
Worst VaR Scenarios

Paul Embrechts
�

AndreaHöing
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Abstract

Theworst-possibleValue-at-Riskfor a non-decreasingfunction � of 	 dependentrisks is
known when 	�

� or thecopulaof theportfolio is boundedfrom below. In this paperwe
analyzethe propertiesof the dependencestructuresleadingto this solution,in particular
their form andtheimplied functionaldependencebetweenthemarginals.Furthermore,we
criticisetheassumptionof theworst-possiblescenariofor VaR-basedrisk managementand
weprovide analternative approachsupportingcomonotonicity.
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1 Intr oduction

Consideraninsurerholdingaportfolio consistingof � policieswith individualrisks
�����������������

overa�x edtimeperiod.Givensomemeasurablefunction �����

���

� ,
a relevant task in insurancemathematicsis the investigationof the risk position
associatedwith �! 

�"���#�����#�$�%�'&

, whenthemarginal distributionsof thesinglerisks
areknown.Actuarialexamplesof thefunction � include (

�)+*
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)

, characterizingthe
aggregateclaim amountderiving from thepoliciesor (
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�/.
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and
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,
providing therisk positionsfor a reinsurancetreatywith individual retentionfunc-
tions

.

)

�103254��#�����6�

� , andaglobalreinsurancetreatywith globalretentionfunction
.

, respectively.
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aknowledgesRiskLab,ETH Zürich, for �nancial support.

Preprintsubmittedto Elsevier Science 9 December2004



Theproblemof �nding thebest-possiblelower boundon thedistribution function
(df) of �8 

�"�����#���#������&

hasreceivedaconsiderableinterestin insurancemathemat-
ics;seetheintroductionin EmbrechtsandPuccetti(2004).In �nancial risk manage-
ment,theproblemis equivalentto �nding theworst-possibleValue-at-Risk(VaR)
for thecorrespondingaggregateposition.

Modelling the interdependencearising in a randomportfolio calls for the useof
copulas.If a lower boundon the copulaof the vector  

�9�������#�#�����'&

is given, the
aboveproblemis fully solvedandtheboundsonVaRprovidedby Embrechtsetal.
(2003)aresharp.In the no-informationcasesharpnessdoeshold only if �

2;:

.
Ratherthantreatingthe technicalproof of suchresults,for which we refer to the
above cited references,in this paperwe analysein moredetail the propertiesof
theirsolutions.Weconcentratemainlyontheno-informationcaseandwestudythe
optimizingcopulafor thesumof twodependentrisks,whichis well-knowntodiffer
from comonotonicity. In particularwe discussits shape,its implicationsin terms
of dependenceandwe criticise it asnot beinga rationalscenariofor an insurance
company. Finally, we provide an alternative optimizationapproachleadingto a
suitablemeasureof risk, which supportsthe assumptionof comonotonicityfor a
prudentevaluationof theVaRfor theaggregateposition.

2 Preliminaries and fundamental results

In this sectionwe presentsomewell-known conceptsaboutcopulasand brie�y
recallthefundamentalresultsabouttheproblemof boundingtheVaRfor functions
of dependentrisks.For moredetailsaboutcopulas,we referto Nelsen(1999).

2.1 Value-at-Riskanddependencestructures

On someprobability space =<

�1>?�A@B&

, let the randomvector
�

�

2

 

�9�����#���#������&

representaportfolio of one-periodrisks.Givenameasurablefunction �C���

�B�

�

wefacetheproblemof �nding thesupremumof theVaRfor theaggregateposition
�8 

� &

over theclassof possibledfs for
�

having �x edmarginals D

�6�#�����#�

D

�

.

De�nition 1 Let EF�G�

�

� be a non-decreasingfunction.Its generalizedleft
continuousinverseis the function EIH
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the Value-at-Riskat probability level _ for a
randomvariable ` with distribution function a is its _ -quantile, i.e.
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Of course,quantilesof the df of �8 

� &

canbe computedif the joint distribution
function Dh 

,

�����������

,
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is known. At this point, the
notionof copulabecomesuseful.

De�nition 2 An � -dimensionalcopulais an � -dimensionaldistribution function
restrictedto

j

\

�#4#l

�

havingstandard uniformmarginals.Wedenotewith m

�

thefam-
ily of � -dimensionalcopulas.

Givenacopulan

U

m

�

andasetof univariatemarginals D

�����������

D

�

, wecanalways
de�ne a df D on �
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having thesemarginalsby
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Hence,given � dfs D

�6�������6�

D

�

, we let
� p
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���6�������6�����q&

be the randomvector
on �

�

having acopulan satisfying(1). Conversely, Sklar'sTheorem(Sklar(1973,
Theorem1)) statesthat therealwaysexists n

U

m

�

couplingthe marginalsof a
�x eddf D trough(1). Observe that this copulais uniquefor continuousmarginal
dfs.

We recall that any copula n lies betweenthe lower and upper Fréchet bounds
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r

]•n{]•z . Observethat,contraryto z , thelowerFréchetbound
r

is notadis-
tribution functionfor �ƒ‚

:

. Randomvariablescoupledthrough n

2

z ( n

2Vr

)
arecalledcomonotonic(countermonotonic). The independencecopulais denoted
by „… †s

�A�������6�

s

�q&

�

2ˆ‡

�
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s

)

.

