬁil X with
(X1; 205 Xy) having stand%rd uniform marginals mminf (2s=n 1)";1gfors 2
(0;n). ThisimpliesvWaR ( L; Xj)= n(1+ )=2for 2 (0;1).

Till now, this and a similar expression for binomial margsare the only known
analytical results for the multidimensional problem.

3 Worst Value-at-Risk scenarios for the multidimensional poblem

The above result of Rischendorf (1982) provides sharpoietbe bounds for the
n-dimensional problem for uniform marginals. An analytigaheralization of (2),
replacingW (uy; up) by W(u);u 2 [0;1]",n 3, does not lead to sharp bounds
for the multidimensional case. Below we take a more geomefsproach. From
this point of view, the problem at hand consists in maxingzihe probability of



thesetGs .= fx 2 " :xy+ + X,  sg. We transport the problem onto the
unit square through : " ! [0; 1]";h(x) := ( F1(X1);:::; Fn(X,)) and denote

As:=h(Gg)=fu2[0;1]": F, Mu)+  + F,*(uy) so: (3)

By de nition, for s 2, we have thatwwaR (X1 + + Xp) = s;whenl
(S) == supc,a (1 c.+ (F1; 101, Fr)(s)). The worst Value-at-Risk dependence
scenario at level therefore solves the equality

Pc Awvar (xi+ +x,) =1 4)

3.1 Geometrical properties @- 2 C? with ~= .. (F1; F2)(S)

In the two-dimensional case, applying Proposition 2, we edrately see that -
satises (4) if~= . Moreover, for a uniform portfoligU,; U,), Embrechts et al.
(2005, Proposition 9) yields that this is the only copulatipgtmeasurel on
Awar (ui+uy) WithwVaR (Up + Uy) =1+ . Therefore, in this case the density
of C in Ay, isconcentrated on the boundady = A,, ; see Figure 1 (left).

Ok 0
0 1
Fig. 1. SetsAs and boundariesAg for a two-dimensional uniform portfolio for
s = 1:25 (left) and LognormdD:4; 1) portfolio for s = 4 (right). Together we plot the
supportH of C-for ~= = .+ (F1;F2)(s) and the (upper) supports fer= 1 <
and~= ,>

Figure 1 highlights the geometric idea underlying the wsrsnarioC-(uy; uy).
The gray areas represent the si&tsfor a uniform portfolio(s =1+ = 1:25)
and a Lognormd0:4; 1) portfolio (s = 4), respectively. The boundary @&fs can

be written asAg := f(Fy(t);Fa(s t));t 2 g. We denoteH _ the support of
C- restricted td+ 1F. In general dimensions, we refer to the support restriated t
[+ 1]" as upper support. The solution of the problem for the unifpontfolio leads
then to an optimizing copula, which upper support coincidés the boundary
Ay .



Remark 3 The choice~ = .. (F1;F2)(s) in Proposition 2 implies thad -

lies in Ag and is tangent té\. SinceC. 2 C?, the density orH _ is uniformly

distributed and proportional to its lengt{H _), say. Therefor&€& maximizes the
density orA.. In fact, a different choice of would decrease the probability Af.

Trivially I(H ,) <I(H ) for ,> ,whereas the shape Af implies

I(H )= I(ﬂ)+2p§( 1) I(H VAY<I(H ) if 1<
3.2 Worst VaR scenario for@-dimensional uniform portfolio

In this section we consider a uniform portfolio. Similar keetprevious section, the
uniform case will lead to an optimizing copula for generargnaals.

The solution of the worst VaR question consists of maxingzime probability of a
certain region of ". Asillustrated in the previous section, we transport thadbfm
onto then-dimensional unit cube and investigate the shape of thestpp the
copulas putting maximal measure on (3). Fan-dimensional uniform portfolio
andn 1 s n,the rgglon of the space where the probability has t%be magom
isAs=fu 2 [0;1]": 1, u; sgwith boundaryAs = fu 2 [0;1]" : L, uj =
sg. ForO s n 1the problem has a trivial solution. Because of the unifoymit
of the marginals, the upper support of a copula maximizirggptobability ofAg
has to lie inAg\ [+ 1]" for some appropriate  ?:=s (n 1)with~= 7
whenn = 2.

Theorem 1 Let~2 [ ?;1)andC- : [0;1]" ! [Q 1] be a function with support in
fu2l[0,~)":uy= =ug[fu22[+1: L, u sgfors2[n 1;n].A

necessary condition faC - to be a copula is [gha’& = :=2s=n 1, i.e.thatthe
supportin[+ 1]"liesinH_.:= fu 2 [+ 1]": L, y n(1+ ~)=20.

