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Abstract

This paper presents a continuous one parameter family of multivariate general-
ized Pareto distributions which describe the asymptotic behaviour of exceedances
over linear thresholds. The one—-dimensional theory has proved to be important in
insurance, finance and risk management. The multivariate limit theory presented

here is developed with similar applications in mind.

1 Introduction

Alternative titles for our paper could have been “Limit distributions for exceedances
over linear thresholds” or “High risk market scenarios”. We derive the limit for the
conditional distribution of a random vector given that the vector takes values in a
remote half space. The latter could for instance be interpreted as a portfolio value
reflecting a high loss, hence “scenarios”. In other applications the vector would
correspond to an index, hence the usage of “market”.

Though the basic theory presented in this paper is fairly mathematical, we of-
ten use the language of finance in order to highlight potential applications. This
reflects our motivation for developing the theory. Other possible applications will

be indicated below.



A major concern in financial risk management is that the market drifts off into
some undesirable direction. One speaks of high risk to describe a large change in the
state of the market within a short time span, a few days say. The desirability of the
new state will obviously depend on one’s own position. We take a global approach.
In our terminology, high risk market behaviour describes the market conditional on
it being in some region far out from the present position. For the sake of simplicity
we take the regions to be closed half spaces. The market evolves according to some
random process. As a first approximation this process is a Brownian motion in
some high dimensional space with a given drift vector and non—singular covariance
matrix. In this paper we take a non—dynamical approach and consider the state of
the market at some fixed future date, say ten days ahead, as is typical for market
risk management. The future state is described by a random vector Z in R?. The
dimension d denotes the number of assets and may vary between ten (for a small
investor) and several hundred or more for an index. Alternatively, d could corre-
spond to a number of market sectors like energy, communications, biotechnology,
food, banking and insurance, say.

Assume for the present that the state Z is described by a unimodal density. This
may be a Gaussian density, but it could have fatter tails. For a given risk level,
say o = 0.05 or 0.01, there are many half spaces H such that P{Z € H} = «.
Indeed under our assumption of a unimodal density, for any direction 6 there exists
a unique level ¢ so that the half space H = {6 > ¢} of all vectors z with 6z > ¢
satisfies P{Z € H} = a. For this paper, high risk market behaviour describes the
market conditional on the event that the state lies in such a half space H. We shall
henceforth use the term scenario to indicate a change in the underlying probability
measure. In our case the new probability measure is obtained by conditioning Z to
lie in the half space H, and we write ZH for this conditional market scenario. We
are interested in the asymptotic behaviour of the distribution of Z# when the risk
level « = P{Z € H} tends to zero. The event {Z € H} may thus be termed rare or
extreme. In this setting we make no assumptions on the direction of the half space.
It will be shown that there exists a family of canonical limit laws which allows one
to describe the asymptotic behaviour of these extreme market scenarios for a large

class of densities.



A limit theory of the above type is of importance to handle questions in financial
risk management and, for instance, non-life insurance. Examples of the former are
discussed in Luethi and Studer [27] and Wiithrich [36]. For an example in insurance,
see Juri and Wiithrich [24]. Other fields of application include biology, reliability
and quality control.

For each dimension d > 1 we shall introduce a one parameter family of stan-
dardized multivariate generalized Pareto distributions (GPDs) on the upper half
space

Hy =R'x[0,00) h=d-1, (1.1)

which extends the well known class of univariate GPDs on the half line [0, c0).
Distributions which are linked by an affine change of coordinates are said to be of
the same type. We are really interested in only one parameter, the shape parameter.

The results of this paper are exploratory and theoretical. For multivariate dis-
tributions the behaviour in infinity is much more complex than in the univariate
case. One can hardly hope to fit this complexity in the straight jacket of a one-
dimensional family of distribution types. The theory presented here should be
regarded as a base line theory describing asymptotic behaviour in the most simple
situation — exceedances over linear thresholds — under almost perfect conditions,
a spherically symmetric density, or a density with convex level sets. Statistics is
surprisingly powerful in situations where the data set is bland and does not exhibit
any gross irregularities. In the multivariate setting such a data set may consist of
a convex dark center surrounded by a halo of singletons with a decreasing intensity
as one moves away from the center. If there are no striking features in the halo then
we have a data set to which our theory may apply.

The paper is organized as follows. In Section 2 we recall the univariate GPDs as
limit laws for high level exceedances. This notion is to be expanded in a truly multi-
variate setting. After developing the concept of a high risk scenario in Section 3, we
investigate some basic results of the relevant (weak) limit theory. In Section 4 we
show that, due to the set-up of our limit assumptions, the resulting laws will always
exhibit a large degree of symmetry. The Sections 57 treat the important case of
the Gauss-exponential high risk limit law, and gives examples of distributions in its

domain of attraction. One may look at this case as some sort of central limit case



capturing many interesting probability distributions. In Section 5 we introduce a
class which extends the family of spherical Weibull densities f;(z) = eIzl /¢ /Cl,
t > 0. The function "'/t is replaced by a function which satisfies the von Mises
tail condition for the univariate domain of the exponential limit law, and the spher-
ical level sets are replaced by rotund (egg shaped) level sets. We show that such
functions are integrable, and that the associated probability densities belong to the
domain of the Gauss-exponential limit law. In Section 6 we multiply the density by a
function L which is locally constant far out, and prove that the product is integrable
and the associated probability distribution again belongs to the Gauss-exponential
domain. In Section 7 we replace Lebesgue measure by a measure p which locally
behaves like Lebesgue measure far out and derive a similar result: the measures fdu
are finite and the associated probability distributions belong to the domain of the
Gauss—exponential limit law. (In both cases we assume local convergence, and we
obtain global results). In view of the rather thin tails of the underlying densities the
results are not unexpected. However in the multivariate setting with a metric which
is basically anisotropic the proofs are not quite trivial, and technical arguments are
unavoidable. The reader is advised to skip proofs and lemmas in these three sec-
tions on a first reading. The last part of the paper, Sections 8-12, is of a more
expository nature. Section 8 treats limit laws with heavy tails, and Section 9 limit
laws with bounded support. In Section 10 the full family of multivariate GPD high
risk limit laws is presented. Here all information about this family of multivariate
probability distributions has been gathered for reference. Section 11 treats the limit
behaviour when the half spaces diverge in a given direction. The paper ends with
a section where some alternatives to the notion of high risk scenarios are discussed,
and a short conclusion.

The aim of this paper is to open up a field of investigation which promises
a rich theory with potenially important applications in diverse fields. The concepts
underlying the theory are given in full generality. We then prove a number of
results about the domains of attraction, concentrating on possible applications in
finance. In addition we give a number of illustrative examples to indicate the scope
of the theory. Towards the end some results are presented without going into the

technicalities of their proofs. In future papers we shall give more details.



2 The univariate case

The intent of this paper is to sketch a multivariate theory for handling conditional
extreme events. A full version of such a theory is well beyond the scope of this
paper. In the univariate case the family of generalized Pareto distributions (GPDs)
has turned out to be a very useful tool in a variety of different contexts. The
basic idea there is that one should study the behaviour of a random variable Y
conditional on it having exceeded a given threshold value ¢, where ¢ is large so that
the probability « that Y lies in the half line H = [g, 00) is small. If Y is interpreted
as time, then one may think of Y# — ¢ as the residual life time of Y beyond time g.
When Y denotes the potential loss of some financial position at some fixed, future
date, and ¢ the Value-at-Risk, then Y — ¢ corresponds to the conditional excess
loss above ¢. The latter terminology is also standard in reinsurance: there, the
Value—at—Risk threshold corresponds to a so—called attachment point for an excess
of loss treaty.

Let g tend towards the upper endpoint of the distribution of Y or let a go to
zero. The conditional distributions, suitably scaled, may have a limit. The limit
laws are the generalized Pareto distributions (GPDs). A GPD is a distribution on
[0,00) which (up to scaling) has a density of the form e, or t/(1 + v)**! with
t >0, or t(1—v)*1 on [0,1) with ¢ > 0. These limit laws are known as the residual
life or excess loss limit laws. Replace t by the parameter 7 = 1/t. Then a change of
scale yields a continuous one parameter family of distribution functions G, 7 € R,

on [0,00), the standardized GPDs, defined by
1-G.(v)=(1—-7)Y" r1€R. (2.1)

By continuity 1 — Go(v) = e~". In the univariate case the GPDs form a family of
limit laws which may be used to describe the asymptotic behaviour of exceedances.
The theory has been applied in diverse fields to describe extreme situations. The
limit theory leading to (2.1) was first derived in Balkema and de Haan [2] and
Pickands [32]. The domains of attraction of the univariate limit laws have been
characterized completely. They contain many of the classical probability densities,
and hence most of the standard models in risk management fall within the scope

of this theory. For a textbook treatment, see for instance Embrechts et al. [18].



Applications to finance and insurance are broadly discussed in Embrechts [17]. See
the latter two references also for further reading. A freeware package EVIS for
statistical analysis of extremes based on the GPDs is available from Alexander
McNeil (www.math.ethz.ch/~mcneil).

In finance, the Value-at—Risk (VaR) at level 1 — a for @ small (o = 0.05 or 0.01
in the case of market risk) denotes, for a given portfolio, the level g, > 0 such that
the event {Y > ¢, }, that the loss of the portfolio lies above the level ¢, at the end
of a given period (the holding time; 1- or 10-days, say) occurs with a probability .
See Crouhy et al. [14] and Jorion [23] for further details. There exist other measures
of risk such as the expected shortfall, the expectation of Y — g, given that Y > ¢,
or the conditional variance, var(Y | Y > ¢, ), which give a better impression of the
actual risk residing in the portfolio. See Artzner et al. [1] for an axiomatic theory in
this context. All these measures are functionals of the distribution of the high risk
scenario Y1, where H is the half line [g4,00). Ideally one would like to know the
full conditional probability distribution of the value of the loss. If the distribution
of Y lies in the domain of a GPD then one may replace the distribution of the
overshoot Y — ¢, by a suitable GPD and use the latter distribution to estimate
the various measures of risk listed above. Such a procedure has to be handled with
care, but it has the advantage that it is more robust than estimating the expectation
or variance of the overshoot, and that one can use the results of a well developed
statistical theory.

At this point we should say something about the following question: Why should
the distribution of the loss Y, where —Y describes the value of a given portfolio
ten days hence, say, be assumed to lie in the domain of attraction of one of these
generalized Pareto distributions? This is a philosophical rather than statistical
concern. Note that the domain of attraction depends only on the behaviour of
the upper tail of the distribution of Y, so in practice one can never tell whether a
distribution which is only known from a finite sample will have an upper tail of the
prescribed form. On the other hand there exist many examples where the theory
has been successful in predicting future behaviour. We give two arguments which
make this success plausible.

1) Underlying the apparently erratic behaviour of the market is an extremely



complex dynamical economic system, whose intricate behaviour we may never fully
understand, but that system may generate variables whose probability distributions
have densities with smooth tails. The classic example is the change in position of
a pollen grain submitted to the bombardment of water molecules as described by
Einstein and Smoluchowski and nicely discussed in Mazo [29]. This reasoning has
also been imported in microeconomic theory. The position of the pollen grain has
become the price of a stock, and the water molecule a trader, see Follmer and
Schweizer [21].

2) We are not interested whether the limit behaviour remains valid for a@ <
10799, The assumption of the existence of a limit distribution for a | 0 is purely
a matter of mathematical convenience. Our basic assumption in this paper is that
the distribution of the high risk scenarios Z¥ and Z¥, suitably standardized, are
closeif P{Z € H} and P{Z € K} are small and the overlap of the two half spaces H
and K is relatively large. In the univariate case the half spaces are half lines and
the assumption implies that the distributions of the high risk scenarios translated
to the half line [0, 00), and suitably scaled, are close to a common GPD.

The following example from the one—dimensional theory will be useful for future

reference.

Example 2.1 The Gaussian variable Y with density e v/ /v/ 2 lies in the domain
of the exponential GPD. Indeed let o € (0,1). Choose ¢ = ¢, so that P{Y > ¢} = a.
Write Y = ¢ + V;,/q. Then V, has density

fq(v) = e*(q+v/Q)2/2/mq o e—Ve—v?/26

We may write {V; > 0} ={Y € H} for H = [¢,00). Conditioning on this event we
find that the normalized overshoot V,, = q(YH — ¢) has density

o
gq(’(}) = 6_7}6—1}2/2612/0 v Z 0, Where C _ / e_ve_v2/2q2dfu '
0

It is clear that C' T 1 for ¢ T co. So g4(v) — e " pointwise, and Scheffé’s theorem
ensures that the distribution of V, converges weakly to the standard exponential
distribution. This shows that the normal distribution lies in the domain of attrac-

tion of the exponential distribution. In other words, for a random variable having



a normal distribution, excesses over a high threshold ¢ have approximately an ex-
ponential distribution. For a more detailed discussion see Section 3.4 in Embrechts

et al. [18]. q

3 Basic concepts

In this section we introduce the limit relation (3.1) below which is the basis of our
investigations, and prove some general results. We shall first clarify more precisely
some of our concepts in the context of standard multivariate models in finance.

In the multivariate case one uses a multivariate Brownian motion with a de-
terministic drift function and a non—singular covariance as a first order model to
describe the dynamics of the log—price process. The drift vector and the covariance
matrix may change in the course of time but over a period of a few days they may
be assumed constant. In the literature, numerous generalizations of the Brownian
model have been proposed. See for example Carr et al. [13], Levin and Tcher-
nitser [26], and Eberlein [15]. For a global macroeconometric model, see Pesaran
et al. [31].

In this paper the market is a random vector Z in the space R%. The coordinate,
Zi, i =1,...,d, may be interpreted as the logarithm of the price of the ith asset
at a fixed future date. It is helpful to think of Z as having a multivariate density,
Gaussian—like in the center, but with fatter tails. Typical examples include elliptical
densities as discussed in Breymann et al. [9], Embrechts et al. [18], Bingham and
Kiesel [4], and Hult and Lindskog [22]. The multivariate Student ¢ and general-
ized hyperbolic distributions fall within the scope of our theory. See for instance
Rosenberg and Schuermann [35] for an application of these distributions to risk
management. We therefore think of a density whose level sets {f > ¢} are ellip-
soids, or more generally open convex sets. Heavy tails means that the univariate
marginal tails P{0Z > t} decrease like a negative power of ¢ for t — oo for every di-
rection vector #. Light tails means that the moment generating function & — Fet?
exists on a neighbourhood of the origin. We shall pay particular attention to the
intermediate region between light and heavy tails, referred to as intermediate tails.

The existence of a density is not essential to the theory which we shall develop;



see Section 7. We do however exclude the situation where the value of certain assets
is a function of the value of other assets, such as is the case when besides certain
financial underlyings, also derivatives (like options) written on those underlyings
are included. Functional relations between the various components of the vector Z
will force the distribution of Z to lie on a lower dimensional manifold in the space
R?. Such distributions fail to meet the requirement that there should be no striking
irregularities in the halo of the sample cloud underlying our analysis.

