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Introduction

We consider an insurance company holding a portfolio
X = (X]_,...,Xn)

of n one-period risks on some probability spateq, P).
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Fl,...,Fn,

but not about theipoint df , i.e. the way the risks are interrelated.
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Introduction

We consider an insurance company holding a portfolio
X = (Xl,...,Xn)
of n one-period risks on some probability spateq, P).

Typically, the statistics gathered by the insurer give linfation about the
marginal distribution functions (dfs) of the risks,

Fl, o o ey Fn,
but not about theipoint df , i.e. the way the risks are interrelated.

Given a measurable functian: R" — R,
the aggregate loss which the insurer will bear is

W(X) = Qﬁ(xl, cees Xn)-
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The aggregate losg X)

x10°

The dfF for the aggregate losg(X) cannot be determined
without further information.
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The aggregate loss(X)

x10°

The dfF for the aggregate losg(X) cannot be determined
without further information.

Therefore, the problem at hand becomes determining

LB(s) < P[y(X) < 5] <UB(s)overg(Fq,...,Fn),

the Fréchet clas®f probability dfs forX havingF, ..., F, as marginals.
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Mathematical problems with univariate marginals

For a function) : R" — R, we define

my(s) = INf{P[y(Xy,...., Xpn) <8 : X~ Fi,1<i<n},seR,
My (S) = sUpP[y (X1, ..., Xn) 2 9] X~ F,1<1<n},seR.

Since
my(s) = 1 - My(9),
the above problems:
° are equivalent

®* have received a considerable interest in the literature,
see Embrechts and Puccetti (2004) and references therein.
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Mathematical problems with multivariate marginals

For a function) : R" — R, we define

my(s) = INf{P[y(Xy,...., Xpn) <8 : X~ Fi,1<i<n},seR,
My (S) = sUpP[y (X1, ..., Xn) 2 9] X~ F,1<1<n},seR.

Since
my(s) = 1 - My(9),
the above problems:
° are equivalent

®* have received a considerable interest in the literature,
see Embrechts and Puccetti (2004) and references therein.
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Mathematical problems with multivariate marginals

For a functiony : (R)" — RX, we define

My () := iNf(P[Y(X1,...,Xn) <8 : X~ Fi,1<i<n},seRX
My (9) = SugP[¥(X1,..., Xn) 2 8] : Xi - Fi,1<i<n},seRX

Since
my(s) = 1 - My(9),
the above problems:
° are equivalent

®* have received a considerable interest in the literature,
see Embrechts and Puccetti (2004) and references therein.
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My () := iNf(P[Y(X1,...,Xn) <8 : X~ Fi,1<i<n},seRX
My (9) = SugP[¥(X1,..., Xn) 2 8] : Xi - Fi,1<i<n},seRX

Since
my(s) # 1 - My(s),
the above problems:
° are equivalent

®* have received a considerable interest in the literature,
see Embrechts and Puccetti (2004) and references therein.

Embrechts and Puccetti, Bounds for Functions of MultitarRisks —



Mathematical problems with multivariate marginals

For a functiony : (R)" — RX, we define

My () := iNf(P[Y(X1,...,Xn) <8 : X~ Fi,1<i<n},seRX
My (9) = SugP[¥(X1,..., Xn) 2 8] : Xi - Fi,1<i<n},seRX

Since
my(s) # 1 - My(s),
the above problems:
® arenot equivalent

®* have received a considerable interest in the literature,
see Embrechts and Puccetti (2004) and references therein.

Embrechts and Puccetti, Bounds for Functions of MultitarRisks —



Mathematical problems with multivariate marginals

For a functiony : (R)" — RX, we define

My () := iNf(P[Y(X1,...,Xn) <8 : X~ Fi,1<i<n},seRX
My (9) = SugP[¥(X1,..., Xn) 2 8] : Xi - Fi,1<i<n},seRX

Since
my(s) # 1 - My(s),
the above problems:
® arenot equivalent

* have not been given much attention. In fact, dealing withtvariate
marginals causes extra problems.
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Problems arising with multivariate marginals

® As shown in Scarsini (1989), the conceptobulaas a tool to generate
dfs from a set of marginals, becomes inadequate when deaithghe
product of multivariate spaces.
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Problems arising with multivariate marginals

® As shown in Scarsini (1989), the conceptobulaas a tool to generate
dfs from a set of marginals, becomes inadequate when deaithghe

product of multivariate spaces.