Remark 3 Comonotonicitycharacterizesthe risks of the portfolio as being in-
creasingfunctionsof acommonrandomfactor. It is thereforeastrongdependence
andmeasuresof dependencesuchas Kendall's ‰ or Spearman's Š will describe

z asa perfectstructure,i.e. ‰‹ tz

&Œ2

Š[ tz

&�2•4

holdsif the marginalsarecon-
tinuous.It is preciselythis representationwhich motivatesthe useof the concept
of comonotonicityin �nancial applications.Moreover, assumingcomonotonicity
leadsto almostall the computationalbene�ts of independence,yielding, in addi-
tion, aprudentscenarioin many contextsaswewill emphasizein Section4. For an
in-depthdiscussionof comonotonicity, seeDhaeneetal. (2002).

2.2 Boundson Value-at-Riskfor functionsof dependentrisks

We now recall the two fundamentalresultsbeingtheobjectof our analysis.For a
proof of Theorems5 and6 below, we referto EmbrechtsandPuccetti(2004).For
acopula n andmarginals D
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. In thefollowing, we referto non-decreasingfunctions�C���

� �

� asbeing
non-decreasingin eachcomponent.

Remark 4 Observe that Ž
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for
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p

having
marginals D

�6�������6�

D

�

andcopula n . In Proposition20 in the Appendix,we show
thattheoperator‰

p/• • is theleft-continuousversionof adf, i.e.thereexistsarandom
variable ° with
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 =‘
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. This resultextendsa claim
of Denuitet al. (1999,p. 37).As �rst notedin SchweizerandSklar(1974)for the
sumof two risks,if n³²ƒ´

2

z theredoesnotexist ameasurablerealfunction µ such
that °

2

µ¶ 
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, with
�

having marginals D

�6�����#�#�

D

�

.

Theorem 5 Let
� p 2
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be a randomvectoron �
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 M�•‚

4x&

having
marginal distribution functionsD

�6�#�����#�

D

�

andcopula n . Assumethat there exists
a copula n³² such that n

X
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Translatedin thelanguageof VaR,theabovestatementbecomes

VaR
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for every _ in theunit interval.

The boundsstatedin Theorem5 arepointwisebest-possibleandcannotbe tight-
enedif �

2•:

or a lower copulabound ng² on the copulaof the portfolio
�

p

is
assumed.

Theorem 6 Further to the hypothesesof Theorem 5, we assumethat � is also
right-continuousin its lastargument.De�ne thefunction n
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is a copulaandit attainsbound(2), i.e.
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When �¾‚

:

, thestatementof Theorem5 remainsvalid taking
r

aslower bound
insteadof nG² but theboundstatedin (2) is nomoresharp.
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3 Analysisof the worst-caseportf olios

The aim of the presentpaperis to give more insight into the shapeof the cop-
ula yielding the worst-possibleVaR for �8 

� p &o2

�! 

�����#�����#�$�%��&

andto under-
standthe implied dependenceamongthe marginals. Under all possibledepen-
dencestructures,themaximumVaRat level _ is givenby thecopulaminimizing
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over ‘ -regionsdependingon _ . Indeed,accordingto De�nition 1,
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Sucha copulawill be referredto asa worst-casescenariofor the aggregatepo-
sition �8 

�
p &

. We usethe termscenarioto indicatea (possiblydegenerate)setof
probability measures,in line with Artzner et al. (1999).Analogousto the above
de�nitions, in thepresenceof partial information,we write

¿

pq±�• • (
¿

pq±q• • ) andthe
in�mum (supremum)is taken over all n

U

m

�

satisfyingthe boundarycondition
n

X

nG² .

Next, we concentrateon thesumof risks (generalizationsto non-decreasingcon-
tinuousfunctions� beingstraightforward)andwechoosenÃ²

2ˆr

. SeeSection5
for somecommentson this choiceof no dependenceinformation.

3.1 Two-dimensionalportfolios

If we take two risksand �

2

w , thesumoperator, theboundgivenin Theorem5
cannotbetightenedandtherealwaysexistsa two-dimensionalcopulameetingthat
boundatagivenpoint ‘ . WerestateTheorem6 in thisparticularcase.
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Fig. 1. Supportof thecopula Æ

f

(dottedline), setsÇ

–�È©É³– andcurve Ê for: N(0,1)-N(1,2)
marginalsand ËŒ
iÌ (which gives ÍÎ
ˆÏ�Ð+Ì�Ñ�Ì�Ò ) (left); Log-Normal(0.4,1)-marginalsand

ËG
YÓ ( Í"
ÔÏ�ÐÕ�§Ò�ÏxÑ ) (right).

Proofsof Theorem7 canbefoundin Franket al. (1987)andRüschendorf(1982).
Our aim hereis to restatethe problemof maximizing(4) from a geometricpoint
of view andillustratethepropertiesof theoptimizingcopula n

f

. Without lossof
generality, in what follows, we take continuous,increasingmarginals.Let more-
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The basicidea is to usethe function
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to transportthe optimizationproblemon
theunit square
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we have
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_ . As notedin Nelsen(1999,p. 187), this is the crucial
propertyleadingto the statementof Theorem7. In fact, when \
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The geometricpropertiesof the supportof n
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, illustratedin Figure1, canbe ex-
tendedto a wholefamily of copulas,sincethedependencestructureleadingto the
worst-caseVaRis not unique.In fact, let ¥
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andbehaveslike n

f

otherwise.Figure2 compares
éíf

with thesupportof
n

�

f

.
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Fig. 2. Supportsof thecopulasÆ¦î

Ÿ ï (left) and Æ

�

î

Ÿ ï (right).