The density of the high risk scenario ZH can of course be written down explicitly
given the density of the vector Z. Unfortunately the formula gives little insight in
the asymptotic behaviour of the distribution of Z¥, even in the univariate case, as
may be seen in Example 2.1. For reference purposes, we state this trivial result as

a proposition.

Proposition 3.1 Suppose the random vector Z has density f. Let H be a closed
half space so that P{Z € H} = a > 0. Then Z" has density

FA(z) =1p(2)f(2)/a  zeR%.

We are interested in the asymptotic behaviour of the distribution of Z# as the half
space H drifts off and P{Z € H} > 0 tends to zero. It is important to note that we
do not impose conditions on the direction in which the half spaces diverge. It turns
out that there exists an elegant multivariate version of the theory for exceedances
over thresholds sketched in Section 2. It is our aim in this paper to describe the
outlines of this basic theory where the sole condition is 0 < P{Z € H} — 0. Since
we assume that there exists a limit law, the asymptotic behaviour of Z¥ is the same
in all directions. This presupposes a certain degree of directional homogeneity for
the underlying distribution. Even when the whole market, say all stocks in an index,
does not satisfy the condition of directional homogeneity there may be segments, say
energy or banking, which in first approximation do. The homogeneity is obviously
present when the vector Z has a spherically symmetric distribution. One of the
aims of this paper is to investigate this homogeneity condition. It will turn out that

the condition of directional homogeneity is more restrictive in the case of heavy tails



than for light tails. In the latter case it may be regarded as a smoothness condition
on the underlying distribution.

The vector Z lives on the half space H. In order to compare distributions of
different vectors Z™, we map the half spaces H onto a common closed half space
H,, the upper half space, R"? x [0, 00) in (1.1). This may be achieved by rotating H
so that the normal vector to 0H, pointing into H, falls along the positive vertical
axis. After rotation the half space has the form {z4 > ¢} for some constant q. Now
translate the half space along the vertical axis until it coincides with H,. It is
convenient to write z = (z,y) and to think of x = (z1,...,24-1) as the horizontal
component of the vector z, and y = z4 as the vertical coordinate.

An affine transformation (8 is a map of the form z — w = b + Bz where b
is a vector in R%, and B an invertible linear transformation of R%. The inverse
w2z = B Y (w—b) = a+ Aw with A = B! and a = —Ab, again is an affine
transformation, and so is the composition of two affine transformations. We shall
denote the group of all affine transformations on R? by A = A(d). The set of affine
transformations which map the upper half space H; onto itself is denoted by A..
It is a subgroup of A.

For any fixed half space H there are many affine transformations which map
H_ onto H. Indeed if 3 is such a transformations then so is 8 o a for any o € A...
If P{Z € H} is positive then ZH is well defined and Wy = 3~1(Z*) is a vector
on Hy. The inverse of the affine transformation § mapping H, into H transforms
the high risk scenario Z¥ into a vector Wy on Hy. We are interested in the case
where it is possible to choose for each half space H, with P{Z € H} > 0, an affine
transformation Sy mapping H; onto H, so that the normalized high risk vectors

converge in distribution to a non-degenerate random vector W on H:
Wy =872Z")=W 0<P{ZecH}—0. (3.1)

Recall that a random vector is degenerate if it lives on a hyperplane.
The condition P{Z € H} — 0 is vacuous if Z for instance lives on a cube in R3,
and the vertices carry positive mass. We want P{6Z > ¢} to tend to zero for any

direction # when ¢ increases to the upper endpoint of the distribution of the random

10



variable 8Z. Therefore the next condition on the distribution 7= of Z is natural:
mH > 0= 7m0H <7H (3.2)

for any closed half space H. Here OH denotes the boundary hyperplane of H.
In d =1, the condition states that the distribution function of Z is continuous
in its endpoints; see Corollary 3.1.2 in Embrechts et al. [18] for the relevance of
this condition for one—dimensional extreme value theory. Let us say a few words
about the multivariate condition since it will be imposed throughout the paper.
A geometric formulation of (3.2) may be given in terms of the convex support of
the vector Z. The convex support is the intersection of all closed half spaces H such

that P{Z € H} = 1.

Lemma 3.2 Condition (3.2) holds if and only if P{Z € H} = 0 for any closed half

space which is disjoint from the interior of the convex support of .

Proof Suppose P{Z € H} is positive. If H is disjoint from the interior of the convex
support then P{Z € H} = P{Z € 0H}. Conversely P{Z € H} = P{Z € 0H} for
H = {0 > c} implies that Z lives on {6 < ¢} and hence the interior of the convex

support lies in {# < ¢} and is disjoint from H. q

The parametrization H = {6 > c}, with 6 in the unit sphere, S, and ¢ € R,
shows that the set H of closed half spaces is homeomorphic to the cylinder S x R.
Condition (3.2) ensures that the set of half spaces which carry positive mass is open
in H. If we make the stronger assumption that = does not charge hyperplanes then
the map H — 7! is continuous on this open set. These two statements follow from

the next proposition.

Proposition 3.3 Let Z be a random vector with distribution 7, and let H,, n > 0,
be closed half spaces converging to Hy = {6 > q}. If P{0Z > q} is positive, then
wH,, is positive eventually. If wHy is positive and P{0Z = q} = 0 then wH,, — wH)

and ZHn = zHo,

Proof Any point in the interior of Hy will eventually lie in H,,. This also holds for
any compact convex set K in the interior of Hy. Choose K so that wK is positive

to obtain the first statement. To prove the second statement write h, = 1p, and

11



observe that h, — ho holds m-a.e. Hence p, = P{Z € H,} = [ hpdr converges
to po. It remains to prove that for any bounded continuous function ¢ on R the
expectations F(hpp)(Z) converge. This also follows from Lebesgue’s theorem on

dominated convergence. q

We now return to relation (3.1), the basic limit relation of this paper.
Definition The vector W in (3.1) is called a high risk limit scenario, its non-
degenerate distribution p a high risk limit law or limit distribution for exceedances
over linear thresholds, and the original vector Z (or its distribution ) is said to lie
in the domain of attraction of W (or p) provided the boundary condition (3.2) is
satisfied. Note in particular that W is assumed to be non-degenerate and that the
normalizing transformations Sy have to satisfy the condition Sy (Hy) = H. We

write Z € D(W), or m € D(p). q

The random vectors Z, Wy and W are introduced as a notational convenience.
The limit may be formulated in terms of weak convergence of probability measures
as By (1) — p.

We are faced with two mathematical problems:

1) Determine the class of all high risk limit laws, and

2) For each limit law, determine its domain of attraction.

In their full generality, these two problems are still open. In this paper we
shall give a partial answer to question 1 by introducing a one—parameter family
of high risk limit laws. Partial answers to question 2 will also be given. Though
our results are only partial in nature, we believe them to be sufficiently general to
handle many of the standard situations faced with in practical problems in general,

and in financial and insurance risk management in particular. In this context the

next example is fundamental.

Example 3.4 If the market Z has a multivariate Gaussian distribution with a non—
singular covariance matrix then a high risk limit law exists.

The argument is geometric. We begin by choosing the origin and coordinates
so that Z has a standard Gaussian density e =% #/2/(27)%/2. Let H be a closed half
space H = {6 > ¢} for some unit vector § and some constant ¢ > 0. Because of

symmetry, we may assume that H has the form {y > ¢} where y is the vertical
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coordinate of z = (z,y) € R" x R. Write Z = (X,Y), and write Y = ¢ + V,/q as
in Example 2.1. Then {V, > 0} = {Z € H}. Condition on this event and set

B (u,v) = (u,q+v/q) w = (u,v) € R" x R. (3.3)

Then By maps Hy onto H = {v > ¢}, and the components of Wy = (U,V,) =
ﬁ;fl (ZH) are independent. The vertical component V, has density g, of Example 2.1,
and the horizontal component U = X is standard Gaussian on R”. Hence Wy =
W = (U,V) where V is standard exponential and independent of the Gaussian
vector U. q

The limit vector W = (U,V) in Example 3.4 has a standard Gauss-exponential

distribution. This is a high risk limit law. It has density
go(w) = e_”e_uT“/2/(27r)h/2 w = (u,v) € Hy =R" x [0, 00). (3.4)

The theory developed in this paper is geometric in the sense that it does not depend

on the choice of coordinates. This is expressed in our next result.

Theorem 3.5 (Invariance) Suppose Z lies in the domain of attraction of the high
risk limit vector W. Let o € A, B € Ay. Then B(W) is a high risk limit vector and

a(Z) lies in its domain of attraction.

Proof Suppose ,BI_JI(ZH) = W. Set H = a(H) and Z = o(Z). Then clearly
{Z € H} = {Z € H}. So these events have the same probability. Therefore
Wy = By o a2 (ZH) and Wy = W implies S(Wg) = B(W) for P{Z € H} —
0. The condition that W is non-degenerate, and the boundary condition (3.2),are

geometrical, and hence they also hold for W and Z. q

High risk scenarios only look at the outer edges of a distribution. The asymptotic
behaviour of the high risk scenarios Z for 0 < P{Z € H} — 0 does not depend
on the precise form of the probability distribution of Z on any compact subset of
the interior of the convex support of the distribution. Similarly if two densities are
asymptotically equal and one lies in the domain of attraction of a high risk limit 1
aw, then so does the other, with the same normalization. Since the support of our
measures may be bounded we shall now first define more precisely what we mean

by divergence and asymptotic equality in a multivariate setting.
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Definition Let O be an open set in R?. We say that a sequence of points z,
in O diverges in O and write x,, — 0 (or z,, — Jp) if any compact subset of O
contains only finitely many terms of the sequence. Two non-negative functions f

and g defined on O are asymptotic on O and we write
f@)~g@)  a—0
if for each € > 0 there exists a compact set K C O so that
e flr) <g(x) <ef(x) xe O\ K. (3.5)

Theorem 3.6 (Asymptotics) Let the distribution w lie in the domain of the high
risk limit law p. Let O be the interior of the convex hull of the support of w. Suppose
m(O) = 1. Let the probability measure p on O have the form du = dug+gdn where g
is a Borel function on O with a finite limit ¢ > 0 for z — 0o, and po(H)/m(H) — 0
for 0 < w(H) — 0. Then p lies in the domain of p. Moreover the normalizing

transformations for u and w are the same.

Proof Let 0 < ¢ <1 be a continuous function on H,, and let € € (0,1). Choose
K C O compact so that 1 — e < g/c < 1+ € outside K, and choose ¢ > 0 so small
that po(H)/m(H) < ec for 0 < w(H) < 6. Let Z have distribution 7 and let S have
distribution u. Assume ﬁ;ll(ZH ) = W where W has distribution p, and By maps
H, onto H. Let H be a closed half space disjoint from K with 0 < w(H) < §. Set

g =po 51_11 Then
(1-— e)/ pdmr < (1/0)/ pdp < (1 +6)/ pdm + em(H)
H H H
holds for both ¥ = ¥y and ¥ = 1. On division the constant ¢ drops out, and one

has a simple bound on the difference between Ev g (SH) and Evy(ZH). q

Write H,, — 0o if all half spaces H,, intersect the open set O, but any compact
set K C O only intersects H,, for finitely many indices n. If (3.2) holds one may
formulate the limit condition 0 < P{Z € H,} — 0 in terms of the interior O of the

convex support of the distribution of Z as
H, — 0o. (3.6)

In applications the vector Z often has a density of the form f/C where f is a
positive integrable function on an open set O in R? and C = fO f(z)dz. The

14



boundary condition (3.2) is satisfied. For convergence in (3.1) it suffices that the

densities gy of the normalized high risk scenarios ﬁﬁl(Z Y converge
gir(w) = |det By | f (B (w)) [CP{Z € H} — g(w) 0 < P{Z € H} -0

pointwise on {g > 0} where g is a probability density on H, (by Scheffé’s theorem
and Fatou). In order to avoid the multidimensional integration needed to evaluate

C and P{Z € H} one might consider convergence of the quotients

(f © Br)(w)
(f o B)(0)

where h is an integrable non-negative function on Hy. It is clear that one needs

hg(w) = — h(w) we{h>0}, H— 0o (3.7)

extra conditions to conclude that Z lies in the domain of attraction of a high risk

limit law with density proportional to h. Here we list a few such conditions.

Proposition 3.7 (Densities) Let Z have continuous density f/C, and let h be a
continuous non-negative integrable function on Hy which does not vanish identically.
Suppose B € A maps Hy onto H so that (3.7) holds. Set pg = B (0), and let gy
be the density of the normalized high risk vector ﬁﬁl(ZH), and pg the distribution.
Let W have density g = h/Cy.The following are equivalent for P{Z € H} — 0:

1) Z lies in the domain of attraction of W;

2) the family of probability distributions pg, P{Z € H} > 0, is tight;

3) gg — g pointwise on {g > 0};

4) hg — hin L;

5) lhslly — Ay, and

6) | det Bu|f(pu)/P{Z € H} — 1/Cy.

Proof First observe that the density gz of the normalized high risk vector satisfies

gu(w) _ |det Bu|(f o fu)(w)  gu(w) _ (fofu)(w)

gu(0) — P{Z € H}gn(0) gu(0) — (foBu)(0)
The implications 4) = 5) = 3) = 1) = 2) are obvious. The right hand
equality above gives 3) = 4) and 2) = 3). The two equalities together with 3)
and 4) imply 6) with 1/C = g(0). Together with 6) the two equalities give 5) with
C = |Ihlh. T

Condition 6) relates the exceedance probability P{Z € H} to the density f/C in

the point py. If one of the conditions 1) — 6) holds, the density f can not have sharp
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peaks far out in O. Let us therefore now assume that f is a continuous function
with convex level sets {f > ¢} for ¢ > 0. Such functions are also called unimodal or
quasiconcave, see Boyd and Vandenberghe [8]. The domain of f, O = {f > 0}, is
convex and open. The quotients hyg in (3.7) have convex level sets, and so has the
limit ~. This implies that h? and f9 are integrable for all ¢ > 1, and that h%, < hy
outside some compact subset of H for all half spaces H disjoint from some compact

set K C O. Hence 5) holds for hf, for any ¢ > 1 if it holds for ¢ = 1. This proves

Theorem 3.8 (Power families) Let the vector Z have density f/C where f is
continuous on R with convex level sets {f > c} for ¢ > 0. Suppose (3.7) holds
pointwise and in L'. Then for each q > 1 there exists a high risk limit law with
density g, = h1/Cy. The function f9 is integrable and the corresponding density lies

in the domain of attraction of g4 with the norming transformations By of (3.7).