Proof Assume~ 2 [ ?; ]andC. 2 C" with corresponding measure.. Let
S = fu 2 [01] : ? gi=1;::5n 1S, = fu 2 [0;1] :
1 ( ) u, 1gandseE; = S\ Al;i=1;:::;n. BydenllyonEZE

for all i. SinceC- is a copula with upper support fru 2 [+ 1]n LU sg,

(Ey) = = (En 1) = ? whereas -(E,) = ?. It immediately
followsthat _(E;)=0fori=1;:::;n land~= 7%= . 2
Remarks 4

(a) Geometrically, Theorem 1 implies thaGf. 2 C", the set
( 50 N )
Ho=[5 1"V Angey= U231 wi = >(1+-) (5)

i=1

is symmetric with respect to its cent@l + ~)=2;:::; (1 + ~)=2).



(b) Observe that the analytic generalization of (2) with(uy; u,) replaced by
W (u) has upper suppofu 2 [+ 1P :u; + up + uz = 2g.

Next we extend the two-dimensional result of Embrechts.g8l05, Proposition
9) to general dimensions and we provide the existence of al@ayth support as
in (5).

Theorem 2 AssumeC; C 2 C" to have supports okl § andH{, Eespectively. Let
< be the measure inducsd By Then forH{™ = fu 2 [0;1]" : [, u; > n=2g
andH{ :=fu 2[0;1]": [, u; <n=2git holds that

c(Hg )=0, <(Hg")=0;
and the two copulas have the same support.

Proof Assume (Hg ) = 0 and ~(H{") > 0. Consider the independence

copula with support[0; 1]". SinceC;C 2 C", there exist operators ~: C" !

C" with' = ~ 1 8 Id suchthatC = () andC = ~() . It follows that
«y(Hg ) =0 and . )(Hg") > 0. On the contrary, in order to preserve the

uniformity of the marginals, any operater: C' ! C" with ¢ ,(Hg") > 0,

implies - ¢)(Hg ) > 0, which concludes the proof. 2

Theorem 3 LetC_ : [0;1]" ! [0; 1] have supporH _ as in(5) on[+ 1]". Then
there exists a sequence of copulag- 2 C";N 2 2+ 1 such that

8

< lim Cn.~(u) ifu 2 [+ 1];
Co()im M Cni-(U) [+ 1]

“M(u) otherwise

is a copula.

Proof Without loss of generality, we consider=0 with H,=[0;1]"\ A._,. For
N2 2 +1 we consider the partitioh:=[0;1]=[ N, I, wherel = [K2; X1,
We identify the sely, I, with the point(ky;:::; ky) and de ne its measure

ak):=jfle 1" g\ HM G gk k) = jfle 1 1" 2g\ HY;

whereH((,N)::f(kl;:::;kn)Zfl;:::;Ng”:% Ni<Pi”:1kI 2+ Lg. Then
we de ne
8
2f? minkg if (kiooooky) 2 HEY;
f(()N)(klsykn):> ldnd (11 ) n) 0o
-0 otherwise

wheref ?(k):= (g (n 1)1Zk92(k;k)f?(k))(gl(k) (n 1)likgz(k;k)) g



I" 1 denotes thek-th slice of[0; 1]" along the rst dimension. Thereforg, (k)
counts the number of points on such a slice which also Iide_ﬂﬂ). Similarly
gz(k; k) counts the number of points dﬂg\') which are on the&k-th slice along
the rst dimension and on thk-th slice along the second one. By the symmetry
of the support, we could de ne these functions using any rotiwe dimensions.
Moreover, by de nition, all the slices have widfl=N. The idea is then to consider
lo I"™ ®and weight each pointin order to have total meadeié. In doing this,
by symmetry, we assign a measure to all the points lying orgaivalent slice for
any of the other dimensions. We continue with |" ! assigning a weight only to
the missing points. To do this we only have to take into acttdummissing points
onslicek, i.e.(n 1) ; ,« %(k;Kk)f?(k). By the symmetry ofig\'), we only

to the points with respect of the marginal constraints.
For anyN, by construction, the functioBy.o : [0; 1]" ! [0; 1] de ned through
) ) ( K )
Cn:o(u) := f((, )(kl; i ka); k(u):=sup k 1:— u
k=1 kn=1 N

is a copula. Settin@o(u) := MP Cn:o(u) we then obtain that

NIilgn 1=N = 0;
Co(1;::;Lu3 L0031 = |\||'.T Cnioo(L;:: L1005 1)

= lim k(u)=N = u;;

i1=l in=l
X2 X2 : .
= lim ( )" "'"Cyno(Uriy;iiiiUng,) O
NI1T . .
11=1 In=1
It follows that the conditions given in Remark 1 are satisa®iC, 2 C". 2

Remark 5 Similarly as in the above proof, it is possible to construbeo copulas
with supportH _. We denote the family of the copulas sharing this suppoChy

By Theorems 1, 2 and 3, any copula putting probability ~=1 (2s=n 1)
onAa+-)=2 has suppor _ as in (5). Figure 2 illustrates these results in the three-
dimensional case.