Merging the two marginalsby n

f

is thereforeequivalentto letting
�oÄ%2

µ¨ 

���$&

.
Hence,the two risks are mutually completelydependent, seeLancaster(1963).
Moreover, the copula n

f

is a so-calledshuf�e-of-M and henceimplies that
�9�

and
�hÄ

are strongly piecewise strictly monotonefunctionsof eachother, in the
sensede�ned in Mikusiński et al. (1991).Nevertheless,measuresof dependence
suchasKendall's ‰ or Spearman's Š describen

f

asa non-perfectstructurewhen
\Û]Ý_

«ð4

, i.e. ‰‹ =n

fª&6�

Š[ Mn

f-&�«ð4

. This is dueto the fact that this copulaonly
representspiecewisecomonotonicity.

Mathematically, thedependencestructureinducedby n

f

is, however, asstrongad
the one inducedby z , sincethe two variablescoupledby n

f

are in a one-to-
onecorrespondence.Finally, notethat every df on �

Ä

de�ned by applyinga ¥

m

Ä

f

-
copulato thegivensetof marginalshasa singularcomponent, i.e. is mixedwith a
continuousdistributionhaving zeroderivativeexceptfor asetof Lebesguemeasure
zero.For moredetailsaboutsingulardistribution functionsseeBillingsley (1995,
Section31)andNelsen(1999,p. 23).

At this point, it is relevant to note that, in general,z ñ

U

¥

m

Ä

f

when \�];_

«Â4

,
the case_

2ò4

beingthe trivial one in which ¥

m

Ä

f

2

m

Ä

. This providesa further
geometricproof that comonotonicitydoesnot leadto the worst-VaR andempha-
sizesthenon-coherenceof VaRasstatedin Artzneret al. (1999).Supposethat

�ó�

and
�%Ä

areidenticallydistributedwith unbounded,absolutelycontinuousdf having
positive density ô . If ô is eventuallydecreasing,it is easyto show that for ‘ large
enoughwehave that _

2}:

Dh t‘xñ

:�&

u

4

, while

Žvõ

•

y

 =D

�

D

&¦2

Do =‘xñ

:�&

‚C_

�

(8)

A necessaryconditionfor z to bein ¥

m

Ä

f

is thatthepoint  M_

�

_

&

lies in
j

\

��4#l

Ä÷ö

Ú

– .
Equation(8) impliesthatthis conditionis not satis�ed for ‘ largeenough.Finally,

z

U

¥

m

Ä

î

if andonly if Ú

–

2Fj

\

��4#l

Ä

, i.e. thesum
�"�

w

�%Ä

is
@

-a.s.boundedfrom
below by the threshold‘ . In this casethe problemof boundingthe VaR for the
sumdoesnotarise.Weconcludethat,apartfrom pathologicalcasesof noactuarial
importance,we have that Ž¼õ

•

y

 MD

���

D

Ä6&

 =‘

&

‚

¿

y

 t‘

&

when \ó]ø_

«ù4

. As a con-
sequence,theassumptionof comonotonicityamongtherisksof theportfolio may
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leadto a dangerousunder-valuationof theVaRfor theaggregateposition.At �rst,
theworstdependencescenariocouldseemto betheoneimpliedby z , sinceunder
comonotonicityit is indeedknown thatevery randomvariableis a non-decreasing
functionof theother, sothathigh valuesfor the�rst imply highvaluesfor thesec-
ond.Theorem6 providesadeeperview onthis issue,stating,instead,thatfor every
threshold‘ suchthat _

«{4

, thereexistsa copula n

f

yielding a valuefor theVaR
whichis higherthanthatof comonotonicity. Thefollowing examplefurtherstresses
thefactthat z doesnot belong,in general,to ¥

m

Ä

f

.

Example8 Let
�"�

bestandardnormallydistributedwith df ú andset
�¬ÄG2

u

���

to obtain
@%j �"�

w

�%Äû2

\

l�2 4

. The copuladescribingthis dependenceis the
countermonotoniccopula

r

underwhich
�oÄ

is a non-increasingfunctionof
�®�

.
Accordingto Theorem6,

¿

y

 =\

&¦2

\ . In thisset-up,themaximizingsolutionof (6)
is thenthestructureof dependencewhich is oppositeto comonotonicity(notethat
happenswhenever _

2

\ ), for which we have insteadŽ¶õ

•

y

 tú

�

ú

&

 =\

&ü2ç4

ñ

:

. Fig-
ure3 (left) illustratesthat,for every positive ‘

U

� , thereexistsa copula n

U

¥

m

Ä

f

suchthat Ž

pS•

y

 tú

�

ú

&

 t‘

&�«

Žvõ

•

y

 tú

�

ú

&

 t‘

&

. In thesame�gure (right) we alsopro-
videtheshapeof thebivariatedistributionobtainedbyapplying n

f

to themarginals
for ‘

2þý/� ÿ

�

ÿ

( _

2

\

�

�

ÿ����

). Note that the upperright densityliveson a general
curve,whereasthecorrespondingcopulasupportis linear.
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2

Fig. 3. Rangefor ��� 	

��


	

Ä
�

Ë�� for a N(0,1)-portfolio.Togetherwith theindependence
andcomonotonicvaluewe plot thelower bound�

y��

Ë�� (left) andthedensityof thedistri-
butionof �

	

�

È

	

Ä

� obtainedby applyingthecopula ÆKî

Ÿ ���€ï�� to aN(0,1)-portfolio(right).

