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Abstract

The worst-possiblé/alue-at-Riskfor a non-decreasinfunction of dependentisksis
knowvn when or the copulaof the portfolio is boundedrom below. In this paperwe
analyzethe propertiesof the dependencstructuredeadingto this solution,in particular
theirform andtheimplied functionaldependencbetweerthe mawginals.Furthermorewe
criticisetheassumptiorof theworst-possiblescenaridor VaR-basedisk managemerand
we provide analternatve approactsupportingcomonotonicity
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1 Intr oduction

Considemaninsurerholdingaportfolio consistingdf  policieswith individualrisks

overa x edtimeperiod.Givensomemeasurabléunction ,
a relevanttaskin insurancemathematicss the investigationof the risk position
associateavith , whenthemamginal distributionsof the singlerisks
areknown. Actuarialexamplesof thefunction include , Characterizinghe
aggreateclaim amountderiving from the policiesor and ,
providing therisk positionsfor areinsurancereatywith individual retentionfunc-
tions , andaglobalreinsurancéreatywith globalretentionfunction

, respectrely.
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Theproblemof nding the best-possibléower boundon the distribution function

(df) of hasreceveda considerablénterestin insurancemathemat-
ics; seetheintroductionin Embrecht@andPuccetti2004).In nancial risk manage-
ment,the problemis equivalentto nding the worst-possiblé/alue-at-RiskVaR)

for the correspondingggregateposition.

Modelling the interdependencarisingin a randomportfolio calls for the use of
copulas.If alower boundon the copulaof the vector is given,the
above problemis fully solvedandtheboundsonVaR providedby Embrechtsetal.
(2003) are sharp.In the no-informationcasesharpnessloeshold only if
Ratherthantreatingthe technicalproof of suchresults,for which we referto the
above cited referencesin this paperwe analysein more detail the propertiesof
their solutions We concentratenainly onthe no-informationcaseandwe studythe
optimizingcopulafor thesumof two dependentisks,whichis well-known to differ
from comonotonicity In particularwe discussts shapejts implicationsin terms
of dependencandwe criticiseit asnot beinga rationalscenaridfor aninsurance
compayn. Finally, we provide an alternatve optimizationapproachleadingto a
suitablemeasureof risk, which supportsthe assumptiorof comonotonicityfor a
prudentevaluationof the VaR for the aggreyateposition.

2 Preliminaries and fundamental results

In this sectionwe presentsomewell-known conceptsaboutcopulasand brie y
recallthefundamentatesultsaboutthe problemof boundingthe VaRfor functions
of dependentisks. For moredetailsaboutcopulaswe referto Nelsen(1999).

2.1 Value-at-Riskanddependencstructues

On someprobability space , let the randomvector __

represena portfolio of one-periodisks. Givenameasurabléunction

we facetheproblemof nding thesupremunof theVaRfor theaggreateposition
__overtheclassof possibledfsfor __ having x edmarginals

De nition 1 Let be a non-deceasingfunction. Its generalizedeft
continuousinverseis the function de ned by
For the Value-at-Riskat probability level  for a

randomvariable with distributionfunction isits -quantilei.e.



Of course,quantilesof thedf of __ canbe computedif the joint distribution
function is known. At this point, the
notion of copulabecomesiseful.

De nition 2 An -dimensionakopulais an -dimensionalistribution function
restrictedto havingstandad uniformmarginals.We denotewith  thefam-
ily of -dimensionatopulas.

Givenacopula andasetof univariatemaiginals , We canalways
deneadf on havingthesemaginalsby

1)
Hence,given dfs ,welet be the randomvector
on havingacopula satisfying(1). Conversely Sklar's Theorem(Sklar(1973,
Theoreml)) statesthat therealways exists couplingthe mamginalsof a

x eddf trough(1). Obsenre thatthis copulais uniquefor continuousmaginal
dfs.