Fig. 2. SetA 314+~ )=, H~ andH _ for a three-dimensional uniform portfolio. The $#t
with ~= is the upper support of any copula leadingdaR (X1 + X2+ X3).

As a consequence we obtain the result of Riischendorf (If@2) in Proposition
3. We restate it here using the language of copulas.

Corollary 1 LetC. 2 C! with ~= . Then
Pc X1+ + X, <sg= (6)

fors= n(1+ )=2and the best possible lower bound on the distribution fumcti
of X, + + X, for uniform marginals igninf (2s=n  1)";1gfors 2 (0; n):

Proof The worst dependence scenario for Value-at-Risk at levsétis es (4).

TakingC- 2 CL, we obtainPc_(Ana+~)=2) = Pc.(Hngs-)=2) =1  + Then
equality (4) is satis ed for~= andwVaR (Xi+:::+ X,) = n(1+ )=2which
implies (6). 2

3.3 Worst VaR scenario for a general portfolio

Relying on the solution for a the uniform case studied in thexjpus section, we
provide an answer for a general portfolio with margir@gs: : : ; F,. Although we
illustrate the case of a three dimensional portfolio, oguarents remain valid in
higher dimensions. We recall that, for a portfo{i¢; X,), the copula leading to
the worst possible Value-at-RiskVaR (X, + X)) is indeed the solution of the
uniform case for~ = . This follows from the uniformity of the density on the
upper support; see Figure 1 and Remark 3. In general, the waltewVaR is
not attained under@- 2 C? with ~=

Example 1 Consider the portfoligX 1; X 5; X 3) for X; Pareto(1= ;) with tail
distribution functiorF;(x) = (1+ x) ¥1;i=1;2;3. Assume; =0:7;i =1;2;3.

In Figure 3 (left) we illustrate the surfade, for s = 21:4 together with the upper
supportH _ of C. for ~ = 0:9. On the right we plo# for s = 22:7 with H _ for
~=0:895 Computing the probability oA under these two dependence structures



we obtain
PCO:Q(X1+ Xo+ X3 2]_4): PC0:895 (X1+ Xy + X3 227):01

and therefore the Value-at-Risk of the sum at levet 0:9 underCy.q is smaller
that underCo.ggs.

~=0:895< 0:9 =

Fig. 3. Surfaced\ for a three-dimensional Par¢@7) portfolio with s = 21:4 (left) and
s = 22:7 (right). We plotH _ for ~=0:9 on the left and~ = 0:8950n the right.

The message coming from Example 1 is that choosing the upp@ost tangent
to A, i.e.~ =, in general does not imply a worst dependence scenario.ig his
due to the distribution of the density on the support. Indeednarginal constraints
imply that forn > 2the density is not uniformly distributed but concentratadite
border ofH _ and more thinly when reaching the cente(l+ ~)=2;: : :; n(1+~)=2).
This can be easily seen in the three-dimensional case Iga@kithe projection of
H_on|0; 1.

In Figure 1 (right) we take~-< . This implies that the measure on the upper
support is greater thah . Contrary, for~> | a portion of the support does
not lie in As. In Remark 3 we discussed the two-dimensional situatioeravtthe
density is proportional to the length of the support and eeboice of~ different
from leads to a better scenario for the problem at hand. In therglreese, cutting
some portion of the support does not necessarily imply &bstenario. In fact the
increment of probability on the boundary could compendata¢duction in some
other region. For suf ciently small, we lose too much density k. Trivially,
~> implies a better scenario. From the solution of the uniforobfem given
by Theorems 1, 2 and 3 and the distribution of the probalwlityts upper support,
we immediately obtain the following result.

wVaR (X1 + + Xp) is attained under a copul€-. 2 C for some~
depending on the marginal distributions. Using the sameatmn as in(4), we
have that

supfPc. Awvar (xi+ +x,) .C-2CL 0<~ g=1

10



Remark 6 In contrast to the two-dimensional case, in dimensionsdrigian two

a copulaC.- leading towVaR (X, + + X,) depends upon the choice of the
marginals. In fact the region of the support where we los&abdity is given by
H \f u2[01]:F, Yuy)+ + F, (u,) <sgand depends oRy;:::;F,.