3.2 Two-dimensionaluniformportfolios

We now statesomesimpleresultsfor uniform marginals that will turn out to be
usefulin understandingthe � -dimensionalcase.
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Proposition 9 Let thehypothesesof Theorem7 besatis�ed with D

�6�

D

Ä

uniformly
distributedon theunit interval.Then ¥

m

Ä

f

2

m

Ä

f

.

Proof If _

2Á4

, ¥

m

Ä

�

2

m

Ä

�

2

m

Ä

. Let \%]Ù_

2

‘

u

4B«V4

and n

U

¥

m

Ä

f

.

PSfragreplacements

�����
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/
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1
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1

243
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+

Fig. 4. Setsde�ned in Proposition9.

Observe that, for uniform marginals, the boundaryof 687 coincideswith 9:7 . As
illustratedin Figure4 (left), let ;$<>=@?BADCFE�G�HIEKJML�NPORQDH�SUT

J�V

E�GXWYEKJ[Z]\�H^EK<`_badc ,
e

?fS�H-g . By thede�nition of copulaand h]Nji

k

Jl wehave that

m�n

Co;
<Dpq6r7sLt?

m�n

Co;
<uL�W

m�n

CF6v7ILw?fS>xyadH

e

?fS�H�gzH

m�n

CF6v7ILw?fS>xyadH

which implies m{n

CF;><FL|?}Q ,
e

?]S~H-g and m�n

CsO"QDHIawL

J

L|?}a . For theupperregion we
introducethefollowing partition:

••€

<‚=ƒ?„CFaqW

e

C�S>xjawL

g

€

W

S$xja

g

€†…

G

HMa‡W

C

e

WˆS‰LUC�S>xja�L

g

€

T

Š

CoaqW

C‹g

€

x

e

L,C�S>xjawL

g

€

x

S>xja

g

€†…

G

HMaqW

Cug

€

x

e

LUC�S$xja�L

g

€

T

for Œ•_ Q and
e

? QDH�Ž�ŽUŽUH-g

€

xbS . SeeFigure 4 (right). In particular, consider
•••�•

?]C

G

…

l

J

H�SUT

J andlet

h|<‚=‘?’ADC“E�GMHIEKJ-L”N•ORQDH�SUT

J

V

E�G�WyEKJ—–˜S`Wja”HIE4<{™

S|W•a

g

cšH

e

?PS~H-gzH

›

G|=‘?’ADC“E�GMHIEKJ-L”N•ORQDH�SUT

J

V

E�G�WyEKJ
?’S`Wja”HMaœ™YE�G|™

S|W•a

g

cšH

›

J$=‘?’ADC“E�GMHIEKJ-L”N•ORQDH�SUT

J

V

E�G�WyEKJ
?’S`Wja”H

S|Wja

g

Z•E�G|™’SžcšŽ
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Using the propertiesof a copulaandconsideringthat Ÿ

�

and Ÿ

Ä

have zero
Ø

p -
measure,wehave that

Ø

p

 u  î€î

&

w

Ø

p

 =n

��&

w

Ø

p

 u¡

�$&¦2Á4

u

4

w
_

:

2

4

u

_

:

�

Ø

p

 Mn

�$&

w

Ø

p

 u¡

�$&K2

4

w
_

:

u

_

2

4

u

_

:

andhence
Ø

p

 u  î€î

&g2

\ . Analogously, applyingthesameargumentsto theupper-
right trianglesof thesquares

j

_

�

4

wÛ_

:

l�¢¾j

4

wÛ_

:

��4#l

and
j

4

wÛ_

:

��4#l{¢¾j

_

�

4

wÛ_

:

l=�

respectively, we obtainthat
Ø

p

 o 

�

î

&…2 Ø

p

 u 

�€�$&…2

\ . By iterationwe have that
Ø

p

 o 

�

)

&¦2

\ for all �

X

\ ,
0 2

\

�#�����#�A:

�

u

4

andwe trivially obtain

Ø

p

£[¤

¥

�

*

î

Ä

 

H

�

¥

)+*

î

 

�

)§¦

2

\

�

Hencethe only possibility for n is to assignprobability mass  

4

u

_

&

to the set
¡

�

êq¡

Ä·2Vá

– , which impliesthat n

U

m

Ä

f

. ¨

Remark 10 With respectto (7), for
4

]i‘¬]

:

and
�

p
2

 

���6���%Ä�&

having stan-
darduniformmarginalsandcopulan

2

n

f

,
�%ÄG2

µ¨ 

���$&

, whereµo�

j

\

��4#l

�

j

\

��4#l

is thelinearfunction

µ¶ 

,

&d2
¸

¹ º

,

if
,

«

‘

u

4

,

‘

u

,

otherwise.