We recall that any copula lies betweenthe lower and upper Frédet bounds

and , hamely
. Obsenrethat,contraryto , thelowerFréchetbound isnotadis-
tribution functionfor . Randomvariablescoupledthrough ( )

are calledcomonotonigcountermonotonic The independenceopulais denoted
by

Remark 3 Comonotonicitycharacterizeshe risks of the portfolio as being in-
creasingunctionsof acommonrandomfactor It is thereforea strongdependence
and measure®f dependencsuchasKendalls or Spearmars will describe
asa perfectstructure,.e. holdsif the maginalsare con-
tinuous.lt is preciselythis representationvhich motivatesthe useof the concept
of comonotonicityin nancial applicationsMoreover, assumingcomonotonicity
leadsto almostall the computationabene ts of independenceyielding, in addi-
tion, aprudentscenaridn mary contets aswe will emphasizén Sectiord. For an
in-depthdiscussiorof comonotonicityseeDhaeneetal. (2002).

2.2 Boundson Value-at-RisKor functionsof dependentisks

We now recallthe two fundamentalesultsbeingthe objectof our analysis.For a
proof of Theorems and6 below, we referto EmbrechtsandPuccetti(2004).For
acopula andmamginals , de ne



where for
. In thefollowing, we referto non-decreasinfunctions asbeing
non-decreasingn eachcomponent.

Remark 4 Obsenre that _ for __  having
mamginals andcopula . In Proposition20 in the Appendix,we showv
thattheoperator  istheleft-continuousversionof adf, i.e.thereexistsarandom
variable  with . This resultextendsa claim
of Denuitetal. (1999,p. 37).As rst notedin SchweizermandSklar(1974)for the
sumof two risks, if theredoesnot exist ameasurableealfunction such
that __,with __ having mamginals

Theorem5 Let __ be a randomvectoron having
maurginal distribution functions andcopula . Assumehatthere exists
acopula sud that f is non-deceasing thenfor every

real , wehave
2)
Translatedn thelanguage of VaR,the above statemenbecomes
VaR
for every intheunitinterval.
The boundsstatedin Theorem5 are pointwisebest-possibl@nd cannotbe tight-
enedif or alower copulabound  on the copulaof the portfolio __ is

assumed.

Theorem 6 Further to the hypothese®f Theoem 5, we assumethat is also

right-continuousdn its lastargumentDe ne thefunction as
if
otherwise
whee . Then isacopulaandit attainsbound(2), i.e.
3
When , the statemenbf Theoremb remainsvalid taking  aslower bound

insteadof  buttheboundstatedn (2) is no moresharp.



3 Analysis of the worst-caseportfolios

The aim of the presentpaperis to give more insight into the shapeof the cop-
ula yielding the worst-possiblevaR for andto under
standthe implied dependenc@amongthe maginals. Under all possibledepen-
dencestructuresthe maximumVaR at level is givenby the copulaminimizing

_ over -regionsdependingn . Indeed,accordingto De nition 1,
with

we havethatVaR The problemat handbecomes
alsothecharacterizationf thecopulaattaining , Or equivalentlymaximizing

- — (4)

Sucha copulawill be referredto asa worst-casescenariofor the aggreatepo-
sition __ . We usethetermscenariao indicatea (possiblydegenerateyetof
probability measuresin line with Artzner et al. (1999). Analogousto the above
de nitions, in the presencef partialinformation,we write (— )andthe
in mum (supremum)s taken over all satisfyingthe boundarycondition

Next, we concentraten the sumof risks (generalizationso non-decreasingon-
tinuousfunctions beingstraightforvard)andwe choose . SeeSection5
for somecommenton this choiceof no dependencaformation

3.1 Two-dimensionaportfolios

If we take two risksand , the sumoperatoythe boundgivenin Theoremb5
cannotbetightenedandtherealwaysexistsatwo-dimensionatopulameetingthat
boundatagivenpoint . WerestateTheoren® in this particularcase.