4 Applications

In this section we apply Theorem 4 and compute the worstiHplesgalue-at-Risk

for the sum at level for a three-dimensional portfoligX ;; X »; X 3). The positions

Xi;i =1;2;3are Paretfl= ;) distributed with tail§; (x) = (1+ x) 1. We solve

the problem for = 0:9;0:95; 0:99 (typically used for market or credit risk) and
= 0:995 0:999(values used in operational risk) and this for various sgesa

Scenario I: X;  Pareto(1=;) with ;= ,= 3=0:7,
Scenario Il: X;  Pareto(1=;) with ; =0:7504 , =0:6607and 3 = 0:2815
Scenario lll: X;  Pareto(1= ;) with ; =1:1905 , =1:3889and 3 =1:2195

The main features of these scenarios are: they are all adeg; homogeneous
as in |, or heterogeneous as in Il and Ill. Scenario Il coroesis to a nite mean
situation whereas Ill corresponds to an in nite mean modék -values chosen
correspond to examples often encountered in risk managemnactice. For Sce-
nario Il and lll; see for instance Moscadelli (2004). BasedTtheorem 4 and the
upper support _ of C. 2 C?, we propose the following numerical procedure.
For givens 2 and~ 2 (0; 1), analogously as in the proof of Theorem 3, for
N 2 2 +1,we discretize the unit cude 1] through

#
k 1 k

o~ J—

N N

[+ =[tyli; k= ~+

and we identify the sdf, 1y, Ik, with the point(kq; ko ks) 2 1;:::; N 9.

Further we consider the seA$\) andﬂ(l\') as discretized versions #f; andH _,
respectively. We letv 2 N be a vector containing the probability weights of
the points in[0; 1]3. We then generate a vectbr2 N with entry one when the
corresponding point lies d@; 1P n AN\ H™) and zero elsewhere. Similarly we
create aN3 3N matrix A providing the marginal restrictions. Finally we solve
the optimization problem

. T 3
r(ll\llnfTw; Aw = Lol oo w201 (7)
It follows thats = wVaR (X1+ X,+ X3) atlevel =~ + f "W, whereW is the

solution of (7). Any copula leading \@VaR has supporti(NN).

11



We illustrate the above procedure for the Scenarios I, Illdndogether with the
worst-casevVaR , in the Tables 1, 2 and 3 we provide the values ur@lervith
~ = and for the comonotonic copuM for whichVaR (X1 + X, + X3) =
VaR (X;)+VaR (X;)+VaR (X3).

#C,! 0:9 095 (@99 (0995 0999 09999

M 130 214 723 1194 3747 18899
C 214 367 1195 1960 6111 30747
C- 227 386 1238 2052 6343 31200

~ 0:895 0948 0989 09948 (09989 099989

Table 1
Values of VaR (X1 + X, + X3) for scenario | undeC ;C-. andM . In the last row we

give the values of- yielding the worst dependence structure and wMaR, + X, + X3).

#C,! 09 095 099 0995 Q0999 Q9999

M 91 160 533 879 2783 14534
C 136 227 705 1141 3481 17499
C- 136 227 705 1141 3605 19810

~ 0:9 095 099 (0995 099865 0999865

Table 2
Values of VaR (X1 + X2 + X3) for scenario Il unde€ ;C. andM.

#C,! 0:9 0:95 099 0995 Q999 09999

M 536 1351 11112 27542 229466 4924684
C 1307 3204 25312 61613 48905 960782
C- 1443 3515 2700 6500 52000 980000

~ 0:89 (0947 Q989 Q09943 (099885 (99988

Table 3
Values of VaR (X1 + X2 + X3) for scenario lll undeC ;C- andM.

Figures 4 and 5 show the densities A\ \ H™) as functions of the parameter
~ for Scenarios | and Il and levels = 0:99and = 0:9999 respectively. The

12
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55

Fig. 4. Densities om(sN) \ ﬂg\') fors = 123:8 ( = 0:99) (top) ands = 3120
( =0:9999) (bottom) as functions of for Scenario .

x10° x10°
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1051

101

951

851

8

P . I I . . i . .
~= =0:99 ~=  =0:9999 ~=0:99986

Fig. 5. Densities oA \ H™) for s = 70:5:8 (= 0:99) (top) ands = 1981
( =0:9999) (bottom) as functions of for Scenario .

starting value for~ is larger than . We can observe that in both cases the densities
increase linearly in- till reaching . For the two scenarios we observe different
behavior. For Scenario I, the densities continue to ineedter and, once a
maximum is reached, they tend to zero. Fheorresponding to this maxima, =
0:989( = 0:99 and~ = 0:99989( = 0:9999) give the worst dependence
scenarios.