Theabove remark,togetherwith Lemma9, imply that thecopula n of a uniform
portfolio

� p92

 

�"�A���%Ä�&

belongsto ¥

m

Ä

f

if andonly if

@%j �"�

w

�hÄ·2

‘SW

���

w

�%ÄÃX

‘

l¼2Á4��

(9)

3.3 Multidimensionalportfolios

Thoughthebound(2) holdsin arbitrarydimensions,Theorem7 cannotbeextended
to �Ö‚

:

. Proposition11below showsin asimplewaythat,if wechooseuniformly
distributedmarginals,it is notalwayspossibleto chooseacopulan soasto obtain¿

•

 =‘

&K2

‰

pS•

y

 MD

�6�����#���

D

�q&

 t‘

&K2

�q_ . Analogouslyto ¥

m

Ä

f

in theprevioussection,we
de�ne ¥

m

�

f

2 T

n

U

m

�

W

Ž

pS•

y

 MD

�����#���#�

D

�q&

 t‘

&¦2

_KZ .

Proposition 11 Let
�

p
2

 

���������#�#�����'&

bea randomvectorhavingmarginal dfs
uniformlydistributedon

j

\

��4#l

andcopula n . Take �ƒ‚

:

and �

u

4?«

‘

«

� . Then
¥

m

�

f

2ª©

.
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Proof Let «

�

�

2

(

�)+*

�

�

)

and note that, for uniform marginals,we have _

2

‘

u

�gw

4

. If thereexists ¬

U

T-4����������

�

u

:

Z suchthat
@%j

«

�

Hz­

«

‘

u

¬

l¶2Á4

wehave
@%j

«

��X

‘

l[2

\ andthestatementtrivially holds.Supposethen
@%j

«

�

Hz­

X

‘

u

¬

l

‚C\

for all ¬

U

T-4������#�#�

�

u

:

Z . In this casewehave

@%j

«

� X

‘

l¼2C@hj

«

� X

‘

�

«

�

H

�IX

‘

u

4#l

w

@%j

«

� X

‘

�

«

�

H

�I«

‘

u

4#l

2C@hj

«

� X

‘SW"«

�

H

�·X

‘

u

4#l4®x@%j

«

�

H

�IX

‘

u

4#l=�

since
���

is uniformly distributedon
j

\

��4#l

. Proceedingby iterationweobtain

@%j

«

��X

‘

l[2C@hj

«

��X

‘SW"«

�

H

�·X

‘

u

4#lq���#�1@%j

«°¯

X

‘

u

�%w•±¼W"«

ÄÃX

‘

u

�%w

:�l

®x@%j

«

ÄüX

‘

u

�%w

:

W

�"�·X

‘

u

�%w

4#l

 M�

u

‘

&6�

(10)

Assumenow that ¥

m

�

f

´

2²©

, i.e. thereexists
� p 2

 

���������#�#������&

with copula n

U

¥

m

�

f

. It immediatelyfollows that
@%j

«

�oX

‘

l‹2^@%jk���

w

®†®†®

w

���oX

‘

l‹2

�

u

‘ and
henceall factorsin (10),apartfrom thelastone,mustbeequalto one.In particular,
this yields

@%j �"�

w

�%ÄÃX

‘

u

�%w

:

W

���·X

‘

u

�hw

4�l[254 c¢P´³

(11)
@hj

«°¯

X

‘

u

�%wµ±[W"«

ÄÃX

‘

u

�hw

:xl[254��

(12)

Accordingto (9), (11) impliesthat
@%j

«

Ä·2

‘

u

��w

:

W"«

ÄÃX

‘

u

�…w

:xl¼2Á4��

which,
togetherwith (12), leadsto

4!2}@%j

«°¯

X

‘

u

�ow•±¼W"«

ÄgX

‘

u

�%w

:�l¼2V@%j �

¯

X 4

WR«

ÄgX

‘

u

�hw

:�l

2

@%j �

¯

X 4��

«

ÄÃX

‘

u

�hw

:�l &

@%j

«

ÄüX

‘

u

�ow

:�l

�

The latter equationis clearly a contradictionto the fact that
�

¯ is uniformly dis-
tributedon

j

\

��4#l

. ¨

Remark 12 The boundgiven in (2) fails to be sharpwhen �Ù‚

:

and nü²

2ër

.
This follows from the fact that

r

is not a copulafor �i‚

:

, i.e. for more than
two randomvariablesit is impossiblefor eachof themto bealmostsurelya non-
increasingfunction of eachof the remainingones.In Rüschendorf(1982), the
worst-possibleboundis provided for uniform andbinomial marginals.Till now,
thesearethe only known analyticalresults.In fact, the optimumdependencefor
uniform marginalsdoesnot solve the generalproblem,showing that, contraryto
thetwo-dimensionalcase,for �û‚

:

thedependencestructuremaximizing(4) may
dependuponthechoiceof themarginals.In EmbrechtsandPuccetti(2004),how-
ever, animprovedboundfor theVaRis provided.Figure5 illustratestheoptimum
valuesfor uniformportfolios.
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ÄX


	

¯

�

Ë�� for a standarduniform portfolio. Togetherwith
the independenceandcomonotonicscenario,we plot the worst-casevalue �

y��

ËU� which
differsfrom thelowerbound¶

p ± •

y �

ËU� givenby (2).

4 Evaluating risk through comonotonicity

In the following, we show that theassumptionof comonotonicityamongthe
�

)

's
mayleadto a prudentevaluationof therisk associatedwith theaggregateposition

�8 

� &

. To this purpose,we �rst illustratethatsuchkind of dependenceleadsto the
moredangerousscenariowith respectto both stop-lossandsupermodularorder.
Then,introducinganew optimizationapproach,weshow thatcomonotonicityalso
arisesasasuitabledependenceassumptionin aVaRcontext.