Theorem7 Let__ bearandomvectoron  havingmarminal dis-
tribution functions andcopula .De nethecopula :
if ,
otherwise
whee . Thenthis copulaattainsbound(2), i.e.
)
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Fig. 1. Supportof thecopula  (dottedline), sets andcurve for: N(0,1)-N(1,2)
maginalsand (which gives ) (left); Log-Normal(0.4,1)-majinals and
( ) (right).

Proofsof Theorem?7 canbefoundin Franketal. (1987)andRiuschendor{1982).
Our aim hereis to restatethe problemof maximizing(4) from a geometricpoint
of view andillustratethe propertiesof the optimizing copula . Without loss of
generality in what follows, we take continuousjncreasingmamginals.Let more-
over and ,

The basicideais to usethe function to transportthe optimizationproblemon

theunit square .In fact, __isarandomvector with distribution
function on . Thefunction isinvertible,hencewe have that
where isthemeasureorrespondingo on and

The maximizationfunction(4) cannow berewritten as
- (6)

For , (2) leadsto for every copula , hencetake
. Theboundaryof istheimageof thecurve

In Figurelthecurve delimitingtheset isdrawvn,with thesupportofthecopula
, in caseof NormalandLog-Normalmarginals.

Thecopula is uniformly distributedonits supporthencede ning



we have . As notedin Nelsen(1999,p. 187), this is the crucial
propertyleadingto the statemenbf Theorem?. In fact, when , the
continuityof the 'simpliesthat

for some . Hencethecurve meetsthesgment atleastin onepoint. The

technicalandfor general and ratheraborious)partof theproofconsists
in shavingthat alwaysliesbelon theseggment , hence and
. Notingthat , from Theorenb we obtain(5). For

, iInsteadtheexistenceof atangenfpointbetween and isnotnecessary
sincethecopula yieldsthetheoremAnalogousggeometricconsiderationsanbe
givenfor thecase andfor non-decreasingontinuous .

The geometricpropertiesof the supportof  , illustratedin Figurel, canbe ex-

tendedto a wholefamily of copulassincethe dependencstructureleadingto the
worst-caseVaR is not unique.In fact,let and denotethe family of copulas
leadingto the worst possibleVaR andthe family of copulassharingtheir support

on with |, respectrely. Formally:
Obsenre thatwe canwrite . In particular it
trivially followsfrom thateverycopulain  attainsbound(2).

We now focusonthedependencemplied by thecopulasn . Thesupport

of thecopula implicitly de nesthedependencef thecoupledrandonmvariables

by the substitution . In fact,if thecopula couples and
into therandomvector__  andif we assume to beincreasingon their
domain,thenwe have , Wherethefunction iIsde nedas
if :
: (7)
otherwise.

Analogouslyeveryothercopulain  de nesafunctionaldependencalenticalto
thatof for . For example thecopula givenby

when ,
— otherwise

couplestwo mamginalswhich areindependenif the rst lies below the threshold
andbehaeslike  otherwiseFigure2 compares with thesupportof
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Fig. 2. Supportof thecopulas  (left) and (right).

Merging the two mamginalsby is thereforeequivalentto letting
Hence,the two risks are mutually completelydependentsee Lancaster(1963)
Moreover, the copula  is a so-calledshufe-of-M and henceimplies that
and are strongly piecewise strictly monotonefunctionsof eachother in the
sensede ned in Mikusinski et al. (1991). Neverthelessmeasure®f dependence
suchasKendall's or Spearmars describe asanon-perfecistructurewhen

, I.e. . This is dueto the fact that this copulaonly
representpiecavise comonotonicity

Mathematicallythe dependencstructureinducedby is, however, asstrongad
the oneinducedby , sincethe two variablescoupledby arein a one-to-
one correspondencd=inally, notethatevery df on  de ned by applyinga -
copulato the givensetof marginalshasa singularcomponenti.e. is mixedwith a
continuoudistribution having zeroderivative exceptfor asetof Lebesgueneasure
zero.For moredetailsaboutsingulardistribution functionsseeBillingsley (1995,
Section31) andNelsen(1999,p. 23).