We conclude that the class of high risk limit laws may contain power families:

9q(w) = g'(w)/Cy qgeJ

where g is a continuous function on H; with convex level sets {g > ¢}, and J is an
interval in R with upper endpoint co. The class of Gauss-exponential densities on
H is invariant under positive power transformations: if (X,Y") has density g then
(X/\/q,Y/q) has density proportional to g¢ for any ¢ > 0. In Section 8 we shall
introduce the power family generated by g(u,v) = 1/((1 4+ v)? + uTu), the heavy
tailed spherical Pareto limit laws, with J = (d/2,00); and in Section 9 the power
family generated by g(u,v) = (1 — v — u”u), the parabolic power limit laws, with
bounded support, with J = (—1,00). Both these power families are asymptotically
Gauss—exponential for ¢ — oo. The second family yields a singular limit law for
g | —1. These high risk limit laws will be called the multivariate GPDs, or the
Pareto-parabolic distributions. As far as we know there are no other high risk limit

laws.

4 Symmetries of the limit measure

The symmetry of the Gauss-exponential density in (3.4) may seem to be due to the

spherical symmetry in the Gaussian distribution in Example 3.4. We shall argue
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below that a large symmetry group is characteristic for high risk limit laws.

Let us first point out a peculiarity of the Gauss-exponential high risk limit law.
The Gaussian vector Z lies in the domain of attraction of the Gauss-exponential
vector W, but W does not belong to its own domain of attraction. Indeed take half
spaces H, = {y < 1/n}. Then the high risk vector W blown up by a factor n
in the vertical direction, converges in distribution to the vector (U,T") where U is
standard Gaussian on R?~! and T is uniformly distributed on the interval [0, 1], and
independent of the horizontal component U. By the convergence of types theorem,
the sequence of high risk vectors W/ can not be normalized to converge to the
Gauss—exponential vector W.

In order to understand better why the Gauss-exponential density should be a
high risk limit density we introduce the infinite measure p* which has the den-
sity (3.4) on the whole space R?. Let H be the closed half space of all points

z = (z,y) above the graph of an affine function y = ()
H={y>px)} o(x) =co+crz1+ -+ cg-1%4-1, Co,--.,c4-1 € R, (4.1)

Then p*(H) is finite and pg = 1gdp*/p*(H) is a probability measure which lives on
H. Below we shall see that there exists an affine transformation vz which maps H
onto H so that pp is the image of the standard Gauss-exponential distribution p on
H. . The measure p* on R? has the property that for any closed half space H with
finite measure the corresponding probability measure is of the Gauss-exponential
type.

Let S denote the symmetry group of p*. This is the set of all affine transforma-
tions (3 so that 5(p*) = cp* for some positive constant ¢ = cg. Obviously S contains
the group of all rotations around the vertical axis because of the symmetry of the
horizontal Gaussian component and the independence of the vertical component. It
also contains the translations along the vertical axis since the density of p* is a prod-
uct g(u)e™? and the density e~ on R is semi-invariant under translations. However
there is an additional symmetry. The level curves of the density are paraboloids,
and these are most symmetric figures. By an affine change of coordinates one can

transfer the top of the paraboloid to any point on the paraboloid. Let b denote a
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vector in R%~!. Consider the affine transformation 3 given by
Blu,v) = (u—bv+b"u—bTb/2)  (u,v) e R xR.

It maps the origin into the point below u = —b on the paraboloid v = —uTwu/2.

Under the inverse transformation, the density go of p* transforms into
g(z,y) = go(x — by + bz —bTb/2) = e_ye_bTxebTbﬂe_(“_b)T(m_b)/Q/(27r)(d_l)/Q.

The right hand side is exactly go(z,y). So p* is invariant under the affine transfor-
mation $~!, and hence also under g.

The collection of all half spaces H of the form (4.1) is a d-dimensional space.
The symmetry group S of p* is transitive: it can map any element of this space into

any other element. We formulate our results as a proposition.

Proposition 4.1 For any half space H for which p*H is finite, there exists an
affine transformation v mapping Hy onto H which sends the probability measure
p on H, into the probability measure 1gdp*/p*H. The transformation vy is a
symmetry of p*: vy (p*) = cg - p* with cg = p*H. Conversely any symmetry o of

p* has the property that o(p) is the probability measure 1gdp*/p*H on H = o(H.).

Let us now try to explain why the measure p* should have such a large symmetry
group. We turn to the basic limit relation (3.1). Let Z with distribution 7 lie in the
domain of the Gauss-exponential law. For half spaces H far out the distribution of
Z" will look like the Gauss-exponential law if we choose appropriate coordinates.
Let Hp be such a half space far out. Choose coordinates so that Hy = H,. Then
7Ho ~ p. There is a d-dimensional set of half spaces H close to Hp, in the sense
that H and Hj have approximately the same mass and have a large relative overlap.
Take such a half space. For simplicity assume 7H = 7wHy. Then 7f ~ B(p) for
8 = By mapping Hy onto H by (3.1). So p ~ (3(p) holds on H N Hy since 77 and
7Ho agree on the overlap. In the limit this yields identities p* = ((p*) for a large
collection of affine maps §. The argument derives from the fact that for high risk
limit laws convergence has to hold for all half spaces H, whatever their direction,
as long as 0 < P{Z € H} — 0. We may therefore expect other high risk limit laws

to have similar large symmetry groups.



In the univariate case, the Radon measure p* has a statistical interpretation. The
sample point process from a standard Gaussian distribution, properly normalized,
converges to a Poisson point process with intensity e on R as the number of points
in the sample increases without bound. In the multivariate case a similar result holds
for samples from a standard Gaussian distribution on R%. The limiting Poisson
point process has intensity e~u"u/2¢=v on R" x R, see Brown and Resnick [10] or
Eddy [16]. This Poisson point process describes asymptotically the local behaviour
around the outer edge of a large sample from a Gaussian distribution. The measure
p* links the asymptotic theory of high risk scenarios to the asymptotic description
of the local behaviour of the halo of large sample clouds. High risk scenarios thus
enable us to handle multivariate extremes in a more geometric way than the classical

theory of coordinatewise maxima.

5 The Gauss-exponential domain, rotund sets

In this section we shall introduce a structured family of distributions in the domain
of attraction of the Gauss-exponential limit law. This family will be enlarged in the
next two sections.

In Example 3.4 it was shown that the domain of the Gauss—exponential high risk
limit law contains the multivariate Gaussian densities. We shall extend this result.

In first instance we consider spherical Weibull densities:
filz)y=eF 00 >0

For each t > 0 the level sets {f; > ¢} of the density f; are concentric open balls. A
change of coordinates transforms the balls into ellipsoids. The level sets of the limit
density (3.4) are parallel parabolas v < ¢ — u’u/2 in (u,v)-space. Locally a circle
looks like a parabola. Indeed this holds for any convex set provided the boundary
is smooth and the curvature is positive in each point. A typical example of such a
set is an egg. We shall therefore also consider probability densities whose level sets
are concentric eggs.

Let us now introduce more formally the convex sets with which we shall be

concerned. Assume that D is a bounded open convex set in R? containing the
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origin. Write RY = R” x R and let Dy be the (bounded open convex) image of
D under the projection (z,y) — x. The upper boundary of D may be described
by a concave function vy : Dy — R. We say that the boundary of D is C? in a
point p = (z,v4 (x)), and has positive curvature, if the function ~, is C? in z with
negative definite second derivative v/ (x). The map x — (x,v4(x)) describes the
structure of the compact manifold 9D locally. The parametrization v, will come
in handy below, but there is an alternative global description of D which is more
convenient.

Since D contains the origin there exists a unique function n = np : R — [0, 00),

the gauge function of D, which satisfies the two conditions:
{n <1} = D; n(rz) =rn(z) z€RY r>0.

If D is the unit ball then n is the Euclidean norm. We do not assume that D is
symmetric. Hence n need not be a norm. The conditions on D do however ensure
that n is continuous and convex. Assume that n is C?. Since n is linear on rays
the second derivative can not be positive definite. That explains why we need the
function n? in the definition below.

Definition A rotund set in R% is a bounded open convex set which contains the
origin and whose gauge function n is C? on R?\ {0}. In addition the second

derivative of n? is positive definite in each point z # 0. q

The implicit function theorem may be used to show that rotundity of D is
equivalent to D being a compact C? manifold with positive curvature in each
point. In order to investigate the boundary around a point p € 9D it is convenient
to choose coordinates so that p = (0,1)7. A linear map A : R" x R — R? is
called an initial transformation for p if A(0,1)T = p, {y = 1} is tangent to A~ D in
(0,1)7, and if the gauge function n o A of A~!D satisfies (no A)(x,1) — 1 ~ z7z/2
for x — 0. The linear map A is unique up to a rotation around the vertical axis.
Locally it may be chosen to depend continuously on p. Hence the set J of all initial
transformations over p € 9D is compact.

We can now state the main result of this paper.

Theorem 5.1 Let n be the gauge function of a rotund set D in R® and let v be a
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C? function on an interval [0,to), with ts € (0,00], which satisfies the following
conditions

1) Y(t) — oo fort — teo;

2) Y'(t) >0 fort € (0,t), and

3) (L[ (t) = 0 fort — teo.

Then the function e=%, with ¢ = on, is integrable, and the corresponding prob-
ability density f = e~%/C' lies in the domain of attraction of the Gauss-exponential
limit law. (If to is finite we set f =0 outside the open convex set toD.)

There exist affine transformations Bg so that Sy(Hy) = H and
(f o B)(w)/(f o Bu)(0) = e "™ ™2 w=(u,v) € Hy, 0< P{Z € H} =0
uniformly on compact subsets of H,, and in L'.

This theorem is a consequence of a more technical proposition which we formulate
below. Note that there are two ingredients in the density. The convex set D
determines the shape of the level sets; the function ¢ determines how fast the tails
of the density decrease. The smoothness and curvature conditions on the boundary
of the set D ensure that the level sets of the densities of the high risk scenarios
ZH asymptotically are parabolic; the conditions on v ensure that the parabolas
corresponding to levels e™" are asymptotically equidistant. The conditions on v are
related to the well-known von Mises conditions for the domain of the exponential
limit law in the univariate case: A positive random variable whose tail function
T = 1— F is asymptotic to e~ ¥ in its upper endpoint, t~, lies in the domain of

attraction of the exponential law,
Tt+v/Y'@)/TEt) —e ¥  v>0,t—ts

see (5.2) below.

The asymptotic behaviour of 3 is well known from univariate extreme value
theory. The four limit relations below contain useful information.

Set a(t) = 1/4¢'(t). The derivative o’ vanishes in to by condition 3). If ¢, is
finite then a vanishes in ¢, by condition 1) and a(t) = o(teo — t) In teo. If too = 00
then a(t) = o(t) and hence ti/(t) — oo, which implies that t™e~¥®) — 0 for any

m > 1. This ensures that e™% is integrable.

21



Let t, — ts from below and let (s,) be bounded. By the arguments above

a(t, + spa(ty)) is well defined eventually, and
a(tn + spa(ty))/a(ty) =1+ (a(t, + spa(ty)) — a(ty))/a(t,) — 1 (5.1)

since a' vanishes in t. A positive function which satisfies a(t + sa(t))/a(t) — 1 is
said to be self-neglecting or Beurling slowly varying, see Bingham et al. [6]. Now

observe that, by the mean value theorem,
Y(t + sar) — P(t) = sar/a(t + oay) — s t— too (5.2)

uniformly on bounded s-intervals.
The inverse function 1 is defined on [(0), 00), increases from 0 to to, is C% on
(1(0),00), and ¥'(s) = a(t) for s = 1(t). The relation a’ — 0 in t., translates into

(log®)’)’ — 0 in co. Hence
(s +u) /Y (s) — 1 s — 00 (5.3)

uniformly on bounded u-intervals. The mean value theorem then gives

(s +u) — (s)
(s+ 1)~ o(s)

Bls+u) —dls)
()

uniformly on bounded u-intervals.

7’@ —u 5 — 00 (5.4)
(G
Lemma 5.2 Let ¢ satisfy the conditions of Theorem 5.1. Given € > 0, there exists

te < too S0 that for any t > t. one has the inequalities g, < €"/e, n > 0, for the
sequence (qn) defined by ¥(t + qnay) = ¥(t) + n.

Proof The limit relation (¢)(s+2)—1(s+1))/(¥(s+1)—1(s)) — 1 for s — oo implies
Gn+1—qn < €(gn—gn-1) for t > tg and hence ¢, —qo < (" —1)/(e°~1)(q1—qo). Now
use ¢1 = (Y(s+1)—1(s))/a(t) — 1 for s = () — oo, which implies q; < (e€—1)/e
for t > 1. 9

In our proof below we need a simple global bound on a class of convex sets D.

Lemma 5.3 Let D be an open convex set in R" x R which is disjoint from the
half space {y > 1} and whose boundary contains the vertical unit vector (0,1)”. Let

§ €(0,2), and set e = §2/16. If

(x,9) €D, ||z| <6 = y<1—aTz/4 (5.5)
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then
(z,y) e DNHy = y<1—exla. (5.6)

Proof By radial symmetry we may assume that D is a subset of the plane R2. The
line L through the points (0,1) and (8,1 — 62/4) intersects the z-axis in 4/§ as does
the parabola y = 1 — ez?. The convex set D N H lies below L for x > §, and hence

certainly below the parabola. It lies below the parabola on [0, ] since € < 1/4. 9§

Proposition 5.4 Let the conditions of Theorem 5.1 hold except that the condition
that D C R" x R is rotund is replaced by

np(x,1) —1~2Tz/2 -0 (5.7)
Let H' = {y >t} and let (X;,Y;) = ZH". Set
ay = 1/ (t) by =Vta;  t€(0,ts). (5.8)
Then
W, = 8702 = (X /b, (Vi — ) Ja)) = Wt — oo

where W is standard Gauss-exponential.

If in addition the function x — np(z,1) is C? on a neighbourhood of 0 in R”,
then for any sequence of half spaces H, = {0, > t,}, with 6,, — (0,1) and with
P{Z € H,} — 0 the sequence of high risk vectors ZH is asymptotically Gauss—

exponential, and the normalized densities converge in L.
Proof The proof consists of three parts. The vector W; has density o< e~%* where
th(ua U) = Sp(btuﬂ: + CLtU) - QO(O¢ t)'

1) We first prove that ¢;(u,v) — u’u/2 + v uniformly on bounded subsets of R?
for t — ts.

Write ¢; as a sum of two terms A; = p(byu, t*) — ¢(0,t*) with t* =t + a;v and
By = ¢(t + aw) — ¢¥(t). Then By — v by (5.2), and convergence is uniform on
bounded v-sets. By homogeneity n(byu,t*) = t*n(byu/t*,1) and we may use (5.7)

to write A; as

Dt + (B ) (L +0(1)/2) = (") = P(t* + ap-u?(1+0(1))/2) = (") — u®/2
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for t — too, since b7 = ta; ~ t*as, see (5.1). The limit relation also holds if we
replace the variable ¢ by a sequence t,, — to and u by u, — ug. Hence convergence
is uniform on bounded u-sets.

2) We next prove that e#* converges in L'(H,) to the function e~* */2¢~%. For
L!-convergence we have to study the level sets of the normalized densities on H .

These have the form

Fig=HyN{o <Y(t+qar) — ()} t,q > 0.