4.1 Stochasticorders andcomonotonicity

In this sectionwe provide somemotivationfor theassumptionof comonotonicity
amongrisksbasedon stochasticorders.We referthereaderto Rolski et al. (1999,
Def. 3.2.1(b))andBäuerle(1997,Def. 2.1) for thede�nitions of stop-lossandsu-
permodularorder, respectively. In this framework, we give a relevant application
for actuarialmathematics.Thenext theoremstatesthatcomonotonicityrepresents
theworstpossibledependencescenariowith respectto bothsuchorders.

Theorem 13 Let
�

p
2

 

���������#�#�����'&

be a � -dimensionalrandomvector hav-
ing marginal distributions D

�6���#���#�

D

�

and copula n . Let �ù�3�

�
�

� be a non-
decreasingsupermodularfunction.Then

(a)
�

p

]

–F·

�

õ

,
(b) �! 

�
p

&

]

–u¸

�! 

�

õ

&

.

Proof Asnotedin Müller (1997),part(a)followsfromTheorem5 in Tchen(1980).
Since �8 

�
p

&

]

–o¸

�8 

�

õ

&

holdsif andonly if Ÿ

j

µ¶ 

�
p

&©l

]¹Ÿ

j

µ¶ 

�

õ

&©l

holdsfor
all non-decreasingconvex functions µÔ�¨�

�

� for which expectationsexists, to
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provepart(b) it is suf�cient to show thatfor sucha function µ thefunction µvº·� is
supermodular. This follows from Lemma2.2(b)in Bäuerle(1997). ¨

Remark 14 NotethatTheorem13 (b) appliesto a largeclassof interestingfunc-
tionals, including �8 

,

&Û2

(

�)+*

� .

)

 

,

)

&

, where the
.

)

's are non-decreasing(see
alsoMüller (1997))and �! 

,

&³2

.

 (

�)+*

� ,

)

&

for
.

non-decreasingandconvex; see
MarshallandOlkin (1979,pp.150–155).Wewantto pointout thatTheorem13(b)
doesnot apply to (4) sincethe indicator function of the set

T

�! 

� & X

‘'Z is not
supermodular.

Consideragaina portfolio of risks
� p 2

 

�������#���#������&

. In insurancemathematics
if �8 

� p‹&

is tobeinsuredwith aretentionlevel
™

, thenetpremium»

j

�! 

� p¨&

u

™

l

y is
calledthestop-losspremium.A stop-losspremiumis determinedoncetheretention

™

andthemultivariatedf of
� p

aregiven.Henceweset

¼

p/• •

 =D

�6���������

D

�'&

 

™

&

�

2

»

j

�! 

� p‹&

u

™

l

y

�

½

•

 

™

&

�

2 š�›/œ

p

£§À

 

T

¼

pS• •

 MD

���#�����#�

D

��&

 

™

&

Z

�

(13)

Accordingto Müller andStoyan(2002,Theorem1.5.7),part(b) of Theorem13 is
equivalentto

½

•

 

™

&¦2

¼[õ

• •

 MD

�����#���#�

D

�q&

 

™

&

(14)

for all non-decreasingsupermodularfunctions � , real retention
™

and arbitrary
dimension � . Hence ¼

pS• •

 =D

�6���������

D

�'&

 

™

&

is maximizedover m

�

when the �x ed
marginalsof the portfolio have a comonotonicjoint distribution, provided that �

is a non-decreasingsupermodularfunction. It is remarkableto note that this so-
lution is not uniquepointwise.In Figure6 (right) we plot the densityof a df on

�

Ä

which, thoughdiffering from comonotonicity(left), maximizes¼

pS•

y

 =ú

�

ú

&

 M\

&

over m

�

. However, z is theonly dependencestructuresthatattains(13) for all real
retentions

™

.

Fig. 6. Densitiesof two-dimensionaldistributions obtainedby comonotonicdependence
(left) andby maximizing ¾

p/•

y
�F¿

È

¿

�

�

ÏÀ�
over Á

Ä

(right).
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Ë�� underdifferentdependencescenariosfor a standard
uniformportfolio.

4.2 Changingtheoptimizationapproach in theVaRproblem

An insurancecompany holdingtherisky position �! 

� p &

knows,from Theorem5,
that VaR

f

 M�! 

�
p &�&

] ‰�Å

• •

 =D

�����������

D

��&

H

�

 =_

&

, for all n

U

m

�

. This inequality
may however fail to yield the most useful information. Therefore,recalling the
de�nition of the family of copulasreachingthe above level _ , i.e. ¥

m

�

f

2 T

n

U

m

�

W

Ž

pS• •

 MD

�����#���#�

D

�q&

 t‘

&¦2

_KZ , two quitenaturalconditionstheinsurermayaskto
besatis�edare

(a) ¥

m

�

f

´

2ª©

, i.e. theaboveboundis sharp,
(b) ¥

m

�

f

doesnot dependon ‘ , i.e. the worst scenariofor the insurancecompany
doesnotdependupontheparameter_ chosenfor aggregaterisk evaluation.

In theprevioussectionsweshowedthat(a)holdsonly in thetwo-dimensionalcase,
while (b) is violatedevenwhen �

2^:

. Our aim hereis to changetheoptimization
approachsothatthesolutionssatisfyconditions(a) and(b). In orderto do this,we
de�ne theworst-caseVaRscenarioovera suitablerangefor thethreshold‘ , rather
thanonasinglevalue.Figure7 explainshow thatcanbedone.