At this point, it is relevantto notethat, in general, when

the case beingthe trivial onein which . This providesa further
geometricproof that comonotonicitydoesnot leadto the worst-VaR andempha-
sizesthenon-coherencef VaR asstatedin Artzneretal. (1999).Supposdhat
and areidenticallydistributedwith unboundedabsolutelycontinuougdf having
positve density . If is eventuallydecreasingit is easyto shav thatfor large

enoughwe have that , While
(8)
A necessargonditionfor  tobein isthatthepoint liesin
Equation(8) impliesthatthis conditionis not satis edfor largeenough Flnally,
if andonly if , l.e.thesum is -a.s.boundedrom

belov by the threshold . In this casethe problemof boundingthe VaR for the
sumdoesnot arise.We concludethat,apartfrom pathologicakase®f no actuarial
importancewe have that when . As acon-
sequencethe assumptiorof comonotonicityamongthe risks of the portfolio may



leadto adangerousindervaluationof the VaR for the aggreateposition.At rst,
theworstdependencscenariccouldseento betheoneimpliedby |, sinceunder
comonotonicityit is indeedknown thatevery randomvariableis a non-decreasing
functionof theother sothathigh valuesfor the rst imply high valuesfor the sec-
ond.Theoren6 providesadeeperiew onthisissue stating,insteadthatfor every
threshold suchthat , thereexistsacopula yielding avaluefor the VaR
whichis higherthanthatof comonotonicity Thefollowing examplefurtherstresses
thefactthat doesnotbelong,in generalio

Example8 Let  bestandarchormallydistributedwith df andset

to obtain . The copuladescribingthis dependencés the
countermonotonicopula  underwhich is a non-increasindgunction of
Accordingto Theoren®, . In this set-up themaximizingsolutionof (6)
is thenthe structureof dependencehich is oppositeto comonotonicity(notethat
happensvheneer ), for which we have instead . Fig-
ure 3 (left) illustratesthat, for every positive , thereexistsa copula
suchthat . In the same gure (right) we alsopro-
videtheshapeof thebivariatedistributionobtainedoy applying  tothemaiginals
for ( ). Note thatthe upperright densityliveson a general
curve, whereaghe correspondingopulasupports linear.
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Fig. 3. Rangefor for aN(0,1)-portfolio. Togethemwith theindependence
andcomonotonic/aluewe plot thelower bound (left) andthe densityof the distri-
bution of obtainedby applyingthecopula to aN(0,1)-portfolio(right).

3.2 Two-dimensionauniformportfolios

We now statesomesimple resultsfor uniform maginalsthat will turn out to be
usefulin understandinghe -dimensionatase.



Proposition9 Letthe hypothesesf Theoem7 be satis ed with uniformly
distributedontheunitinterval. Then

Proof If , . Let and

I

Fig. 4. Setsde nedin Propositiord.

Obsenre that, for uniform mamginals, the boundaryof  coincideswith . As
illustratedin Figure4 (left), let
. By thede nition of copulaand we have that

whichimplies : and . For theupperregion we
introducethefollowing partition:

for and . SeeFigure 4 (right). In particulay consider
— andlet
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Using the propertiesof a copulaand consideringthat and have zero -
measurewe have that

andhence . Analogously applyingthe sameargumentgo the upper
right trianglesof thesquares

and —— —
respectrely, we obtainthat . By iterationwe have that
for all , andwe trivially obtain
Hencethe only possibility for  is to assignprobability mass to the set
, whichimpliesthat
Remark 10 With respecto (7), for and__ having stan-
darduniform maiginalsandcopula : , Where
is thelinearfunction
if :
otherwise.