For fixed ¢ > 0 the sets F;, tend to the parabolic cap {0 < v +ulu/2 < ¢} since
or(w) — v+ ulu/2 and Y(t + qar) — ¥(t) — ¢ by (5.2). Note that F}, is contained
in the slice {0 < v < ¢} since ¢4(0,q) = ¥(t +qar) —(t). We shall prove that there
exists oo < teo and gop > 0 so that F; ; C Cy for t € [tog,tes) and ¢ > qo, where C,

is the cylinder segment
Cq={(u,v) | lul <q.0<v<q}CHy.

Let € > 0, and let ¢ € [t., o) with tc as in Lemma 5.2. Choose g, so that
Y(t 4+ quar) = Y(t) + n. Then g, < e/e for n = 1,2,... by Lemma 5.2 and
e ¥t < e " outside Fyg4,, and hence outside the compact set Cy, for ¢t > tog and
Gn > qo- We conclude that the functions e™%* are uniformly bounded outside the

compact set Cy, by the step function 7 with value e=™ on Cy, ., \ Cq,., m > 0.

Since the set C, has volume |C,| = Bjq? where By, is the volume of the unit ball
in R", we see that |Cy,| < Mpe®™ and hence the step function 7 is integrable if we
choose € < 1/d.

It remains to prove the inclusion F; ; C C, for t > top and ¢ > qo.

There exists 6y € (0,2) so that (5.5) holds for § = dp. This follows since the
concave function v, which parametrizes the upper boundary of D satisfies the re-
lation 1 — 4 (x) ~ 2T2/2 for  — 0 by (5.7). Set €9 = 62/16. By Lemma 5.3 the
set D N H, lies below the parabola y = 1 — gz z, and hence 7D N H lies below
the parabola y = r — gz’ 2 /r for r > 0. Let » = t +asq > t. Then F} 4 is the image
of rD N {y > t} under the map a; ' where a;(u,v) = (bu,t + azw) with b} = ta.
Hence F} 4 lies below the parabola v = ¢ — eouTut/ r. This parabola intersects the

coordinate plane {v = 0} in a circle with radius R where R satisfies

g+ (ar/t)g* = eoR.
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If t > too then a;/t < €9/2. If moreover ¢ > 2/¢y then R < g, which gives Fy , C Cj.
3) Finally we prove the second part of the proposition.

Let C be the closed cone ||z| < dy and assume 6 > 0 is so small that z +— n(z, 1)
is C? on ||z|| < 26 and the second derivative is positive definite for ||z| < J. (We
know that n,;(0) = I by condition 3) and that n,, is continuous on a neighbourhood
of the origin.)

Let K be the compact set of initial linear maps A € J mapping (0, 1)T onto
p for p € CNID. Recall from calculus that (no A)"(2)(u,v) = n"(Az)(Au, Av)
for » € C'\ {0} and u,v € R% Set na(z) = (no A)(x). Then (A,z) — nj(z) is
continuous in (A4,z) € K x {||z|| < d}. Since n’j(0) — I vanishes identically on K

there exists for any ¢ > 0 a constant . > 0 so that
InA(z) = I <€  |lz]| <6, A€ K.

Choose a continuous increasing function 7 : [0,6] — [0,00) so that 7(0) = 0 and

n(0¢) > € for € > 0. Then
folllzl) < naz) < All=l)) [zl <0, Ae K

if we choose fj =1—n and f;’ = 1+ n with the initial conditions f;(0) = f/(0) =0
for i = 0,1. Let F(z,y) = yfo(z) for y > 0 and define v implicitly on a disk
||| < d2 by F(x,v(x)) = 1. Then v4(x) < y(x) < 1 holds for ||z|| < d2, where v, is
the concave function which parametrizes the upper boundary of D, and 1 — ~y(x) ~
272 /2. Together with Lemma 5.3 this implies that H; NA~!D lies below a parabola
y =1 —exTx uniformly in A € K. Hence (with the obvious notation) W = W for

t — too uniformly for A € K. q

Remark 5.5 The normalizing transformations Sg in Theorem 5.1 are only deter-
mined up to asymptotic equality and modulo rotations around the vertical axis. If
o (u,v) = (Su,v) for some S € O(h), the orthogonal group on R", and if B maps
H, onto H and ﬁ;llﬁ}l — id, then ’yﬁl(ZH) = W, where yg = B o oy, and v

maps H; onto H. We find it convenient to choose

Bu=poAn  Bi(u,v) = (bu,t +aw)  ap=1/¢'(t), by =Vitar.  (5.9)
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The constants a; and b; were introduced in (5.8). We choose ¢t > 0 so that the half
space H is tangent to the rotund set tD. (We assume 0 ¢ H.) By strict convexity
of rotund sets there exists a unique point p = py so that p € H, t = n(p), and H is
disjoint from {n < t}. The map A = Ay : R" x R — R? is an initial linear map.
It maps (0,¢)” into p, the half space H' = {y >t} onto H, and the gauge function
no A of A~Y(D) satisfies (no A)(1,z) — 1 ~ 2Tx/2 for z — 0. The initial map A is
unique modulo rotations. Locally it may be choosen to depend continuously on the
direction of the half space H. The compact set J of all initial maps was introduced

above. It is a non-trivial fibre bundle over the group O(h).

The proof of Theorem 5.1 now is straightforward. Let H, be a sequence of half
spaces so that P{Z € H,} — 0. Since the unit sphere is compact we may assume
that the direction of H,, converges to some unit vector #y. The initial map asso-
ciated with the half space with direction 6y introduces coordinates (x,y) so that
Proposition 5.4 applies: np(x,1) — 1 ~ 272/2 for  — 0 and np is C? on a neigh-
bourhood of (z,y) = (0,1). In the new coordinates the direction of H,, converges
to the vertical direction (0,1), and the second part of Proposition 5.4 ensures that
B 1(ZHn) = W where W has a standard Gauss—exponential distribution and the

affine normalization (3, maps Hy onto H,.

6 Flat functions

In this section we extend the class of densities of Theorem 5.1 of the form
f(] == G_won/CO. (61)
The density fp above satisfies the limit relation

(fo o Br)(w)/(foo Bu)(0) — e v u/2 (6.2)

uniformly on compact w-sets in R%, and in L'(H,), with By as defined in (5.9).
Let f be a continuous positive density on O = {fy > 0} which satisfies the same
limit relation with the same normalizations Gy. Then one may write f = L fy where

L is a continuous positive function on O which satisfies

(LoBy)(w)/(LoBy)0)—1 H — 0p (6.3)
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uniformly on compact w-sets.

Relation (6.3) states that far out in O the function L locally behaves like a
positive constant. Such a function will be called flat. The condition (6.3) is weaker
than asymptotic equality. If L satisfies (6.3) uniformly on compact sets then f = L fj
satisfies (6.2) uniformly on compact sets. If Lfj is integrable, then one may define
the probability density fr, = Lfo/CrL, and ask whether the associated probability
distribution lies in the domain of the Gauss-exponential law. In this section we shall
show that that is the case. In addition we shall give a simple sufficient condition for
(6.3) in terms of partial derivatives. As a concrete application we shall show that
the multivariate hyperbolic distributions belong to the domain of attraction of the
Gauss-exponential high risk limit law.

We start by looking at densities of the form L(z)fy(z)/C where fj is a Gaussian
density and L a continuous function which behaves locally as a positive constant
for ||z|| — oo. The question is, how much can one alter a Gaussian density while

retaining the high risk limit behaviour (with the original normalizations ().

Example 6.1 Let fj be an arbitrary Gaussian density on R%. For z € R? write
z = rf where r = ||z|]| and € is a unit vector. The function rfy is integrable and
the corresponding density lies in the domain of the Gauss-exponential distribution.
This is also true for r¢ fy for any ¢ > 0, and for Q°fy where @ is a positive quadratic
function on R%. The function eV fy normalized to a probability density also lies in
the domain of attraction, and so does x(0) fo for any continuous positive function x

on the unit sphere. Proofs are given below. q

In the first part of this section we consider a class £ of continuous positive functions
L on R¢ which satisfy a growth condition which may be regarded as the multivariate

additive version of slow variation:
Lz+w)/L(z) — 1 2] — 00, we R (6.4)

If \: RY — R is a C™ function whose partial derivatives vanish in infinity then
L = ¢ satisfies (6.4). The converse is also true. Continuity of L implies that if (6.4)
holds pointwise it holds uniformly on bounded w-sets, see Bingham et al. [6]. Let

A = log L, and define A\g = 7y * A as the convolution of A with a C* probability
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density mg with compact support. Then

No(2) — Al2) = /ﬂo(w)()\(z ) = A(2))dw — 0

and the partial derivative of Ay of any order in a point zy is the convolution of
the difference A(z) — A(zg) with the corresponding partial derivative of my. Hence
it vanishes in infinity. Thus we have constructed a C'*° function A\g whose partial
derivatives of all orders vanish in infinity such that e is asymptotic to L.

In the univariate case the functions

. _ i 1/3
r 7”7 esm\/F’ 6\/F, e \/77, TSe\/?sm’r

i

all satisfy the functional relation

fr+s)/f(r)—1 r — 00 (6.5)

for each s € R. Functions in £ satisfy the relation L(0r + 0s)/L(0r) — 1, r — oo,
in every direction 6 € S.

In the multivariate setting one would like to know how the limit relations in
different directions are coordinated. The answer is surprising. Given any countable
family F' of continuous positive functions f on (0, c0) which satisfy (6.5), for instance

the family
v Br? sin(rm)
ar’e a,B3,7,0,n€Q, a,0>0,n>0,0+n<1,

there exists a function L € £ with the property: for each f € F' there is a dense set

Sy of directions ¢ in the unit sphere S such that
Lér)/f(r) —1 r—oo, €Sy, feF.

The construction will be given elsewhere. Here we only want to warn the reader

that the functions L which satisfy (6.4) are not as tame as they may seem.

Theorem 6.2 Let the vector Z € R have density fo(z) = e ™*/2)C where n is
the gauge function of a rotund set D, and let By satisfy (5.9). Suppose L € L. Then
the product f = Lfy is integrable and satisfies (6.2) uniformly on bounded w-sets,
and in L'(H). In particular the random vector with density Lfo/Cy, lies in the
domain of attraction of the Gauss-exponential law with the same normalization as

fo, and the normalized densities converge in L.
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Proof We give only a sketch since we shall prove a more general result in Theo-
rem 6.4 below. The function ¢ = n?/2 has second derivative nn” + n’(n/)? which
is positive definite and homogeneous of degree zero. So (¢ — A)” is positive definite
outside a compact set if we choose \, with e ~ L, to be C*® with partial deriva-
tives of all orders vanishing in infinity. This means that the densities gy of the
normalized high risk scenarios are strongly unimodal. Hence Lf is integrable, and
pointwise convergence in (6.2) implies convergence in L!.

By (5.9) we may write Sy = ;0 A~! for an initial linear transformation A € J.
Since J is compact, for any ball B" the diameters of the ellipsoids By (B") with
center pg = B (0) — oo are uniformly bounded, and hence (6.3) holds uniformly

on compact w-sets. This yields (6.2) for fr. q

We shall now prove a more general result for the densities fo = e~%°"/Cj intro-
duced in Theorem 5.1. Instead of strong unimodality our proof makes use of the
fact that fol i integrable and the corresponding density belongs to the domain of
attraction of a high risk limit law. These conditions are satisfied since ci) satisfies
the same three conditions as v for all ¢ > 0.

First we have to say more precisely what we mean by a flat function, see (6.3). We
shall give a formal definition which can also be used in the case of heavy tailed limit
laws, or limit laws with bounded support, see Sections 8 and 9. We shall also have to
ponder on the relation between the convergence relation (f o Gy )(w)/(f o Bx)(0) —
h(w) uniformly on compact sets, see (6.1) and weak convergence of the associated
probability distributions on H.

Definition Let Z lie in the domain of attraction of W, i.e. 5 (Z1) = W for
0 < P{Z € H} — 0. Assume that the high risk limit vector W has density g on
H,, that {g > 0} is a convex set, open in H, and that g is continuous on {g > 0}.
A function L is flat for Z if L is defined, positive and continuous on the interior
O of the convex support of Z, or on O \ K for some compact subset K of O, if
P{Z € O} =1, and if (6.3) holds uniformly on compact subsets of {g > 0}. q

Remark 6.3 If L and Lg are flat for Z then so are LLg and L! for t € R.

We can now formulate the main result of this section.
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Theorem 6.4 Let Z have density fo = e ¥°"/Cy as in Theorem 5.1. If L is flat
for Z then the product L fy is integrable and the random vector with density L fo/C

lies in the domain of attraction of the Gauss-exponential distribution.

The density fo = e %¥°"/Cy of Theorem 5.1 has the following properties: fo is
continuous on R4, fo(2) < fo(0) for z # 0, the sets {fo > c}, 0 < ¢ < f(0), are
strictly convex, and for each point p with fy(p) = ¢ there is a unique closed half
space H, containing p and disjoint from {fp > ¢}. The collection of all densities f
with these properties will be denoted by Fjy.

For f € Fy there is a one to one correspondence between closed half spaces H
which intersect the domain O = {f > 0} and do not contain the origin, and points
p € O\ {0}, given by H = Hy,. If f is the density of a random vector Z then the
condition 0 < P{Z € H} — 0 is equivalent to H = H, and p — 0p. This one to

one correspondence is used in the proof of our next result.

Proposition 6.5 (Basic inequality) Let Z have density f = e ¥ € Fy. Let
O = {f > 0}, and for each p € O\ {0} let B, € A map H; onto Hy, and 0 into p.
Assume that

hp(w) = (f o Bp)(w)/ f(p) = h(w)  p—do (6.6)
uniformly on compact subsets of Hy, and in L', for some continuous integrable

positive function h on Hy. Let W have density g = h/C on H.

Assume that L = e is positive and continuous on O, and
Ly(w) = (Lo B)w)/L(p) =1 p— B0, we Hy (6.7)

uniformly on {h > ¢} for some ¢ < 1.
Then Z lies in the domain of attraction of the high risk limit vector W, L s flat
for Z and for all ¢ > 0 there exists § > 0 so that

A(2) = AlD)l <e+elplp) —p(2)  z€Hp, 0<f(p) <. (6.8)

Proof Let € > 0. Write K = {h > ¢} C H,. First observe that the function h
has convex level sets {h >t} on H since this holds for the functions h,. Uniform

convergence h, — h on K implies that there exists d9 > 0 so that h,(w) < /c for
h(w) = c and f(p) < do. Hence

f(p) < b0,z € Hy,NO, f(2)/f(p) =2 Ve = B, (z) € K.
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By assumption there exists § > 0 so that
f(p) <é,z€ Hy,N O,ﬁp_l(z) eK = |Az)—Ap)| <e.