® |tis difficult to construct elements in

S(F1,...,Fn);
see Cohen (1984); Ruschendorf (1985); Sanchez Algarr&j198
Marco and Ruiz-Rivas (1992).
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Problems arising with multivariate marginals

® As shown in Scarsini (1989), the conceptobulaas a tool to generate
dfs from a set of marginals, becomes inadequate when deaithghe
product of multivariate spaces.

® |tis difficult to construct elements in

S(F1,...,Fn);
see Cohen (1984); Ruschendorf (1985); Sanchez Algarr&j198
Marco and Ruiz-Rivas (1992).

® Genest, Quesada Molina, and Rodriguez Lallena (1995, Risiate

that in the multivariate case the only measure lyin@g(f4, ..., Fy) for
all possible choices of thig’s is the independence measuirg  F;.
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Dealing with multivariate marginals

Assuming multivariate marginals allows not only
to fix the univariate df of every component
of the single multivariate policies,
but also the dependenwathin the single risks.

insurance line - ( X! (X5 )
insurance link — | XX L X5
—— ——

policy 1 policy n
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Assumptions o : (R¥)" — RK

Givenk measurable functiong; : R" — R, j € K, we construct the function
Y (RK)" — RX as follows:

(XEY (X)) (v X))
lﬁ(xl,...,xn)ng e =
AR LXK ) U Xy, XE)

We will assumey, ...,y : R" — R to be increasing in each coordinate.
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Assumptions o : (R¥)" — RK

Givenk measurable functiong; : R" — R, j € K, we construct the function
Y (RK)" — RX as follows:

(XEY (XA (v X))
yXe,... X =wl|l .. = :
AR LXK ) U Xy, XE)

We will assumey, ...,y : R" — R to be increasing in each coordinate.

Example. If we assume; = +, the sum operator, forall £ 1,...,k, we

have
Xt (X2 X!+ X}
X,X — 1 , 2 — 1 2
V%) ‘”((Xf)(xs)) (x%+x§)

The functiony makes sense if the risks are componentwise homogeneous.
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Duality

m, (s) andM,(s) are twolinear problems over a convex feasible space of
measures. Therefore, they admdwal representation
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Duality

m, (s) andM,(s) are twolinear problems over a convex feasible space of
measures. Therefore, they admdwal representation

Main Duality Theorem (Ramachandran and Rischendorf (1995)).

n

my(9) = sup{ ). f

fidFi : fi S Ll(Fi),i e N with
i=1 VR

n

Z fi(xi) < Lo g (X)) forall x e (Rk)”},

i=1
M, (s) admits an analogous representation
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Duality

m, (s) andM,(s) are twolinear problems over a convex feasible space of
measures. Therefore, they admdwal representation

Main Duality Theorem (Ramachandran and Rischendorf (1995)).

n

my(9) = sup{ ). f

fidFi : fi S Ll(Fi),i e N with
i=1 VR

n

Z fi(xi) < Lo g (X)) forall x e (Rk)”},

i=1
M, (s) admits an analogous representation

Every rvX® = (X§, ..., X5) with df in §(F4, ..., F,) is acoupling

Every set of function$ = (fi, ..., f,) admissible for the above dual problem
IS adual choice
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Known solutions

my, (s) andM,(s), as well as their dual counterparts, are very difficult ttveo
Solutions under general marginal dfs are known only in fegesa
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Known solutions

my, (s) andM,(s), as well as their dual counterparts, are very difficult ttveo
Solutions under general marginal dfs are known only in fegesa

®* Whenk = 1 andn = 2 for non-decreasing functionals
see Embrechts and Puccetti (2004).
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Known solutions

my, (s) andM,(s), as well as their dual counterparts, are very difficult ttveo
Solutions under general marginal dfs are known only in fegesa

®* Whenk = 1 andn = 2 for non-decreasing functionals
see Embrechts and Puccetti (2004).

® Fory = +, Li, Scarsini, and Shaked (1996) giug,(s) for n = 2 and
arbitraryk.
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Known solutions

my, (s) andM,(s), as well as their dual counterparts, are very difficult ttveo
Solutions under general marginal dfs are known only in fegesa

®* Whenk = 1 andn = 2 for non-decreasing functionals
see Embrechts and Puccetti (2004).

® Fory = +, Li, Scarsini, and Shaked (1996) giug,(s) for n = 2 and
arbitraryk.