The above remark,togetherwith Lemma9, imply thatthe copula of a uniform
portfolio __ belongsto if andonly if

(9)

3.3 Multidimensionabportfolios

Thoughthebound(2) holdsin arbitrarydimensionsTheorem/ cannotbeextended
to . Propositionl 1 below shavsin asimpleway that,if we chooseuniformly
distributedmaiminals,it is notalwayspossibleto chooseacopula soasto obtain

. Analogousiyto  in theprevioussectionwe

de ne
Proposition11 Let__ be a randomvectorhavingmarinal dfs
uniformlydistributedon andcopula . Take and . Then

11



Proof Let and note that, for uniform maginals, we have

. If thereexists suchthat we have
andthestatementrivially holds.Supposehen
for all . In this casewe have
since isuniformly distributedon . Proceedingpy iterationwe obtain
(10)
Assumenow that , l.e. thereexists __ with copula
. It immediatelyfollows that and

henceall factorsin (10),apartfrom thelastone,mustbeequalto one.In particular
thisyields

(11)
(12)

Accordingto (9), (11) impliesthat which,
togethemwith (12), leadsto

The latter equationis clearly a contradictionto the factthat  is uniformly dis-
tributedon

Remark 12 The boundgivenin (2) fails to be sharpwhen and .
This follows from the factthat  is not a copulafor , I.e. for morethan
two randomvariablesit is impossiblefor eachof themto be almostsurelya non-
increasingfunction of eachof the remainingones.In Riuschendorf(1982), the
worst-possibleboundis provided for uniform and binomial mamginals. Till now,
theseare the only known analyticalresults.In fact, the optimumdependencéor
uniform maiginals doesnot solve the generalproblem,shaving that, contraryto
thetwo-dimensionatasefor thedependencstructuremaximizing(4) may
dependuponthe choiceof the mamginals.In EmbrechtsandPuccetti(2004),how-
ever, animprovedboundfor theVaRis provided.Figure5 illustratesthe optimum
valuesfor uniform portfolios.

12



Fig. 5. Rangefor for a standarduniform portfolio. Togethemwith
the independencand comonotonicscenariowe plot the worst-casevalue which
differsfrom thelower bound givenby (2).

4 Evaluating risk through comonotonicity

In the following, we shaw thatthe assumptiorof comonotonicityamongthe s
may leadto a prudentevaluationof therisk associatedavith the aggreateposition

__ . Tothispurposewe rst illustratethatsuchkind of dependenckadsto the
more dangerousscenariowith respectto both stop-lossand supermodulaorder
Then,introducinga new optimizationapproachwe shav thatcomonotonicityalso
arisesasa suitabledependencassumptionn a VaR context.

4.1 Stodasticorders andcomonotonicity

In this sectionwe provide somemotivationfor the assumptiorof comonotonicity
amongrisks basedon stochastiorders.We referthereaderto Rolskietal. (1999,
Def. 3.2.1(b))andBauerle(1997,Def. 2.1) for the de nitions of stop-lossandsu-
permodularordet respectrely. In this framework, we give a relevant application
for actuarialmathematicsThe next theoremstateshatcomonotonicityrepresents
theworstpossibledependencscenariovith respecto bothsuchorders.

Theorem 13 Let __ be a -dimensionalrandomvector hav-
ing maminal distributions andcopula . Let be a non-
deceasingsupermodulafunction.Then

(@) _ —
(b)) _ _

Proof Asnotedin Muller(1997),part(a)followsfrom Theorenb in Tchen(1980).
Since __ __holdsif andonly if _ __ holdsfor
all non-decreasingorvex functions for which expectationsxists, to

13



prove part(b) it is sufcient to shawv thatfor suchafunction thefunction is
supermodularThis follows from Lemmaz2.2(b)in Bauerle(1997).