For p € O\ {0}, z € H,N O, choose points py,...,p, on the line segment [p, 2] so

that po = p, f(px) = Vef(pe-1) for k =1,...,n, f(2) > /cf(pn), and set pp1 = 2.
Now suppose f(p) < 61 = 09 A d. Then h(ﬁp_kl(pkﬂ) >cfor k=0,...,n. Hence

M) = Ap)| < e+ eo(p(z) — 9(p) €0 = ¢/ log(1//e), 2 € H,NO.
q

Proof (of Theorem 6.4) Flatness implies (6.1) for Lf uniformly on compact
subsets of H,. The basic inequality gives L(z)/L(p) < 2(f(p)/f(2))° for z € Hp,
f(p) < d. Hence Lf is integrable if f¢ is integrable for some ¢ < 1. If 1 satisfies
the three condtions of Theorem 5.1, then so does ¢t for any ¢ > 0. Take ¢ = 1/2.
So e7¥°"/C, and fy both lie in the domain of the Gauss-exponential law. We
may use the same normalizations by Theorem 3.8 on power families, and we may
choose the normalizations 3, of fy by the convergence of types theorem. Hence

we have L' convergence of the quotients h};/ ?. By dominated convergence ((Lf)o

Bp)(w)/(Lf)(p) — hin L. |

In the remainder of this section we develop the theory of flat functions.

Let us first give a geometric formulation of condition (6.3). Let B be the open
unit ball, and B" the ball of radius 7. A given positive continuous function L = e*
on O is flat if it is asymptotically constant on the ellipsoids E, = [,(B) where
Bp = Bu, is the normalization defined in (5.9).

The ellipsoids £ = (3,(B"), p € O\ {0}, determine a Riemannian structure on
O\ {0}, and hence a metric d. Roughly the distance between two points p and ¢
in O is 2nr for » > 0 small, where n = n, is the number of ellipsoids E7 needed to
form a chain from p to ¢. The function e* is flat if A(p) — A(q) vanishes for p — 9o
and d(p, q) is bounded.

If Z has density f = e~%°"/C as in Theorem 5.1 then by (5.9) the ellipsoids E,
have the form Ao ;(B) where A is an initial map and G;(u,v) = (byu,t + a;v) with
ar = 1/¢/(t) and by = \/tas. Since a; = o(t) for t — to we see that

ar << by << t t T too-
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Hence the diameter of the ellipsoids (;(B) vanishes for ¢t — ¢ if t is finite, and
else it is o(t). Since the set J of initial maps is compact, this also holds for the
ellipsoids E,. Thus the ellipsoids £, are like buttons attached to the surface of the

rotund set tD where t = n(p).

Example 6.6 (Functions which are flat for all densities fy = e=%°"/Cp)

1) If t« is finite then O = {fo > 0} is a bounded set. Let L be a continuous
positive function, defined on an open neighbourhood V' of 0O. The restriction of L
to O NV is flat.

2) Let xo be a positive continuous function on the unit sphere S in R¢. Then
z = x(2) = xo0(2/||z]]) on R®\ {0} is homogeneous of degree zero. and flat for all

fo asin (6.1). So is the function z — r = ||2||. q

Recall that the standardized generalized multivariate hyperbolic distribution has
density

f(2) o (14 2T2) Ky_qj2(caV 1+ 2T2)e* z € R4, (6.9)
Here K, denotes a modified Bessel function of the third kind with index v, and the

constants ¢; € R, A € R, c2 > 0, and v € R? with ||y| < c2 are parameters, with
cg=MA—-4d/2)/2.

Proposition 6.7 The domain of the Gauss-exponential limit law contains the hy-

perbolic densities (6.9).

Proof The asymptotic behaviour of the Bessel function does not depend on the

index. For any v € R
K, (t) ~\/m/2te™"  t— cc.

Since e V122 ~ e=¢ for ||z]| = r — 0o we see that
f(Z) ~ Cor2c1—1/2€—cgr6~/z _ 007,201—1/26—71(2) _ L(z)e—n(z) r = HZH 00

where n is the gauge function of the rotund set D = {z € R? | 2272 < 144z}, an
ellipsoid, which is excentric for v # 0, and L is flat for e by Remark 6.3 and the

example above. q

The ellipsoids associated with fy have a simple geometric description in terms

of the level sets of fy. Translate the ellipsoid £, along the ray through p towards
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the origin until the half space H) is tangent to E, — (p — ¢). The center ¢ of the
shifted ellipsoid satisfies fo(q)/fo(p) — e for p — 0p; the boundary of the shifted
ellipsoid and the surface { fo = fo(p)} agree up to terms of the second degree around
the point p. These two conditions determine the ellipsoids £, asymptotically. They
are an obvious translation of the fact that the unit sphere and (A~ D) osculate in
(0,1) for all initial maps A € J.

—v—uTu/2

For the density e of the Radon measure pj; one may define a family of
ellipsoids E} = 0,(B) where oy, is the symmetry of p§ mapping the origin into w,
see Section 4. This family has the same geometric description as above. The limit

. —ny 0, T
relation h, — e 7% u/2

also holds for the first and second derivatives of —log h,,
for p — 9o and this ensures that ﬁp_l(Eq) — B for ¢ = B,(w), p— 0.

The ellipsoids E}, along a given vertical line are translations of each other (since
the symmetry group S of pf contains the translations). By symmetry we also have
the equivalence p € E*; <= ¢ € E*}, for all r > 0 if p and ¢ lie on the same

parabolic surface v 4+u’u/2 = c. These relations hold asymptotically for the family

of ellipsoids Ej. Hence we have:
Proposition 6.8 For e > 0 there exists do > 0 so that for fo(p) € (0, o]

Ey C {7 “folp) < fo < e fo(p)} ce€ (0,1]
peEN? & folg) = folp) = q€ EZ (6.10)

Proof Set t = n(p). Then by (5.3)

Y(t)—c—e<P(t —car) < P(t) = folp) < Y(t+cap) <Y(t) +c+e.

In the limit the unit ball fits between the parabolic surfaces v = 1 — u’u/2 and
v =—1—uTu/2. In the point (0,1) the sphere and paraboloid osculate. For ¢ < 1
eventually Ey C {n <t + ca;} since the curvature of the ellipsoid in the common

boundary point is larger for the ellipsoid £y than for the surface {n =t +cas}. 9§

Functions L = e* € £ might be called flat for the collection of balls p+B, p € R,
for ||p|]| — oo, or for the Euclidean metric, since A(p) — A(q) vanishes for ||p| — oo
if ||¢ — p|| < 1. For a function which is flat for fy the role of the balls p + B is taken

over by the ellipsoids E,, = (,(B), for p — 0o, and the role of the Euclidean metric
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by the Riemannian metric on O \ {0} induced by these ellipsoids. For the class L
there was a simple characterization in terms of partial derivatives: if A is C! and
the first order partial derivatives of A vanish in infinity then L € £. We shall now
formulate a similar sufficient condition for flat functions. Since the ellipsoid 5;(B) is
the image of the unit ball under the simple transformation (u, v) — (byu, t+av) it is
centered in (0,t)7, has semi-axis a; in the vertical direction, and b; in the horizontal

direction. So our conditions are

Ar(p) = o(/ar) = o(¥'(t))  Ae(p) = o(1/be) = o(\/9'(1)/t)  t— too. (6.11)

Here ), is the radial partial derivative and A; any tangential partial derivative along
the boundary of the rotund set tD. It is convenient to define Ap(p) as the maximum
of the directional derivative |0,A(p)| over all unit vectors u parallel to 0H,. Note
that (6.11) depends on the behaviour of v, which is obvious, but also on the shape
of D, since that determines the direction of the tangent vectors.

Example 1) Suppose Z has a standard Gaussian distribution. Then n(z) = ||z||
and (t) = t?/2. Hence a; = 1/t and b; = 1. In particular all L € £ are flat,
and so are the functions e”, exp(r®) with ¢ € [1,2), and for instance pTe2r'/?sinvr,
Flat functions may also depend on the direction §# = z/r, but if L increases like

e’f‘

, or faster, along a ray z = rfy then the condition in the tangential direction
imposes a strict discipline on the behaviour of the function L along different rays:
The asymptotic equality L(rf) ~ L(rfy) for r — oo has to hold uniformly in all
unit vectors 6.

n

2) Suppose Z has density e~ (Z)/C where n is the Gauge function of the rotund

set D. Now a; = 1 and b; = v/t. The function eV is flat for Z only if D is a ball.§

Theorem 6.9 Let Z have density f = e ¥°"/C as in Theorem 5.1. Let K be a
compact subset of O = {f > 0} containing the origin, and let A : O\ K — R be a
C' function whose partial derivatives satisfy (6.11). Then L = e is flat for Z.

Proof First observe that the functions z — n(z) and z — ¢/(n(z)) are asymptoti-
cally constant on the ellipsoid E, for p — 0o by the first relation in (6.10) since ¢

and 1)’ (t) are asymptotically constant on intervals over which 1 increases by a fixed
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amount. This follows from the three conditions on 9 in theorem 5.1. (Use a; = o(t)
and (5.2), and (5.3).)

One can go from p to any point ¢ in E, by first going to the point p’ on the ray
through p with n(p’) = n(q) and then moving to ¢ along the surface {n = n(q)}.
Let n(p) = t and suppose E, = ((B). Then |p’ — p|| < a; and the length of the
curve from p’ to ¢ is bounded by b; + 2a; since the curve may be represented by a
decreasing function. Hence the oscillation of A over E, vanishes for p — 0p. This
remains true in the general case E, = (A o 3;)(B) since the set J of initial maps A

is compact. q

There is another reason for being interested in the family of ellipsoids E, =
Bp(B). From the univariate limit theory for exceedances and extremes it is known
that the normalization coefficients give important information about the limit distri-
bution and its domain. One might try to develop a theory of regular variation based
on quotients (3, 1 By for g so close to p that E, and E, intersect, and p — 0p. The
role of the power function x — 2" is now taken over by the group S of symmetries of
the measure p* associated with the limit distribution. Unfortunately the structure
of the set J of initial maps makes it impossible to choose the transformations (3,
to depend continuously on p for p € O \ {0} in dimension d > 2. The ellipsoids
E, = (p(B) with (3, defined in (5.9) depend continuously on p and may be regarded

as geometric objects reflecting the affine transformations (.

7 Flat measures

So far our life was simple because the vectors Z had a well-behaved density f,

yielding the limit relation

(f o Bp)(w)/f(p) — e~ W2 p— 8o, O={f >0}

uniformly on compact sets of R? (and in L!'(H,)). Such simple densities are in
accordance with our basic assumption that the underlying sample cloud is bland,
consisting of a dark convex central region surrounded by a homogeneous halo. A dis-
tribution with a density of the form fy = e~%°" /Co as in Theorem 5.1, or of the
form f = Lfy/C with L flat for fi may fit such a data set well.
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Our basic limit relation (3.1) is phrased in terms of weak convergence. Hence
the theory developed in this paper also should allow discontinuous densities or even
discrete probability distributions.

Example Suppose the random vector Z € Z¢ has distribution P{Z = k} ~ f(k)
for ||k|| — oo where f = Lfy with fo = e ¥°"/Cp, and L flat for fy. Assume
too = 0o and ¢’(t) vanishes for ¢ — oo. This implies that the ellipsoids E, will
contain arbitrary large balls as ||p|| — oco. So asymptotically the counting measure
on the integer lattice will behave like Lebesgue measure on these large ellipsoids.
Does this imply that Z lies in the domain of attraction of the Gauss-exponential

limit law? 9

In this section we prove a theorem which will handle the question above.

Let Z have a probability distribution of the form
dm = fodp

where p is a roughening of Lebesgue measure for the family of ellipsoids E, = ,(B)
associated with the density fo = e ¥°"/Cy. What this means will be explained
below. Let us assume that the normalizations 3, = g, associated with fo in (5.9)

may be used to normalize the distribution 7 of the high risk scenario Z
By (dx™)(w) = (fo o Bu)(w)B5" (dp)/Cr — eV~ " 2dw/ (2m)"2
weakly for H = H,, p — 0. We also have

fo o Bu(w)/ fo o B (0) — e v—u"u/2

uniformly on compact sets by Theorem 5.1. We thus see that

Byt (dp)/Cly — dX — Cly = (2m)"2Cp /(foB)(0)

where A is Lebesgue measure on H; and — denotes vague convergence. Similarly
the last limit relation together with the second implies the first in the sense of vague
convergence.

Let us call a Radon measure pg on R? a roughening of Lebesgue measure for the
Euclidean norm if there exists a countable partition F of R? into bounded Borel sets

F such that poF'/AF — 1 and such that the diameter of F), vanishes for |p| — oo
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where F), is the element of the partition F containing the point p. The measure
o translated over z will converge vaguely to Lebesgue measure for ||z|| — oo in
any direction. Using this simple concept as a guide we now define the asymptotic
relation we are really interested in:
Definition A Radon measure p on O = {fy > 0} is called a roughening of Lebesgue
measure for fo if there exists a countable partition F of O into Borel sets F' such
that

1) AF > 0 and pF/AF — 1, and

2) for all € > 0 there exists a compact set K C O so that F), € Ef forp € O\ K.
The measure p is called flat for fo if 1) above is replaced by the condition

1) AF > 0 and puF(p)/AF(p) ~ L(p) for p — 0o for a function L, flat for fy. q

We can now state our theorem.

Theorem 7.1 Suppose fo = e~ ¥°"/Cy satisfies the conditions of Theorem 5.1. Let
L be flat for fo, and let p be a measure on O = {fo > 0} which is flat for fo. Set
f = Lfo. Then fdu is a finite measure and the corresponding probability measure
fdu/C lies in the domain of attraction of the Gauss-exponential limit law with the

normalizations By of fo given in (5.9).

We need to do some preliminary work to prove this result.

First we define the canonical probability measures 7 on the sets {n = t}. If D
is the unit ball then - is the uniform distribution on the sphere of radius t.

Let X be uniformly distributed on D. Set N = n(X). Then the vector = = X/N
lies in @D and is independent of N. Let v denote its distribution. Then + is
a probability distribution on R¢ which lives on dD. The definition of v does not
depend on the coordinates, as long as the origin is kept fixed. For any linear map the
distribution A(7y) of AZ is the natural distribution on the boundary of the rotund
set AD. We shall write ; for the distribution of t= on {n = t}. The probability
measures 7y, t > 0, describe the conditional distribution of Lebesgue measure given
n. These may also be obtained by a limiting argument, taking shells whose width

decreases to zero. By homogeneity, for any Borel set F' C 9D

Y(F)=Mtz|ze F,s <t<1}/X(D\ sD) s€0,1).
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As in the case of polar coordinates, for any non—negative Borel function gy on

[0,00) and any Borel set F' C R?

/gondA:(yD\/d) /Ootd_lfyt(F)go(t)dt.
F 0

Lemma 7.2 Let Hy = {(, > 1} be the half space tangent to D in p € 0D. For
o >0 define Cf = 90D N{(, > 1—0c}. Thereis an M > 1 so that

(o) =v(C7) /A (CF) <M pedD, o>0.