For Scenario Il, the densities &™) \ H™) have a rst maximum in~ =

and a second one for some> . In the case = 0:9 the worst dependence
scenario is implied by the rst maximum and the upper suppotangent toA,.
For =0:9999 the second maximum dominates.

In order to understand the different nature between the teoaios, we look at
the supports plotted in Figure 6. The idea is as follows. Welseupper support
tangent toAg (with s chosen such that = = 0:9) and we shift it by taking
values of~ smaller than . The setA™) \ H®™) is illustrated for~ = 0:895and

13



0:895 1 0:885 1

0:895 1 0:885 1

Fig. 6. Upper supports for Scenarios | (top) and Il (bottoim)oth cases we take = 0:9
and we consider = 0:895 (left) and ~ = 0:885 (right).

~ = 0:885under Scenarios | and Il. Remark that a smattemplies a larger cut

of the support and an increment of the probability enlJ°. At this point we recall
that the density is not homogeneous on the support and moeectated when
reaching the border. The different dynamics observed inrfég 4 and 5 are due
to the regions where the support is cut. In Scenario | (withagégnarginals) the
support loses probability in the center. Hence the proltglmh AN) \ H™ de-
creases only wher is small enough; see Figure 4. On the other hand, if the tail of
one distribution dominates the others, the cut arises hedydrder. This is the case
for Scenario Il for instance, where the loss of probabiliy emot be compensated
for small adjustments of. With larger movements of the parameter, the cutted re-
gion includes the central region as in Figure 6 (bottomi#jigimd the probability

on AN\ H™ grows again. Besides the region where the loss of probabitit
curs, the shape of the s&t plays a role. In particular, this explains the differences
arising in Scenario Il. For = 0:99, we observe a loss of probability for any small
adjustment of-, which is not compensated by the augmentation before thandec
maximum. The very sharp pro le & for = 0:9999allows the initial loss to be
compensated as illustrated in Figure 5 (bottom).

As further application of our methodology, we calculatéaR (X 1+ X,+ X3) for
an homogeneous portfola<1; X ; X 3). We solve the problem for = 0:9;0:999
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andX; Pareto(1=);i = 1;2; 3 for different values of . The following table
gives the results of our numerical computations togethén tine scaling factors
from wVaR.¢g to WVaR.999 and fromVaR.g underCy.9 to VaR.g99 underCoy.gg9,
respectively. We observe that the scaling curve grows expitadly as a function
of the parameter. It is moreover interesting to note that the scaling curvetie
Value-at-Risk computed for = | i.e. with tangent upper support, does not differ
signi cantly from the worst one.

(C0:999)
wVaR o (Co:9) (Co:ge9)  WVaR .
wVaRp.9 WVaRpe99 T arae: VaRyyg VaRy 999 ——

wVaR o:9 wVaR E)?go;g)

0:7 227 6343 279 214 611 286
0:8 311 1360 437 299 1310 438
0:9 438 2940 671 415 2806 676
1.0 608 6350 1044 57 6006 105t
11 843 13800 1637 78 12850 l64
1:2 1160 30400 262 1064 27490 258
1.3 1604 65500 4084 1447 58805 4064
1.4 2210 145000 656 1963 125793 648
1.5 304 310000 1019 266 269087 10116

Table 4
Values forwVaR .9, WVaRg:999, VaRg:g underCq.g andVaRg.g99 underCgq:.999 With the
corresponding scaling factors.

Remark 7 The computational complexity of our numerical procedureréases
exponentially with the dimension of the portfolio. Thenefpeven if the values
obtained are numerically not the exact worst-possible YaRsgh dimensions the
values obtained unde€® can be used as a rst approximation fevaR . More
work on the numerical accuracy of the above procedure isad#dir.

5 Conclusion

In this paper we extend the geometrical properties of thelle@pleading to the
worst-possible Value-at-Risk at levelfor the sum of two risks. These solutions
depend upon the probability level We solve the problem for an-dimensional
portfolio and explain how, fon 3, any worst-case scenari@s depends upon the
choice of the marginals. In particular the worst scenanesat obtained when the
upper support o is tangent teA;. However, when the dimension of the prob-
lem becomes high, the copulae with tangent upper supportdut to be useful
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in order to approximatevWaR . We conclude emphasizing that the results pre-
sented in this paper can be easily restated substitétitoy A, = fu 2 [0; 1] :

(F; Y(uy);:::;F, Y(un))  sg corresponding to the Value-at-Risk optimization
guestion for general increasing functionals
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