Remark 14 NotethatTheoreml3 (b) appliesto alarge classof interestingfunc-
tionals, including , Wherethe 's are non-decreasingsee
alsoMiller (1997))and for non-decreasingndcorvex; see
MarshallandOlkin (1979,pp. 150-155)We wantto pointoutthatTheoreml3 (b)
doesnot apply to (4) sincethe indicator function of the set  __ is not
supermodular

Consideragaina portfolio of risks__ . In insurancanathematics

if __ istobeinsuredwith aretentionevel ,thenetpremium _ is

calledthestop-losgpremium A stop-losgpremiumis determinedncetheretention
andthemultivariatedf of __ aregiven.Hencewe set

(13)

Accordingto Muller andStoyan (2002, Theoreml.5.7),part(b) of Theoreml13is
equialentto

(14)
for all non-decreasingupermodularfunctions , real retention and arbitrary
dimension . Hence is maximizedover  whenthe x ed

mauginals of the portfolio have a comonotonigoint distribution, provided that

is a non-decreasingupermodulafunction. It is remarkableto note that this so-

lution is not uniquepointwise.In Figure 6 (right) we plot the densityof a df on
which, thoughdiffering from comonotonicity(left), maximizes

over .However, istheonlydependencstructureghatattains(13)for all real

retentions .

Fig. 6. Densitiesof two-dimensionaldistributions obtainedby comonotonicdependence
(left) andby maximizing over (right).

14
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Fig. 7. Rangefor underdifferentdependencecenariodor a standard
uniform portfolio.

4.2 Changingthe optimizationapproad in the VaR problem

An insurancecompary holdingtherisky position _ knows, from Theorenb,
thatvVaR  __ , for all . This inequality
may however fail to yield the most usefulinformation. Therefore,recalling the
de nition of the family of copulasreachingthe above level |, i.e.

, two quite naturalconditionstheinsurermay askto
besatis edare

(@) , I.e. theaboveboundis sharp,
(b) doesnot dependon , i.e. the worst scenariofor the insurancecompany
doesnotdependuponthe parameter chosenfor aggregaterisk evaluation.

In the previoussectionsve shavedthat(a) holdsonly in thetwo-dimensionatase,
while (b) is violatedevenwhen . Ouraim hereis to changethe optimization
approaclsothatthe solutionssatisfyconditions(a) and(b). In orderto do this, we
de ne theworst-casé/aR scenaricover a suitablerangefor thethreshold , rather
thanon asinglevalue.Figure7 explainshow thatcanbedone.

In this graphwe plot for differentvaluesof in caseof
two uniform maginalstogethemwith the best-possibléower bound andthe
comonotonicurve . Asaconsequencef Theorem?, everycopula

givesalower boundthatmeetsthe curve atthe correspondinghreshold
andthenbecome®ne.Theintuition behindthis plot is thatthe comonotoniacop-
ula,thoughnever meetingthe bound , Is closerto it thanary othercopulaon
average.

This ideacannow be formalizedby introducinga lossfunction to measurghe
errorcommittedby evaluatingtherisky positionusinga x edcopula rather
thanthe appropriatavorst-possiblestructureof dependencalVe thenintegratethe
lossfunction over a suitableset andwe searchfor thein mum over the class
of all -copulasForacopula | let . We

15



thende ne

(15)
for somenon-decreasingveightingfunction . Let denote
the setof copulasleadingto (15). To focusour attention,we choose
and , theidentity function.

Theorem 15 Let and . Then,for everyreal threshold and
non-deceasingsupermodulafunction satisfying _ , wehavethat
Proof Let — . Notethat— depend®nly onthe x edmamginals,
sowe obtain

wherethe last stepis obtainedsince _ can be positive at most for

countablymary valuesof , sothatthelasttwo integralscontainedn the braclets
arethe same.Finally, recallingthat _ _ it

followsthat

Since __is nite, (14) nally impliesthat . If theintegral

, trivially

Remark 16 It is importantto obsenre that Theorem15 holdsfor semi-in nite in-
tervals.In fact,if we x atrivial interval consistingof a singlepoint, we go backto
the original VaR problemand,in thatcase, doesnotleadto the worst-possible
scenario.