®* Whenn > 2, the only explicit solution known is given in Rischendorf
(1982) for the sum of risks uniformly distributed on the unterval.
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The basic idea: the coupling-dual approach

If X is a coupling and = (fi,..., f,) andd = (G4, ..., Jn) are two set of
functions which are admissible for the corresponding dualbiems, we have

n

Ply(X®) <g2my(9 2 Y | fidF,

i—1 YR

[y (X%) > ] < My(s) < Z Lk gidF;.
=1

Therefore, even if we do not find optimal couplings,
dual admissible functions provide bounds on the solutions hich are
conservative from a risk management viewpoint
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Standard bounds

We callstandard boundthose bounds obtained by choosing
piecewise-constamtual choices.

The standard bounds:
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Standard bounds

We callstandard boundthose bounds obtained by choosing
piecewise-constamtual choices.

The standard bounds:

® corresponds to the bounds typically used in the literatoceusually
obtained from elementary probability; see for instance
Denuit, Genest, and Marceau (1999) for univariate marginal
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Standard bounds

We callstandard boundthose bounds obtained by choosing
piecewise-constamtual choices.

The standard bounds:

® corresponds to the bounds typically used in the literatoceusually
obtained from elementary probability; see for instance
Denuit, Genest, and Marceau (1999) for univariate marginal

® can be used for each kind of dfs.
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Standard bounds

We callstandard boundthose bounds obtained by choosing
piecewise-constamtual choices.

The standard bounds:

® corresponds to the bounds typically used in the literatoceusually
obtained from elementary probability; see for instance
Denuit, Genest, and Marceau (1999) for univariate marginal

® can be used for each kind of dfs.

The best standard bounds oy andM,, are given in Li, Scarsini, and Shaked
(1996). In our paper,
we correct the second one and prove both using duality.

The standard bound any, is sharp only in the case of the sum of two risks.
The one forM,, fails to be sharp also far = 2.
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Dual bounds

We calldual boundghose bounds obtained by choosjgcewise-lineadual
choices.

The dual bounds:
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Dual bounds

We calldual boundghose bounds obtained by choosjgcewise-lineadual
choices.

The dual bounds:

® are better than standard bounds since they include thenrtasupa
cases.
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Dual bounds

We calldual boundghose bounds obtained by choosjgcewise-lineadual
choices.

The dual bounds:

® are better than standard bounds since they include thenrtasupa
cases.

® at the moment, they are available only for the sum of vectieatically
distributed as a non-negative, continuous df.
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Dual bounds

We calldual boundghose bounds obtained by choosjgcewise-lineadual
choices.

The dual bounds:

® are better than standard bounds since they include thenrtasupa
cases.

® at the moment, they are available only for the sum of vectieatically
distributed as a non-negative, continuous df.

In the univariate-marginal case there igatural choice of the
piecewise-linear function yielding the so-callédal bound
In the multivariate setting, instead, that choice is naigtrtforward.

When several dual choices are available,
an overall better bound is produced by taking the pointwise
minimum/maximum among the corresponding bounds.
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Range foP[>., X; < (S, 9)]

0.81

Bivariate Pareto

0.2}

Bivariate Log—Normal

0.6

0.4r

— — — comonotonicity
standard bound = worst-case

20

40 60 80 100

0.8}

0.4r

0.2r

— — — comonotonicity
standard bound = worst-case

10 15 20

0.81

0.6

0.4r

0.2}

0.8}

0.6p

0.4r

0.2r

— — — comonotonicity | ]

dual bound
standard bound|

20 40 60 80 100

— — — comonotonicity | ]
dual bound
standard bound|

10 15 20
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Range foP[>., X; > (S, 9)]

Bivariate Pareto

Bivariate Log—Normal

n=2
1 ‘
standard bound
dual bound
0.81 — — — comonotonicity | |

S
1
standard bound
dual bound
0.8f — — — comonotonicity | -
0.6 |
0.4¢ |
0.2R" |
0E—— e .
5 10 15 20
s

0.8}

0.8}

n=3

standard bound
dual bound
— — — comonotonicity

standard bound
dual bound
— — — comonotonicity | |
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Applications: Value-at-Risk

The Value-at-Risk (oquantile at probability levekr for /(X) is the
maximum aggregate loss which can occur with probahiity € [0, 1].