Proof There exists a constant o9 > 1 so that C7° = 9D for all p € 9D. Hence
Yp(o) = 1 for ¢ > 0¢. Rotundity implies v(Cy) ~ A(p)a"’? for ¢ — 0 for some
constant A(p) > 0. The asymptotic equality is uniform in p since one may normalize
the caps Cp to converge to the parabolic cap Q4+ = {0 <v=1—u"u} uniformly
in p, see Proposition 9.1. Hence y,(0) — 2"?2 for ¢ — 0 uniformly in p € 9D for

o — 0. By continuity the function is bounded. q

Our next lemma relates the family of ellipsoids associated with fy = e=%°"/Cj

to half spaces. Recall that H,, is the half space tangent to {n < n(p)} in p.

Lemma 7.3 There exists tg < too S0 that for any points p,q € {n =t}, t € [to,too)
¢¢ E} = E;/nH,=0.

Proof Given ¢, the coordinates 8 = [, : R" x R — R? map the origin into ¢,
the half space {y > 0} onto H,, and the open ball B" of radius r around the
origin onto the ellipsoid E}. The image Q, = 3;'(tD) converges to the paraboloid
Q={y< —$Tx/2} for ¢ — 0.

Let Q be the convex hull of the union of Qg and B1/3. Note that in dimension
d = 2 the tangent line to @ in (1,—1/2) passes through (0,1/2) and is tangent to
BY/VE. This implies that the convex hull Q of QUB/3 agrees with Q outside BY5/ 2,
also for d > 2. Pointwise convergence for convex C' functions on an open set U
implies convergence of the derivatives uniformly on compact subsets of U. Hence
Qq agrees with @), outside the ball B3/2 for n(q) >t for some ty < to. Since Qq
is convex the half space H tangent to (), in a point p outside B3/? is disjoint from

Qq and ipso facto from BY/3. Now use (6.10) to obtain the desired result. q
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The basic argument is contained in the sequence of inequalities in the proof of

the next result.

Proposition 7.4 Let y be a roughening of Lebesgue measure for fo = e~ ¥°"/Cy
on O = {fo > 0} = {n <t} with partition F. Let g = e X°™ on O, where x is a
C' function on [0,ts), and let g vanish off O. If X'(t) = O/ (t)) for t T tso then
there exists a compact set K C O, and a constant My (depending only on the shape
of the rotund set D) so that

L=
! Hn{fo<fo(po)/3c} Hn{fo<fo(po)/2¢c}

for any half space H = H,,, disjoint from K and for any c > 4.

Proof Write tg = n(po), Ho = {£ > to}, and let {fo = 3fo(po)/2¢c} = {n = t1}

define ¢;. Introduce the intermediate terms
IM§ZLgdu§Z4/ng)\§4/uétgd/\§4M Uot:leIA.

Here the sum extends over all F' € F which intersect the set H N {fo < fo(p)/3c};

the union is taken over all t > t1; C; = {n = t} N H; and C, is the enlarged cap,

twice the height of Cy:

C’t:{ze{n:t}|§zzt0—so} t0+30:max{fz]z60t}.

There are five relations to prove. The final relation is an equality which holds
by definition of ¢t;. The fourth inequality holds by Lemma 7.2 above. The first
inequality is obvious since g > 0. The second inequality holds since uF < 2AF for
almost all F, and also AF maxp g(z) < 2 [, gd\. This last inequality holds since
V' (n)anpy — 1 uniformly on E, for p — oo by (6.10) and (5.3). This implies that
the oscillation of x over By is O(e) for p — 0.

It remains to prove the third inequality. Let ¢y be so large that Fj, C E;/ % for
n(p) > to. Let ¢ > 4, and let F' € F intersect the set H N {fy < fo(po)/3c}. We
have to prove: 1) F € {n >t;}; and 2) FN{n =1t} c C; for t > t;.

1) By assumption F' contains a point z with fo(2) < fo(po)/3¢c, and F C E;/6.
By (6.10) this implies F' C {fo < fo(z)/2c} if to is sufficiently large.

2) Observe that a;, ~ ay, since (t1 — tg)/ay, — log8. Suppose n(q) =t > t;
and ¢ ¢ C;. The half space {¢£ > t} is tangent to {n = ¢} in the point p;. Assume
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¢ =4 and t = t; and write p; = p;. Then B;g1 C {¢ > s1} with s; = 1 — 2a4,. Since
log 8 > 2 we find s1 > tg eventually and Bgt C H. Because t — t — 2ay is increasing
this also holds for ¢ > t;. So q & Bf)t. By Lemma 7.3 the ellipsoid E;/ ? does not
intersect {¢ > t}. By construction of C; the ellipsoid E;/ % does not intersect H.

Contradiction. q

Proof (of Theorem 7.1) We may assume that g is a roughening of Lebesgue
measure, using Remark 6.3. Set h,(w) = (f o 3,)(w)/f(p) and define hg, similarly
in terms of fy. Then h, < 2h(1)‘,l/)2 on Hy for fo(p) < do by the basic inequality,
Proposition 6.5. The proposition above with g = 01/ % shows that fdu is a finite

measure. Vague convergence of (f o 3,)d(83, L) /Cp — e=v=u /2 ) follows from

1/2

vague convergence (3, ! (dp)/| det(f,)| — dX. The proposition above with g = hop

and c large then establishes weak convergence as in the proof of Theorem 6.4. 9§

Univariate exceedances are handled effectively by tail functions T'(y) = 1 —
F(y) = P{Y > y}. It is known that any distribution in the domain of the expo-
nential limit law is tail asymptotic to a distribution with density fo = e~% where 1

satisfies the three conditions of Theorem 5.1.

Proposition 7.5 Let Ty be the tail function with density fo = e~¥ where ¢ satisfies
the three conditions of Theorem 5.1. Let m be a distribution on (0,00) with tail
function T'. Define the measure p on (0,to) by dm = fodu. Then p is a roughening
of Lebesgue measure with respect to the intervals Ey = (t — ar,t + a;), with a; =

1/4'(t), if and only if T is asymptotic to Ty in teo.

Proof Observe that Ty(t) ~ atfo(t). Set Bi(v) =t + azv. Then

Be(dm) _ fooBr Bi(du)
T(t) fo(t) T(t)/fo(t)

v

t 71 too.

Since the first factor on the right tends to e™ we see that the left side converges
vaguely to e”Vdv if and only if the right side converges vaguely to Lebesgue measure.
Let M denote a distribution function of p. Then M (t+wva;) — M(t) — v if and only
if T(t)/fo(t) ~ a; and T(t) ~ Tp(t) for t T t if and only if p is a roughening of

Lebesgue measure with respect to the intervals Ey = (t — as,t +ay), t € (0,ts0).

The multivariate tail function 7'(0,t) = P{0Z > t}, t > 0, 6 € S, determines the

distribution since it determines the characteristic function. Asymptotics in infinity
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of the tail function are reflected in the asymptotics in the origin of the characteristic
function. Basrak et al. [5] have investigated the behaviour of T' for heavy tailed
distributions on R?. For the lighter tailed case one may use 6) in Theorem 3.7 to
link the asymptotic behaviour of the tail function and the density. In general in the
multivariate setting densities are more convenient objects to work with than tail
functions.

The Sections 57 present a fairly complete picture of the asymptotics of ﬂ;ll (ZH)
in the case of a Gauss-exponential limit law when the normalizing transformations
have a product form, g = A o (3, where the first factor depends on the direction
of H and the second on the distance to the origin (in terms of the gauge function
n). This situation holds if the density f has concentric rotund level sets of the same
shape. In principle it is possible that the shape of the level sets {f > ¢} varies
as ¢ | 0 without converging to a limit. An analysis of this more general set-up
would be of theoretical interest, but for practical applications the model developed
in this paper should suffice to describe the behaviour of a distribution in the region

of interest, 0.001 < P{Z € H} < 0.05, say.

8 Heavy tailed distributions

This section contains some examples of distributions for which the high risk limit

law has heavy tails.

Theorem 8.1 Let Z in R? have a spherically symmetric density f(z) = fo(||z])).
If fo varies regularly with exponent —(t+d) for somet > 0 then Z lies in the domain
of attraction of a high risk limit vector W = (U, V') on Hy, with density

o) = o i/STu)(t+d)/2 w=(w,v) R x [0,00),  (8.1)

where

C = (@"2/O)(L((t +1)/2)/T((t + d)/2)). (8.2)

Proof Recall that regular variation means that, for s > 0, fo(rs)/fo(s) — 1/rt*+d

as s — oo, for fixed » > 0. This implies

F(sw) 1

hs(w) = — h(w) = W

§— 00 (8.3)
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where pg is any unit vector.
By a well known inequality, see Bingham et al. [6], there exists a constant sg > 0
so that

fo(rs)/ fo(s) < 2/r'* T s> g, v > 1.

This ensures convergence of the integrals

f(SZ)dZ . mw . ooﬂ_@
/IIZ21 fo(s) _b(d)/1 fo(s) d b(d)/1 RS

where b(d) = 27%?/T'(d/2) is the area of the surface of the unit ball in R%. Let W,
denote the vector Z/s conditioned to lie outside the unit ball. Then W has density

b(d
i) =0l = g £ ol =1

Let H be the closed half space {6 > s}. By symmetry we may assume that 6 is the
vertical unit vector. Then Z# /s is distributed like W conditioned to lie in the half
space {v > 1}, and Z" /s — 6 = W where W lives on {v > 0} with the density g

above. The constant C' is the value of the integral

/OO/ dvdu _/OO dv /oo b(h)ri=2
o Jnes THoP + TR~ Jy [T Jy [+ 20

The second integral yields a Beta function, see (10.1). q

Definition The distribution with density g on H; defined in (8.1) and (8.2) is

called a spherical Pareto distribution with exponent t. q

The vertical component V and the horizontal component U are not independent.
The vertical component has a Pareto distribution, P{V > v} = 1/(1 + v)t*L.
The vector U has a spherically symmetric density on R” which is proportional to
Jeen(lul) /1, where

Je(s) = /OO Ay /1 (1 —r2)/> qr c>0,s>0. (84)

1s (14 y2)erD/2 Wisw- 8 2
For spherical Pareto distributions there also exists an extension to an infinite Radon
measure. It is convenient to use a normalization for this Radon measure p* which is
better adapted to the basic limit relation (8.3). Let p* denote the measure on R%\
{0} with density 1/||w||”**. Then all closed half spaces H which do not contain the

origin have finite mass, and the associated probability measure dpy = 1gdp*/p*(H)
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is the image of the spherical Pareto limit distribution p under a map from H, onto
H.

It is interesting to compare the behaviour of a sample from the standard Gaussian
distribution on R¢ and from a Student distribution. For the Gaussian distribution
a sample of size n will form a black cloud of radius r, ~ y/2logn with a halo on
a scale of 1/ry,; for the Student distribution the sample has no central black region.
If one normalizes the sample from the Student distribution by scaling one obtains
a Poisson point process on R? whose mean measure p* has density 1/|jw||*T¢. This
point process describes the whole sample. In the case of a Gaussian sample the

—uTu/2,=v Jescribes the local behaviour at

Poisson point process with intensity e
the edge of the central black region.

Let us briefly look at flat functions for heavy tails. Recall that a positive con-
tinuous function L on RY is flat for Z if L o By (w)/L o Bg(0) — 1 uniformly on
compact w-sets in H;. In our case this means that L is asymptotically constant on
rings Rs = {2s < ||z]| < 4s} for s — oo since L is asymptotically constant on the
intersection of the ring Rs with any half space tangent to the ball B(0,s). So L is
asymptotic to a spherically symmetric function Lo(||z]|) where Lg : [0,00) — (0, 00)
varies slowly in infinity. Flat functions do not help to extend the class of densities
f introduced in Theorem 8.1.

For roughening Lebesgue measure the diameter of the sets F), in the partition F
should be o(||p||) for ||p|| — co. In particular, the counting measure on the lattice Z¢
is a roughening of Lebesgue measure for the densities f in Theorem 8.1. We shall
not enter into details here.

For random vectors Z there is a rich limit theory for Z*, the vector Z conditioned

to lie outside the ball B(0, s) of radius s, with the obvious limit relation
Z°]s = X 5 — 00. (8.5)

In polar coordinates one may write X = OR with R = || X|| > 1 and © a random
element of the unit sphere. In Brozius and de Haan [11] it is shown that R has a
Pareto distribution, P{R > r} = 1/r! for r > 1, for some parameter ¢ > 0. The
vector © may have any distribution on the unit sphere, and is independent of R.
If we condition X to lie in some half space Hy tangent to the unit ball in

6, we obtain a limit distribution pg for high risk scenarios ZH» with half spaces
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H, = {0, > s,} where s, — oo and 6#,, — 6. Here the high risk scenarios in
different directions converge to different limit laws which depend continuously on
the direction 6.

Now start with a density f = fo on where n is the gauge function of a bounded

convex open set D containing the origin, and fj varies regularly. Then (8.3) becomes
hs(w) = f(sw)/f(spo) — h(w) = 1/n(w)™* s — oo,

where pg is a point on the boundary of D. Suppose the restrictions of h to the
closed half spaces Hy determine the same probability type. Then the level sets of
h1p, have the same shape (modulo affine transformations), and the sets DN H have
the same shape for every half space H = {6 > 0}. This symmetry condition implies
that D is an ellipsoid.

In the case of heavy tails we have two models for describing extremal behaviour:
the description in terms of high risk scenarios by conditioning on half spaces, and the
description (8.5) where the vector is conditioned to lie outside a ball whose radius
s tends to infinity. The choice of the appropriate model depends on the sample set
and the application. Recall that the high risk limit theory developed in this paper
was presented as a base line model for determining the asymptotic behaviour of
a multivariate distribution. If the polar coordinates have a natural interpretation
and the irregularities in the halo are clear and persistent for s — oo, and not due
to elliptic level sets, then the more versatile second model is appropriate. If the
irregularities fade out in infinity the simpler first model is relevant. In the first
model the limit distribution is determined by one real parameter ¢ > 0, the tail
exponent; in the second model there is an additional probability distribution on the
unit sphere which has to be determined. The example below shows that the high
risk limit theory is not just a special case of the more complex second model.
Example of a continuous density f on the plane which vanishes on the first and
third quadrants, which is strictly positive on the interior of the second and fourth
quadrants, and which lies in the domain of a spherical Pareto law.

By a rotation over m/4 we may assume that f vanishes for |y| > |z| and is

positive for |y| < |z|. The function h(z,y) = 0V (|z| — |y|) A 1 has this property.
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Introduce the family of increasing ellipses
v\ rqy)2
E,: <qeq> n (g) <1 ge[l,o00).
The function

folz,y) = h(z,y)/e*  (z,y) €IE; q>1

is well defined on the complement of Fq, and is integrable, since F,, lies inside the
disk D,, of radius e*"/? eventually, and 3 |D,,|/e*" converges. The function fy may
be adapted on an ellipse E,, so as to become a continuous probability density f
which vanishes on Ag = {|z| < |y|} and is positive on 4; = {|z| > |y|}.