Remark 17 For the above theorem the only relevantportfolios are
thosefor which  — is nite. In Proposition21 in the Appendixwe shawv
thatthis technicalconditionis satis edfor all mamginal distributionsof interest.

16



ThemainissueunderlyingTheoreml5is that,evenif thecomonotoniaependence
structuredoesnot leadto the worst-casescenaridor the original VaR problem,if
an insurancecompary wantsto bound for all thresholdsin

in the senseale ned by (15), comonotonicityprovidesa prudentevaluation
for theaggreaterisk. We illustratethis concepin thefollowing example.

Example 18 Let for and ,
. By Remark14 andProposition21, and
are supermodulaand satisfy _ : . Figure 8 illustrates
the distribution functions : in the caseof independent,
comonotonicand -dependenmarginalsfor (left), (right),

togethemwith the worst-casalistribution.

1 T — . 1 T T T ST o=
LS P )'}/
e S o
0.8 i / q 08 Pt /
/// 12 // ; // ///'
06 ,' / 4 061 //, ’//
0.4—” / 1 04 ,/// // J
/ /
0.2 / — — — comonotonicity | 1 0.2*// / — — — comonotonicity | 1
/ worst case n / worst case
— — independence / — — independence
C, g3 Scenario C 79 SCENario
% 2 4 & & 10 12 14 15 18 %z 4 s & 10 12 14 15 15
Fig. 8. Rangefor (left) and (right)
for anindependentgomonotonic, -and -dependent, -portfolio.
In Table 1, we evaluate for ~and on someupperintervals of

interestObsene thatthecomonotonicopulaalwaysleadto the minimal valuesof
theaboveintegral,in accordancevith Theoreml5.

Tablel
Valuesfor for ,

17



Thenext theoremyields someinsightinto a possibleextensionof Theoreml5 for
generallossfunctions , i.e. every increasingcorvex function
satisfying

Theorem 19 Consider__ with marginal distributions
andlet beasin Theoem 15 with - . Thenthere exists
~ sud thatfor all lossfunctions :

(16)

for every , Whee
and onsomeinterval
Proof Theoreml5yields for all . Thelatter
integralsare nite since . Denotewith and theBorel
setson andthe Lebesguemeasurerespectiely. Applying Chong (1974,
Theoreml.6, Theorem2.1 andCorollary 1.2) to and , With and
, (16) is equivalentwith

(17)
for all .Bydenition, _  and on implying
. Assumenow _ andlet _ . Choosing _ in
(17) we have that

which concludeghe proof.

With respectto a copula andary lossfunction , comonotonicityis hencea

suitableextremedependencscenaricon . Notethat,for acopula ,theset
in thede nition of _  maybeemptyandhence_ arbitrarily small. On the other
hand,since __ _ ,wehavethat if thetwo dfs cross nitely

mary times.Unfortunatelyin general, and maybecomaearbitrarylarge. For
instancejf the function is unboundedRischendor{1981, Theoremb) yields

18



the existenceof acopula dependingon , andthe mamginals such
that

where,in general, implying B . Analogouslythereexist
dependencstructuredeadingto _ . We thereforeconcludethat
an extensionof Theoreml5 to generallossfunctionalscanonly exist for suitable
subclassesf

5 The Presencef Information

From a mathematicapoint of view, the no-informationassumptiorseemsto be
unsatiséctory since,for , is nota copulaandthe bound(2) fails to be
sharp.However, we wantto warnthe readerfrom choosingtoo lightly somea pri-
ori assumptiorsuchas ; suchachoicemayleadto a critical undenaluation
of theportfolio risk. Theassumption , for instancecorrespond$o so-called
positive lower orthant dependentisks, seeNelsen(1999, Def. 5.6.1.). Unfortu-
nately restrictingthe optimizationto the class substantiallychangeshe
initial problem,sinceit doesnot allow to focus on riskier portfolios, aslong as
- — . Thisisaconsequencef thefactthatthe componentwis@rderingin
theclass is not completeand,putting a lower boundon a copula,excludesall
copulasnot comparablego suchbound.To highlight this point, obsere thatevery
copulain  is shufed with countermonotonicitandhenceit is not comparable
with theindependencscenario.