In this graphwe plot Ž

p�Â�•

y

 MD

���

D

Ä6&

 =‘

&

for differentvaluesof Ã

U

 =\

��4§&

in caseof
two uniformmarginalstogetherwith thebest-possiblelowerbound

¿

y

 t‘

&

andthe
comonotoniccurve Ž[õ

•

y

 =D

�6�

D

Ä�&

 t‘

&

. As aconsequenceof Theorem7,everycopula
n|Ä givesa lowerboundthatmeetsthecurve

¿

y

 t‘

&

at thecorrespondingthreshold
andthenbecomesone.Theintuition behindthis plot is that thecomonotoniccop-
ula,thoughnevermeetingthebound

¿

y

 t‘

&

, is closerto it thanany othercopulaon
average.

This ideacannow be formalizedby introducinga lossfunction Å to measurethe
errorcommittedby evaluatingtherisky positionusinga�x edcopulan

U

m

�

rather
thantheappropriateworst-possiblestructureof dependence.We thenintegratethe
loss function over a suitableset

á

andwe searchfor the in�mum over the class
of all � -copulas.For a copula n , let Æ

p/• •

 t‘

&

�

2

Ž

pS• •

 =D

�������#�#�

D

�q&

 t‘

&

u

¿

•

 t‘

&

. We
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thende�ne
Ã

•

�

2 NQPSR

p

£§À

 |Ç

’†È

Å

j

Æ

pS• •

 t‘

&€l

™

‘‘É (15)

for somenon-decreasingweightingfunction Åþ�

j

\

�#4#l

�

�

y

î

. Let Êm

�

 

á &

denote
thesetof copulasleadingto (15). To focusour attention,we choose

á•2;j

™

�MËC&

and Å

2˜Ì�³

, theidentity function.

Theorem 15 Let Å

2ÍÌ�³

and
á 2 j

™

��ËC&

. Then,for every real threshold
™

and
non-decreasingsupermodularfunction � satisfying»

j

�8 
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õ

&©l‹«YË
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��ËC&�&��

Proof Let Î

¤

Ï

¿
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™
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«ˆË

. Notethat
¿

•

 t‘

&

dependsonlyonthe�x edmarginals,
soweobtain
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&©l
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™

‘

u
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’

¤

Ï

@%j
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‘

l

™

‘DÉ

2
’

¤

Ï

¿

•
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™

‘

u
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Ç

’

¤

Ï
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�! 
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&
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l

™

‘
É

�

wherethe last stepis obtainedsince
@hj

�! 

� p
&¬2

‘

l

canbe positive at most for
countablymany valuesof ‘ , sothatthelasttwo integralscontainedin thebrackets
are the same.Finally, recalling that Î

¤

Ï

@%j

�8 

� p‹&

‚Ù‘

l

™

‘

2

»

j

�! 

� p¨&

u

™

l

y

�
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follows that
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¿
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Since»

j

�! 

�

õ

&©l

is �nite, (14) �nally impliesthat z

U

Ê
m

�

 

j

™

��ËC&�&

. If theintegral
Î

¤

Ï

¿

•

 t‘

&

™

‘

2ªË

, trivially Êm

�

 

j

™

��ËC&�&J2

m

�

. ¨

Remark 16 It is importantto observe thatTheorem15 holdsfor semi-in�nite in-
tervals.In fact,if we �x a trivial interval consistingof asinglepoint,wegobackto
theoriginal VaRproblemand,in thatcase,z doesnot leadto theworst-possible
scenario.

Remark 17 For theabove theorem,theonly relevantportfolios  

� �����#���#������&

are
thosefor which Î

¤

Ï

¿

•

 =‘

&

™

‘ is �nite. In Proposition21 in theAppendixwe show
thatthis technicalconditionis satis�edfor all marginaldistributionsof interest.
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ThemainissueunderlyingTheorem15is that,evenif thecomonotonicdependence
structuredoesnot leadto theworst-casescenariofor theoriginal VaRproblem,if
an insurancecompany wantsto bound Ž

pS• •

 =D

�6�������6�

D

�q&

 t‘

&

for all thresholdsin
j

™

��ËC&

in thesensede�ned by (15), comonotonicityprovidesa prudentevaluation
for theaggregaterisk. We illustratethis conceptin thefollowing example.

Example18 Let D

)[Ð Ñ

 u±

��4x&

for
0�2 4���:

and �

�

 

,

�6�

,

Ä�&92

 

,

�

w

,

Ä

u

�'&

y ,
�

Ä

 

,

�6�

,

Ä�&B2

 

,

�

u

:�&

y

w5 

,

Ä

u

:�&

y . By Remark14 andProposition21, �

�

and
�

Ä

aresupermodularandsatisfy »

j

�

)

 

�

õ

&€lB«ÍË

,
0Œ2ò4���:

. Figure8 illustrates
thedistribution functions

@%j

�

)

 

�������%Ä�&?«

‘

l

,
0³2þ4��A:

in thecaseof independent,
comonotonicand n

f

-dependentmarginalsfor _

2

\

� ÿ

± (left), _

2

\

�Ò�

�

(right),
togetherwith theworst-casedistribution.
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(right)

for anindependent,comonotonic,
Æ

î

Ÿ �

¯ - and
Æ

î

Ÿ �Õ� -dependent,Ö

�

Ò

È

Ì-�
-portfolio.