Write B, = (,(D) where D is the open unit disk and 3, = e?diag(q,1/q). So
B, maps E, onto D. It also maps Ag onto the thin wedge {|y| > ¢*|z|} and A,
onto the complement of this wedge. Let the vector Z have density f. For ¢ > qg the
density g, of W, = B 1(Z) is constant on the unit circle except for a neighbourhood

of diameter O(1/¢?) around the points (0,1) and (0, —1) where it is less. The image

-1

, is an ellipse with semi axes e*(1 + s/q) and e°/(1 + s/q), which

of By under o
is close to a disk with radius e® for ¢ large, and contained in a disk of radius es/3

forall s >0,q>1. So

g, (u,v) — 1/r® r? = u? +o?

pointwise for u # 0 and also in L! on 7 > € for any € > 0. This shows that Z lies in

the domain of attraction of the spherical Pareto law with exponent ¢ = 1. q

9 Bounded support

Densities with bounded support play only a minor role in risk theory. However the
associated theory is simple and gives insight in the ideas underlying high risk limit
theory, in particular in the role of rotund sets.

Let D be a rotund set in R%. If Z is uniformly distributed on D then for any
half space H intersecting D the high risk vector Z is uniformly distributed on the
cap D N H. Now suppose the volume |D N H| tends to zero. Since the boundary
0D has a continuously varying positive curvature, which is approximately constant

on the cap when |D N H| is small, the high risk vector Z, properly normalized,



will converge in distribution to a random vector W which is uniformly distributed

on the parabolic cap Q1+ = Q N H,, where @) is the paraboloid
Q={(u,v) |v<1-—uvlu}l cR"xR. (9.1)

Proposition 9.1 Let D be a rotund set. There exist affine transformations By
mapping H, onto H such that 5;11(D) — Q for 0 < |DN H| — 0, where Q is the
paraboloid in (9.1).

Proof First assume (0,1)7 is a boundary point of D, the half space {y > 1}
is disjoint from D, and the parametrization v of the upper boundary satisfies

1 — vy (z) ~ 2Tz for x — 0. Define
o (,0) = (Vou, 1 — o+ ov) = (2,y) o€ (0,1).
The upper boundary of the convex set a *(D) has parametrization 7, which satisfies

1—95(u) = (1 -y (Vou) /o = u"u o0

uniformly on bounded u-sets. This proves the limit relation for half spaces H of the
form {y > t}.
In order to establish the limit for half spaces H diverging in an arbitrary direction

we use the argument in the final part of the proof of Theorem 5.1. q

As a corollary we see that the uniform distribution on the parabolic cap Q4 is
a high risk limit law, whose domain of attraction contains the uniform distribution
on any rotund set. The Poisson point process on the open paraboloid @ is the
limit in law of the normalized finite point processes ﬁ;li (Ny,), where N, is a sample
of n points from the uniform distribution on D, and H,, are closed half spaces so
that |H, N D| ~ |D|/n. The Poisson point process on () thus describes the local
behaviour close to the boundary of the sample cloud for large samples.

Let us briefly discuss some issues related to these limit results.

1) A density f on D which lies in the domain of attraction of the uniform
distribution on @, need not be constant. Suppose L = e* where A : D — R is C!

and the radial and tangential derivatives, see Section 6, satisfy

Ar = 0(1/5s) At = o(1/4/s) s=s(z)=(1—-n(z)) V0 —0. (9.2)
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Here n = np is the gauge function, and s the corresponding tent function on D.

The function L is flat for the uniform distribution on D in the sense that
Lo pByg(w)/Lofr(0) —1 0<P{ZeH}—0

holds uniformly on compact w-sets in Q1. The condition on the radial derivative
implies that on any ray the function L is slowly varying as one approaches the
boundary of D. One can prove that L is integrable and that the density L/C lies
in the domain of attraction of the uniform distribution on Q.

2) Let D be rotund and let 7 denote the natural conditional distribution on
0D, see Section 7. As for the case of the uniform distribution on D one can prove
for the distribution v on 9D that it lies in the domain of a high risk limit law,
(and so does Ld~y/C for any continuous positive function L on D), with the same
normalizations Bg. The limit law is singular with respect to Lebesgue measure on
RZ. It is the uniform distribution on the upper boundary of Q,: the limit vector
W = (U,V) has the form V = 1 — UTU where U is uniformly distributed on the
disk ||ul| < 1 in R",

3) The uniform distribution on 4 and on the upper boundary of @ are only
two possible limit laws. Let s be the tent function on the rotund set D, s =
(1 —n)y, see (9.2). If the random vector Z on D has density f(z) oc s(z)¢"! for
some ¢ > 0 then Z lies in the domain of attraction of the vector W on Q4 with
density q(w)*~!/C, where q(u,v) = 1 —u”u — v measures the vertical distance from
w = (u,v) to the upper boundary of Q4. This remains true if Z has density Lf/C
where L = e*, and \ satisfies (9.2).

4) If L/s is integrable then L/C's lies in the domain of the uniform distribution
on the upper boundary of Q.

Definition The high risk limit distributions on 0+ and on the upper boundary of

Q- are called the parabolic power laws. g

For rotund sets the behaviour in all boundary points is the same asymptotically.
Now let us see what happens if D has a vertex in a point pg.

Assume D = (0,1)% is the unit cube in R? and py = 0. Consider half spaces
H = H; = {¢ <1} with £ = (21,...,24) € (1,00)%. Then the closure of H N D is

the convex hull ¥X¢ of the points 0, z1e1,...,z4eq, Where e1, ..., eq is the standard
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basis of R%. If Z is uniformly distributed over D then Z is uniformly distributed
over the simplex ¥¢. The linear transformation ¢ = diag(x1,...,z4) maps the unit
simplex X with vertices 0, e1,...,eq onto X¢. Hence ﬂg ! maps the high risk vector
ZHe onto the vector W which is uniformly distributed on the unit simplex . The
corresponding Radon measure p* is Lebesgue measure on the open positive quadrant
(0,00)¢. Tts symmetry group S consists of all positive diagonal linear maps. For
any half space H with finite p* mass there exists an element o € S mapping X
onto H N [0,00)% = ¥¢ so that the probability measure 1ydp*/p*(H) is the image
of p, the uniform distribution on 3, under op. There are other Radon measures on
(0,00)¢ which are semi-invariant under the group S. These are the measures with
density z{' - 'xzd, with ¢; > —1 for i = 1,...,d. These measures, restricted to X,
and normalized, are possible limit laws for ZH when Z is a vector on the open cube
D with a non-uniform distribution, and the half spaces H have the form {{ < 1}
with & € (0, 00)%.

In this situation there is a finite dimensional family of limit laws which holds for
half spaces whose normal points into the open negative orthant. We might speak
of a local limit law. The associated Radon measure p* on (0, 00) has a large group
of symmetries. The high risk scenarios Z¥ all describe the behaviour of Z in the
neighbourhood of one particular boundary point. In that respect the limit behaviour
is not very interesting. On the other hand the problem of describing the asymptotic
behaviour of the convex hull of a sample of size n from the uniform distribution in a
polygon in R? has attracted considerable attention since Rényi and Sulanka [33], see
for instance Cabo and Groeneboom [12]. The model is of some interest for finance
since prices are by nature positive.

There is a variant where the vertex has a different structure: D is the cap of a
cone C' = {||u]| < v}. In this case p* is Lebesgue measure and the symmetry group
S is the Lorentz group acting on the cone C' of future events in relativity theory.
Let ¢ = v — ||u|| denote the vertical distance to the boundary dC. The densities

¢~ with ¢ > 0 are semi-invariant under S. For an algebraic treatment of invariant

q
measures on cones, see Faraut and Koranyi [20].
There also exist local limit laws for heavy tailed distributions. Set q(w) = v+ulu

for w = (u,v) € R% and let p* be the Radon measure on the complement of
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the closed paraboloid {¢ < 0} with density 1/¢"t(@+1/2 for some t > 0. The set
O = {v > 1—u2/2} has finite measure C' = p*(0). Let Z have distribution p*/C on
this set. For each direction 6, with §; > 0, the half space H = {6 > t} is contained
in O for P{Z € H} sufficiently small, and the corresponding high risk vectors Z
all have the same type. Hence weak convergence in (3.1) for 0 < P{Z € H} — 0,
04 > 0, is trivial.

We conjecture that for large dimension d there are many finite dimensional

families of local limit laws, and that the only global limit laws are the GPDs.

10 The Pareto—parabolic distributions

It is time now to introduce the complete class of multivariate generalized Pareto
distributions, GPDs. These distributions may also be called the Pareto—parabolic
high risk limit distributions. This section is meant for reference rather than for

detailed reading. Below we shall give for every dimension d > 1
1) the standard multivariate GPD’s 7, as a continuous one-parameter family;

2) the power families of spherical Pareto, Gauss—exponential, and parabolic power

distributions on H; in a simple form;
3) the associated spherical probability distributions y, on R, and
4) the underlying infinite Radon measures p¥ with their symmetry groups.

We shall use the notation:
h=d—1>1 W=(UV)eH  =R"x[0,00) v=1/|r|for T #0.

For the Gauss-exponential limit law the representation in 1) and 2) is the same, and
the corresponding spherical probability distribution in 3) is the standard multivari-
ate Gaussian distribution. The associated Radon measure p{, has density eu'u/2e=v,
A Gaussian density in dimension d = 2, 3,4, ... is determined by 5,9, 14, ... param-
eters; a Gauss-exponential density on H, C R? by 4,8,13,... parameters. The
group A, (d) has dimension d?, see Section 11, and the symmetry group O(h) on
the horizontal hyperplane has dimension h(h — 1)/2, which yields (d? + 3d — 2)/2

parameters for the Gauss-exponential densities on H .

49



In the univariate case the exponential distribution forms the central distribu-
tion in the family of GPDs linking the heavy tailed Pareto distributions and the
power laws with finite upper endpoint. The multivariate situation is similar. In all
cases the vertical component of the high risk limit vector W = (U, V) has a uni-
variate GPD. We shall use the shape parameter 7 of this univariate law, see (2.1),
to classify the multivariate distributions. In all cases the multivariate GPD has
cylinder symmetry with respect to the vertical axis. This means that aside from
the shape parameter there are essentially only two other parameters, the scale pa-
rameters for the horizontal and for the vertical component. For the standardized
distributions we choose the vertical scale parameter so that the component V' has a
standard univariate GPD, see (2.1). The horizontal scale parameter then is deter-
mined asymptotically for 7 — 0 by the continuity condition in 7 = 0.

In the univariate case the shape parameter 7 varies over the whole real line; in
the multivariate case the parameter 7 varies over the set [—2/h, c0).

1) The Gauss-exponential distribution 7 is the central term in a continuous one
parameter family of high risk limit distributions 7, 7 > —2/h, on the upper half
space H, in R%, the standard multivariate GPDs. For 7 > —2/h the distribution

7 has a density g,(u,v) of the form

((1 +71v)% + TuTu)_1/2T_d/2

/Cr T>0
gr(u,v) = e_(“‘“T“/Q)/(QTr)h/2 T=0

—1/7—1—h/2

(1+7v+ 7'uTu/2)+

/Cr —2/h<T <0,

where the constants C, have the value

o (vm)"?T((v+1)/2)/T((v+1+h)/2) T7>0

(2um)"/2T (v — h/2) /T (v) —2/h<T1<0.
For 7 = —2/h the probability measure 7, is singular. It lives on the parabolic cap
{2v=h—uvTu}N{v>0} c R?

and projects onto the uniform distribution on the disk {u”u < h} in the horizontal
coordinate plane. So in the case 7 = —2/h one may write the limit vector as

W = (U,V) where the vector U is uniformly distributed on the centered disk of
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radius VA in R", and the vertical coordinate V = h — UTU/2 is a function of
U € R

For each 7 > —2/h the vertical coordinate V' has a standard univariate GPD
with parameter 7, and the horizontal component U has a spherically symmetric
density. For 7 > 0 this density does not have a simple form, see (8.4); for 7 < 0
the vector U lives on the ball with radius v/2v in R" with density proportional to
(1- uTu/Ql/):_Jrh/Q.

The expectation exists for 7 < 1; the variance for 7 < 1/2:

EU,V)= i(o, 1) var(U, V) = 1 i 7_diatg(l, . = 7_)21 — 27_)).

A spherical Student distribution on R? with v degrees of freedom has density
proportional to 1/(1 + v2/v + uTu/v)(¢)/2 So the conditional distribution of U
given v + V? = ¢ for a Student distribution with v degrees of freedom is the same
as the condtional distribution of U given (1 + V)? = ¢ for the GPD with parameter
T=1/v.

The expressions for g, for positive and negative parameter values 7 differ. For
d > 1 the family of multivariate GPDs is continuous in 7, but no longer analytic.

2) The positive and negative parameter values determine two power families of
limit densities.

For 7 > 0 the vector (X,Y) = (U/\/v,V/v) has a spherical Pareto density
proportional to

V(1) + 2T a) 2,

This density was treated in Section 8.

Let the vector S in R" have density proportional to 1/(1 + s7s)*+%/2, Then
(1+7%)S has density proportional to 1/((14y)%+s"s)#+4/2_ This is the conditional
density of X given Y = y. So we see that (X,Y) is distributed like ((1 +Y)S,Y)
where Y is independent of S.

For 7 € (—2/h,0) the vector (X,Y) = (U/v2v,V/v) has a parabolic power

density proportional to

1—y—2Ta) " v=q+h/2

Here P{Y >y} = (1 — y)% and X has density proportional to (1 — z7z)?.
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Let S € R" have a spherical beta density, proportional to (1-— sTs)‘i_l, q > 0.

Then m&’ has density proportional to (1 —y — sTs)ffl for 0 <y < 1. So
(X,Y) is distributed like (1/(1 — Y)S,Y) with S independent of Y. Note that S and
X both have a spherical beta density, but the exponents differ. This also holds for
the boundary case 7 = —h/2, where S is uniformly distributed over the boundary
of the unit disk in R”, and X is uniformly distributed over the disk.

The value of the integrals may be computed from

1S9 T2a—1d7‘ B 1 - _ B 1 _ F(a)F(b)
/0 (1+ r2)bta /0 P (1= ) = Bl 2ty L0

3) Introduce the family of spherical probability distributions p, on R” with densities

proportional to
1/(1 +7sTs)BH1H/2 0 5 0 (1+ TsTs/Q)i_l_hﬂ, T € (—=2/h,0).

By continuity g is the standard Gauss distribution on R”, and ji_, /1 is the uniform
distribution on the sphere of radius vk in R". Note that p, for 7 > 0 is not the

spherical Student distribution with v degrees of freedom. (It lives on R”, not R%.)

Theorem 10.1 (Structure) Let S have distribution i, on R", and let V have a
standard univariate GPD on [0,00) with df G, see (2.1). Assume that S and V
are independent. Set W = (1 +7V)S, V) if 7 > 0 and W = (\/(1 +7V)S, V) if
—2/h <7 <0. Then W has the standard multivariate GPD 7, on H .