6 Conclusions

In this paperwe focuson the copuladeadingto the worst-possible/aR for afunc-
tion of dependentisks andwe emphasizeéhat comonotonicitydoesnot lie in this
family. Suchworst-casescenarioslependuponthelevel wheretheVaRis evalu-
atedandthereforemaynotbereasonablérom a practicalpoint of view. Moreover,
thesesolutionsare known only for two-dimensionaportfolios or in the presence
of partialinformation.Theinvestigationof optimalboundsn arbitrarydimensions
with no prior informationremainsopen.Therefore we provide an alternatve ap-
proachsupportingheassumptiorof comonotonicityin a prudentevaluationof the
guantilesof theaggreyateposition.
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Appendix The operator

In this sectionwe extenda claim of Denuitetal. (1999,p. 37) by shawving thatthe
operator

with , for x ed , Is actually
theleft-continuousrersionof a df.

Proposition 20 For non-deceasing there existsa randomvariable
sud that

Proof Since isnon-decreasing eachcomponent,
is anon-decreasinfunction.Hence we have to show thatit is alsoleft-continuous
andthatits right andleft limits corverge to oneandzero,respectiely. To prove

that , we X andde ne asa vector
satisfying

Theexistenceof suchavectoris straightforvard,since arenon-defectre
dfs. By de nition, thefunction is non-decreasingndits right limit is either

nite orin nite. Supposet is nite. For everyreal , it followsthat

whichimplies for all
Therefore , Which contradicts having asits range.Hence
andit is alwayspossibleto selectareal , dependingnly on , suchthat
implying -.
For we alsoobtainthat
and,since is non-decreasing, for every
Hencetherightlimit cornvergesto one.Similarly, for theleft limit, we x and
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choose satisfying : for which
.Itisalwayspossibldo selectareal ,dependingnlyon ,suchthat
and

Let now for some and
- for all . Then

(18)

If ~,then andhence

(19)

From (18) and (19) we have that . Since IS non-decreasing,
for all andtheleft limit goesto zero.

It remainsto show that is left-continuous For non-decreasinfunctions

left-continuity is equialentto lower-semicontinuity By Rudin (1974,
p. 39), the supremunof ary collectionof lower-semicontinuougunctionis lower
semicontinuoudt is thereforesufcient to shav that

is left-continuousin  for every . By uniform continuity of , left-
continuityandnon-decreasingnesé , andnon-decreasingness , the
problemis reducedo shawving that is left-continuousBY de nition,
is non-decreasingndhencefor everyreal , thereexists
Assumenow that is not left-continuousThenthereexists ~ with

. Let be nite (otherwisethereis nothingto prove). Then,for arbi-

trary positve , we have

andhence wheneer , it follows that . Since is
arbitrary it followsthat , contradictinghefactthat
for every

which concludeghe proof.
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In the following proposition,we show that, undersuitableassumptionsthe rv
has nite expectation.

Proposition21 Let _  haveincreasing continuousmarginals :

be non-deceasingcontinuousandincreasingin thelastargumentThen,
for  asin Proposition20, - for all if
andonly if

Proof A randonwvariable withdf hasnite expectationf andonly if
and , Whichis equivalentto for all .We
thereforehave to show thatfor all

if andonly if _ (20)
By thede nition of — , we have thatfor :

andhence€’only if” immediatelyfollows.

Assumenow thattherhsof (20) holdsandlet beuniformly distributedon
By Dhaeneetal. (2002, Theorem?2) we have that

where , . Underthe assumptionef
thetheorem, is continuousand . We canwrite

B B (21)
Choosing in (21) andsince isincreas-
ing in thelastagument, . Integrating,we nally obtain:
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