In Table1, we evaluate Î

¤

Ï

Æ

pS• •

 =‘

&

™

‘ for �

�

and �

Ä

on someupper-intervals of
interest.Observethatthecomonotoniccopulaalwaysleadto theminimalvaluesof
theabove integral, in accordancewith Theorem15.

×

¤

Ï]Ø

pS• •
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ËU�‹Ù'Ë

Æ �Ö
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Ù!
ÔÏ Ùí
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Ÿ �

¯
�'Ð Ï‰ß Ï�ÐÕÒ†ß

Æ÷î

Ÿ �Õ�

�'Ð+Ì�Ñ Ï�ÐkÓÀß

Table1
Valuesfor

×

¤

Ï
Ø

pS• •

�

ËU�‹Ù'Ë
for

�

�

�áà

�

È

à

Ä
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�áà
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à

Ä|ÓâÔ

�

y ,
�

Ä

�áà

�

È

à

Ä

�Ã


�áà

�tÓ

�‰�

y




�áà

Ä�Ó

�‰�

y .
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Thenext theoremyieldssomeinsight into a possibleextensionof Theorem15 for
generallossfunctions Å , i.e. every increasing,convex function Å �

j

\

��4#l

�

�

y

î

satisfyingÅí M\

&¦2

\ .

Theorem 19 Consider
� p92

 

���6�������6�����q&

withmarginaldistributionsD

�����#���#�

D

�

and let � be as in Theorem15 with Î

¤
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¿

•

 t‘
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™
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«ãË
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and the Lebesguemeasure,respectively. Applying Chong(1974,
Theorem1.6,Theorem2.1 andCorollary1.2) to Æ
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� . By de�nition,
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whichconcludestheproof. ¨

With respectto a copula n andany loss function Å , comonotonicityis hencea
suitableextremedependencescenarioon

j

™

p

��ËC&

. Notethat,for acopulan , theset
in thede�nition of

™

p maybeemptyandhence
™

p arbitrarily small.On theother
hand,since �8 

�
p

&

]

–o¸

�8 

�

õ

&

, we have that
™

p

«˜Ë

if thetwo dfs cross�nitely
many times.Unfortunately, in general,

™

p and
™

p maybecomearbitrarylarge.For
instance,if the function � is unbounded,Rüschendorf(1981,Theorem5) yields
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theexistenceof a copula ¥

n dependingon � , ‘ andthemarginals D

�6���#�����

D

�

such
that

¿

•

 =‘

&¦2

Ž

¥

p • •

 MD

�����#���#�

D

�q&

 t‘

&

]

Žvõ

• •

 MD

�����#���#�

D

�q&

 t‘

&6�

where,in general, ¥

n ´

2

z implying
š�›/œ

p

£§À

 

™

p

2èË

. Analogouslythereexist
dependencestructuresleadingto

š�›/œ

p

£�À

 

™

p

2éË

. We thereforeconcludethat
anextensionof Theorem15 to generallossfunctionalscanonly exist for suitable
subclassesof m

�

.

5 The Presenceof Inf ormation

From a mathematicalpoint of view, the no-informationassumptionseemsto be
unsatisfactory, since,for �^‚

:

,
r

is not a copulaandthe bound(2) fails to be
sharp.However, we wantto warnthereaderfrom choosingtoo lightly somea pri-
ori assumptionsuchas n

X

„ ; suchachoicemayleadto a critical undervaluation
of theportfolio risk. Theassumptionn

X

„ , for instance,correspondsto so-called
positivelower orthant dependentrisks, seeNelsen(1999,Def. 5.6.1.).Unfortu-
nately, restrictingtheoptimizationto theclass

T

n

X

„BZ substantiallychangesthe
initial problem,sinceit doesnot allow to focuson riskier portfolios, as long as¿

y

‚

¿ëê

•

y . This is a consequenceof thefactthatthecomponentwiseorderingin
theclass m

�

is not completeand,puttinga lower boundon a copula,excludesall
copulasnot comparableto suchbound.To highlight this point, observe thatevery
copulain ¥

m

�

is shuf�ed with countermonotonicityandhenceit is not comparable
with theindependencescenario.

6 Conclusions

In thispaperwefocuson thecopulasleadingto theworst-possibleVaRfor a func-
tion of dependentrisksandwe emphasizethatcomonotonicitydoesnot lie in this
family. Suchworst-casescenariosdependuponthelevel _ wheretheVaRis evalu-
atedandthereforemaynotbereasonablefrom apracticalpointof view. Moreover,
thesesolutionsareknown only for two-dimensionalportfolios or in the presence
of partialinformation.Theinvestigationof optimalboundsin arbitrarydimensions
with no prior informationremainsopen.Therefore,we provide an alternative ap-
proachsupportingtheassumptionof comonotonicityin aprudentevaluationof the
quantilesof theaggregateposition.
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Appendix The operator ‰

p/• •

In this section,weextendaclaimof Denuitet al. (1999,p. 37)by showing thatthe
operator
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, is actually
theleft-continuousversionof a df.

Proposition 20 For �Á�¼�
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is anon-decreasingfunction.Hence,wehave to show thatit is alsoleft-continuous
andthat its right andleft limits converge to oneandzero,respectively. To prove
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Hencetheright limit convergesto one.Similarly, for theleft limit, we�x î ‚ \ and
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In the following proposition,we show that,undersuitableassumptions,the rv °

has�nite expectation.
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