Proof For 7 > —2/h this follows from the density of the conditional distribution
of U given V = v where (U, V) has density g, above, see the arguments under 2).
For 7 = —2/h it follows from the fact that U is distributed on a sphere of radius

V2v —v in RMif V = v, just as /(1 + 70)S. q

Remark 10.2 For 7 = —2/h there is a second representation, W = (U,UTU/2),
where U is uniformly distributed over the ball of radius v/2v in R".

Theorem 10.3 (Projection) Let W = (Uy,..., U, V) have distribution m. on
H,, andlet S = (Sy,...,Sy) have distribution i, on R*. Then (Uy,...,Unp,V) has
distribution m on R™ x [0,00) for m =0,...,h, and (S1,...,Sm) has distribution

ur on R™.
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Proof The densities proportional to 1/(1 + s7s)**49/2 or to (1 — :;“T:s)i_l_h/2 are

stable under orthogonal projections as is seen by integrating out the variable s;.
This then also holds for the distributions p, for 7 # 0 and 7 > —2/h, and (by
continuity) also for the two exceptional values of 7. Now apply the Theorem 10.1

to obtain the result for the GPDs. q

4) In Section 4 we extended the Gauss-exponential limit law on Hy to a Radon
measure on the whole space R?. This was also done for the other high risk limit
laws. Adapt the normalization so as to achieve maximal simplicity. We obtain the
measures

p% on R4\ {0}, with density 1/r'*¢ for the spherical Pareto limit laws, 7 > 0;

Py on R?, with density e~ve~u /2 for the Gauss-exponential limit law;

p% on the paraboloid @ = {v 4+ u’u < 0}, with density ¢'~! for the parabolic
power laws, with q(u,v) = —(v + ulu) for —2/h < 7 < 0, and

s /p O1 9Q is Lebesgue measure on R" lifted to the parabolic surface v+u’u =
0 for the parabolic power law with 7 = —2/h.

Recall that the symmetry group S of a measure pu is the set of all o € A for
which there exists a constant ¢, > 0 so that o(u) = c,p. In Section 4 it was
shown that the symmetry group of the measure p* on R% with density e~ vellull?/2
is generated by the vertical translations (u,v) — (u,v +t), t € R, the orthogonal
transformations which leave the points on the vertical axis in their place, and the

parabolic translations

(u,v) — (u—b,v — bl u+bTb/2) be R&L

1

The symmetry group for the parabolic power measures with densities ¢'~! on the

paraboloid @) is the same except that we replace the vertical translations by the
maps (u,v) +— (cu,c®v), ¢ > 0, which map Q onto itself. This symmetry group
corresponds to the group of Euclidean transformations on the horizontal plane,
augmented by the scalar transformations u — cu with ¢ > 0. It is also the symmetry
group of the singular measure on 0Q). The symmetry group of the spherical Pareto

measures with densities 1/r*% on R4\ {0} is different. It is generated by the group

of orthogonal transformations on R? together with the scalar maps w — cw, ¢ > 0.

Proposition 10.4 Let S be the symmetry group of the infinite Radon measure p;
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associated with a Pareto-parabolical high risk limit law m on Hy. For 7 = 0 let
Hy=H,, fort >0 let Hy={v > 1} and for 7 < 0 let Hy = {v > —1}. In each
case there exists a vertical translation mapping Hy onto Hy so that the measure pk
restricted to Hy, and normalized, maps onto 7. For each closed half space H with

0 < p*(H) < oo there is a symmetry o mapping H onto Hy.

Proof As for Proposition 4.1. q

11 Horizontal half spaces

In this section we examine the situation where the half spaces H diverge in a fixed
direction. Insight in this simple situation helps to understand the case where con-
vergence has to hold for half spaces diverging in arbitrary directions. For simplicity
we consider horizontal half spaces H' = {y > t}.

Write Z! = (X;,Y;) for the vector Z conditioned to lie in H'. We assume that
there exists a non-degenerate vector W = (U, V) € H; and affine transformations

B3 mapping H, onto H' so that
B (XeY) =W 1] ys (11.1)

where Yo is the upper endpoint of the distribution of Y, and P{Y = y} = 0.
Affine transformations o on R? may be represented by a matrix in dimension

d + 1 with top row (1,0,...,0) by adding a zeroth component with the value 1 to

each vector. If 8 maps Hy onto a horizontal half space it has a block representation

of size 1 + h + 1 of the form

1 00 1 1
p A q x| =|p+Bx+qy € R xR"xR. (11.2)
b 0 a y b+ ay

Here p and ¢ vectors in R, A is an invertible matrix of size h, and a > 0 and b
are real numbers. These maps form a group A*(d). From the representation we see
that the dimension of the group A, (d), where b = 0, is d?.

For 3 as in (11.2) let 3 map the vertical component y € R into b + ay. Then
8 +— [ is a homomorphism of the group A*(d) onto the two-dimensional group of

positive affine transformations on R. This implies
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Theorem 11.1 If (11.1) holds then
B =i=Dla=V  t1y
where Y; is the vertical component 'Y, conditioned to the half line [t,c0).
We mention two simple corollaries.

Corollary 11.2 If Z lies in the domain of a high risk limit vector W = (U, V') then
07 = (01Z1+---+042y) lies in the univariate domain of V' for every non-zero vector

6.

Corollary 11.3 The vertical component V' of any high risk limit vector W = (U, V)
in (3.1) has a univariate GPD.

Even if we do not assume that the limit vector has a multivariate GPD we can
still make concrete statements about the domain of attraction. Suppose the random
vector Z lies in the domain of attraction of a high risk limit distribution. If one of the
components of the vector Z has a heavy tail in the sense that E|Z;|™ = oo for some
k € {1,...,d} and some positive integer m then there is a minimal exponent ¢ > 0
so that E|Z|® is finite for s € [0,¢) and is infinite for s > ¢t. By the remarks above
it follows that ¢ is positive and that the distributions Fy of the random variables
07, 6 # 0, all have the property that the tail function s +— 1— Fy(s) varies regularly
with exponent —¢. Similarly if one of the components has a finite upper endpoint
and the tail varies regularly in that endpoint then this holds for 67 for all § # 0
and the exponent of regular variation is the same in all directions.

In the introduction we imposed the condition that the distribution of 67 was
continuous in its upper endpoint for each 6 # 0, see (3.2). We now see that for a
vector Z in the domain of attraction of a high risk limit distribution all univariate

distribution tails have to be asymptotically continuous:

Proposition 11.4 If the vector Z lies in the domain of attraction of a high risk

limit vector then

P{Z € OH}/P{Z € H} -0 0<P{ZecH}—0.



Proof If W = (U, V) has a high risk limit distribution on Hy then V has a GPD
and hence P{V = 0} = 0. This implies the limit relation above. q

A simple calculation shows that in the univariate situation the high risk limit
variables V all have the form V = ~T(0) where T is standard exponential and
v :y — ay ~+ b is an affine transformation on R with a and b positive. In a future

publication we shall show that limit vectors for the relation (11.1) have the form
W =a’(S,0)

where as above T is a standard exponential variable, S a random vector in R4,
and T and S are independent. Here of, t € R, is a continuous one-parameter
subgroup of A4 (d) such that &(0) is positive.

Finally we want to make a remark on independent components versus spherical
symmetry. These classes reflect two ways to construct a multivariate distribution
from a univariate distribution. The intersection of these two classes consists of
the Gaussian distributions with i.i.d. centered components. In our theory spherical
symmetry plays an essential role. The next result shows how small the role is of

independence.

Proposition 11.5 Suppose d > 1. Let the random vector Z in R¢ lie in the domain

of attraction of a GPD. If Z has independent components then Z is Gaussian.

Proof Write Z = (X,Y). Then the vertical coordinate Y lies in the domain of
attraction of a univariate GPD, say V; = a;Y! = V as t tends to the upper endpoint
of Y. Then (X,V;) = (X, V). By the convergence of types theorem W = (X, V') has
a multivariate GPD. Since the components are independent W is Gauss-exponential
and X is Gaussian. Similarly one proves that the vector (Za, ..., Z;) is Gaussian

by treating the first coordinate as the vertical. q

12 Alternative scenarios

We have defined a scenario for a random vector as a change in the underlying

probability measure. We are interested in scenarios which will highlight extreme
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situations. In this paper a scenario simply was the vector conditioned on the event
that it lies in a given half space H. If the probability P{X € H} is small, the event
is extreme and one speaks of high risk. We shall now briefly sketch a number of
alternative scenarios.

1) Instead of half spaces one may condition on Z belonging to a shifted orthant
[p,00) = [p1,00) X -+ X [pg,00) C R%

Note that P{Z € [p,00)} = P{Z > p} decreases as p increases coordinatewise.
Let Z[P>°) denote the vector with the conditional distribution given {Z > p}. The

%) — p lives on the positive orthant [0,00)%. Is it possible to scale these

vector ZP:
vectors by positive diagonal matrices A, to yield a family of random vectors W),
which tend in distribution to a random limit vector W on [0,00)¢ with a non-
degenerate distribution for P{Z > p} — 07 It may be shown that the continuous
limit distributions are multivariate generalized Pareto distributions but of a form
different from those introduced in this paper. For d = 2 the heavy tailed limit
distribution on [0, 00)? either has i.i.d. components, or a density of the form g(u,v) =
c/(1 4 u + v)"*2 with ¢ > 0. See Balkema and Qi [3] for details.

In this approach one looks only at the behaviour of the distribution of the vector
Z in certain directions. In addition the analysis relies heavily on the coordinate
system, rather than geometric arguments.

2) Exponential tilting is a well known and elegant way to alter the underlying

density f. Assume the density f has thin tails. Let © € R? be the set where the

moment generating function K is finite. For 8 € O define the probability density

folw) = P p(@)/K@©O)  K(0) = / % f(2)da.

The factor e/ /K () pulls the mass of the distribution with density f in the direc-
tion f. The underlying mathematical theory is elegant. In the mulltivariate case
several classes of limit distributions are known. The normal distribution is a limit
distribution, as are the multivariate Gamma distributions with independent com-
ponents. There are others, like the density e~?/C on the paraboloid v > uTu, or
e~ W20t /(0 on v > 0, which are less obvious. See Nagaev and Zaigraev [30] and

Barndorff-Nielsen and Kliippelberg [4] for details.
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The theory of exponential tilting only works for light tails. The moment gener-
ating function has to exist on a non-empty region around the origin. The density
e~ II'/t /O fails to satisfy this tail condition for ¢ € (0,1). In financial mathematics
we have to allow distributions whose tails are not light, and may even decrease like
a power of 1/]z]|.

3) One may also condition on the extreme event {||Z| > r} and let r — oo,
see Section 8. The limit theory in this situation is closely related to multivariate
extreme value theory, except that one uses polar coordinates rather than Cartesian
coordinates. See Resnick [34]. Basrak et al. [5] show how the limit theory is related
to regular variation of the distribution tails of linear functionals 67, where 0 varies
over the unit sphere. From the mathematical point there is an important difference
between this example and the other cases. Here we have a one-dimensional para-
meter r which tends to infinity, whereas in the previous three cases the parameters,
H, p, 0, all were d-dimensional. As a result the limit distributions for » — oo have
a one-dimensional group of symmetries. The orbits of this group are rays from the

origin rather than open sets in R¢.

13 Conclusions

In how far have we succeeded in describing the high risk limit laws and their domains
of attraction?

If the vector Z has a spherically symmetric density f(z) = fo(||z|), where fo
is decreasing and satisfies a tail condition for the univariate domain of attraction
for exceedances: fy varies regularly in its upper endpoint, or, for 7 = 0, satisfies
the von Mises condition, fofY/fsf5 — 1, then the high risk scenarios Z may be
normalized to converge in distribution to a non-degenerate limit vector W on the
upper half space H.. We have introduced two generalizations by allowing the level
sets of the density to be rotund, or egg-shaped, rather than concentric balls, and by
multiplying the density by a flat function, a function which behaves like a positive
constant in infinity. The class of limit distributions is the set of Pareto-parabolic or
multivariate generalized Pareto laws listed in Section 10. We do not know whether

there exist other limit laws.
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Most of our results are strong limit theorems. This is a matter of convenience.
One first proves pointwise convergence of the normalized densities, and then checks
that convergence also holds in L', see Proposition 3.7. Because our densities are
continuous with convex level sets, convergence often holds uniformly on compact
sets. Strong convergence opens up the possibility of limit laws for the conditional
distributions on hyperplanes, half lines and convex sets. Weak convergence results
may be obtained by roughening the underlying Lebesgue measure.

Let us now look at the domains of attraction of the three classes of multivariate
GPDs introduced in this paper.

For limit distributions with bounded support, Section 9 gives a fairly complete
description of the domain of (strong) attraction. Normalization is determined by
the boundary of the domain of the density of Z. It should be pointed out however
that rotundity of the domain is a sufficient, but not a necessary condition. Just as
there exist functions which are pointwise differentiable, but whose derivative is not
continuous, so there exist bounded convex open sets D whose boundary is not C?,
and whose curvature may vanish or be infinite in certain points, but for which the
uniform distribution on D lies in the domain of attraction of the uniform distribution
on a parabolic cap.

For the heavy tailed limit laws the domain of attraction is smaller; see Section 8.
If Z has density f(z) ~ ¢/n(z)!"¢ where n = np is the gauge function of a rotund
set D then D has to be a centered ellipsoid. Vectors in the spherical Pareto domain
may have densities f with elliptic level sets {f > ¢} where the shape of the ellipsoid
varies continuously for ¢ | 0 without tending to a limit. The rate at which the
shape changes goes to zero. In applications, after a suitable choice of coordinates,
one may therefore use a model with a density whose level sets are concentric balls
to describe the distribution above the halo.

For the Gauss-exponential domain we have exhibited in Section 5 a large class of
interesting densities, fo = e¥°"/C. These may be used as a first order approxima-
tion to model the behaviour of the distribution over the halo of a sample cloud. The
class has been extended somewhat in Sections 6 and 7. However we are far from
having a good description of the whole domain, even for dimension d = 2. Many

questions of theoretical interest are still open. Do there exist densities f in the
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Gauss-exponential domain such that {f > 0} is an open half space, a paraboloid,
or a cube? Do there exist densities which decrease like e~ in one direction and like
e~ in another? Given a sequence of rotund sets D,, of volume one, does there exist
a density f in the Gauss-exponential domain, and sequences ¢, | 0 and r, T 0o so
that {f > ¢} = rnDy?

Our aim was to open up a field of investigation, motivated by questions in risk
management, insurance and finance, and present some non—trivial mathematical
results. We have included some theoretical results without proof so as to give a rep-
resentative overview of the theory, and sketched possible further lines of research,
such as limit theorems for the sample point processes, in order to clarify the relation
between high risk limit theory and multivariate extremal theory. Other topics such
as rates of convergence, and projection theorems, will be treated in future papers.
The transition from the domain of the heavy tailed distributions to the domain of

the Gauss—exponential law is not well understood. For applications, this parameter

region is of considerable interest, and needs to be investigated.
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