VaR_(p(X))

P[y(X) > 5] < 1 - a forall s> VaR,(¢(X))
Ply(X) < | > a for all s> VaR, (¥(X))
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Applications: Value-at-Risk

The Value-at-Risk (oquantilg at probability levek for /(X) is the
maximum aggregate loss which can occur with probahdity € [0, 1].

VaR_(p(X))

P[y(X) > 5] < 1 - a forall s> VaR,(¢(X))
Ply(X) < | > a for all s> VaR, (¥(X))

With univariate marginals, we have: Vafg(X)) < m;l(a), a € [0,1].

Embrechts and Puccetti, Bounds for Functions of MultitarRisks — p.



Applications: Value-at-Risk

If F isincreasing, VaRy (X)) is the unigue thresholdat whichF(t) = a.

Note that with multivariate marginals, the definition of VdBes not make
sense since, even for a continuous-githere are possibly infinitely many

vectorss € R¥ at whichF(s) = a.

An intuitive and immediate measure of the risk involved in @tariate loss
df F is represented by the-level sets

of its df and of its tailF.
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Multivariate Value-at-Risk
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Level sets for the df (left) and the tail (right)
for a bivariate standard normal random vector.

3

We call these curveewer-orthant (LO-)Value-at-Risk andipper-orthant
(UO-) Value-at-Risk at probability level and 1- «, respectively.

Of course the same definitions hold for general monotonetifums:
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Multivariate Value-at-Risk

The LO-VaR, for m, (left) and the UO-VaR for M,, (right)
provide conservative estimates of ird/aRs for the aggregate log$X) over

&(F1,...,Fn).

_—— 10—

, 0y
\ \
o

P[y(X) < 5] > afor everys > x; € VaR (m,),
P[y(X) > 5] < 1 - afor everys > x, € VaR,(M.).
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Worst-possible VaR

We refer to VaR(m,) andVaR,(M,) as theworst-possible/alue-at-Risks for
the risky positiony(X).

Recall that iff = (f.,..., f,) andg = (4, . . ., §n) are two set of functions
which are admissible for the corresponding dual probleneshave

my(S) = E ﬁdFi,
M, (s E gAidFi.

Embrechts and Puccetti, Bounds for Functions of MultitarRisks — p.



Worst-possible VaR

We refer to VaR(m,) andVaR,(M,) as theworst-possible/alue-at-Risks for
the risky positiony(X).

Recall that iff = (f.,..., f,) andg = (4, . . ., §n) are two set of functions
which are admissible for the corresponding dual probleneshave

my(S) = E ﬁdFi,
M, (s E gAidFi.

When it is not possible to compuig, andM,, exactly, then-VaRs for the
corresponding dual bounds still provide conservativaresies.
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Worst-possible VaR
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Worst-possible LO-VaRs for the sum of two bivariate Paréte (1.2 for the
dotted line) (left) and Log-Normal (right) distributed ks
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Optimal couplings

We extend Ruschendorf (1982, Th. 1) by providoimal couplings for the
sum of risks uniformly distributed on thedimensional hypercube when

®* Nn=2,keN
* n=k+1,keN

Xr X5

Optimal coupling for sufP[Y>; X; < g : X; —~ U(1?)}.
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Conclusions

Embrechts and Puccetti (2004) propose a dual approachdardilem of
determining bounds for functions of dependent risks hafixeyl univariate
marginals.

In this paper we give an extension of all results containgtieratter article
to multivariate marginals.
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Conclusions

Embrechts and Puccetti (2004) propose a dual approachdardilem of
determining bounds for functions of dependent risks hafixeyl univariate
marginals.

In this paper we give an extension of all results containgtieratter article
to multivariate marginals.

bounding the df for a non-decreasing function of dependamom vectors
having fixed marginals
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Conclusions

Embrechts and Puccetti (2004) propose a dual approachdardilem of
determining bounds for functions of dependent risks hafixeyl univariate
marginals.

In this paper we give an extension of all results containgtieratter article
to multivariate marginals.

bounding the df for a non-decreasing function of dependamom vectors
having fixed marginals

!

general optimal solution is difficult to find when> 2
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Conclusions

Embrechts and Puccetti (2004) propose a dual approachdardilem of
determining bounds for functions of dependent risks hafixeyl univariate
marginals.

In this paper we give an extension of all results containgtieratter article
to multivariate marginals.

bounding the df for a non-decreasing function of dependamom vectors
having fixed marginals

!

general optimal solution is difficult to find when> 2

l

using the dual formulation we can improve the standard bswhtained from
elementary probability
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