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1. Consider the function

fl)=e*" —20  forzeR.

a) Determine the linearization of f(z) in zy = 1. 3 points
b) Determine the range of f(z). 2 points

c) Let F'(x) be the solution of the initial value problem

F'(x) = f()
F(0) = 2.

Is £'(1) bigger or smaller than 2? You do not have to compute F'(z).
Do not forget to justify your solution. 3 points

2. a) Determine the general solution of the differential equation

y" — 2y +5y=8e"".

4 points
b) Solve the initial value problem
2y’ =y* +3, y(0)=2.
4 points
3. Consider the matrix
1 2 21
A=12 6 6 6
001 2
a) Is the system
1
A7 =10
0
solvable? If yes, determine a special solution.
If no, explain why no solution exists. 3 points
b) Determine a basis of the solution set of the matrix equation AZ = 0. 3 points
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c) What is the dimension of the space of vectors ¥, for which the matrix
equation AZ = v is solvable?

4. Consider the function
flz,y) =2 +2y° = 3> + 1 for (z,y) € R%.

a) Determine and classify the critical points of f (as local maximum, local
minimum or saddle point).

b) We consider the composition f(x(t),y(t)) of f(z,y) with the following
parametrization of the unit circle:

{m(t) = cost

for t € |0, 27].
y(t) = sint | ]

Determine the derivative of this composition for ¢t = 7.

c) Let F = grad(f). Determine the line integral of the vector field F' along
the quarter circle parametrized by

{x(t) = cost

fort € |0, %].
y(t) = sint 0,51

5. The plane with the equation y = 2z intersects the solid straight circular cylinder
{(z,y,2) € R® | 2* + y* < 4} in a surface S.

a) Parametrize S using cylindrical coordinates.
b) Determine the area of S.

c) Using Stokes Theorem, determine the work ¢, F - d7 done by the vector
field
F(z,y,z) = | 2zz for (x,y,z) € R?,
x

when going once around S along the boundary curve C' of S in positive
direction, when observed from above.
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points

points

points
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6. Consider the following vector field
= Yy— wzf_y2
F Y - Y
(z,y) (m L s )
which is defined for (x,y) € R?\ {(0,0)}.

a) Is F a gradient field on the first quadrant 3 points

Q= {(x,y) ER2‘x,y>O}?

Yes: No:

Justification:

b) Is F a gradient field on R2\ {(0,0)}? 3 points
Yes: No:

Justification:
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For exercises 7-31: Each question gives two points. Wrong or multiple answers give
zero points. Only answers on the answer sheet count.

7. Consider the twice differentiable function f with the following graph. Choose the
correct statement:

—
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9. Let g(y) be the inverse of the function
y=f(z) =2+ et -1,
What is the value of the derivative of g at the point y = f(0) = 17

(@) ¢'(1) = =5 (c) g(1) = -
10. Determine the number of zeros of the function f(x) = 2¢* — x — 2 for z € R.
(a) 0 (b) 1 (c) 2 (d) 3

11. What is the value of the derivative of the function

s = [ a4+ ) dt

in the origin?
(a) f(0)=0 (c) f'(0) =14
(b) f(0) =2 (d) f(0) =38

12. Which of the following statements about the function
fla) = ot 4+

on the interval [—1,0] is true?

(a) [ attains on [—1,0] its global minimum in the point z = —3.
(b) f attains on [—1,0] its global minimum in the point z = —3.
(c) f attains on [—1,0] its global maximum in the point z = —2.
(d) f attains on [—1,0] its global maximum in the point 2 = —3.
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13. The zeros of the polynomial p(\) = \* + 81 are:

(a) —3,3,—31,3i (c) —9,9,—9i,9i
(b) 3¢, 3eiT, 3ei T, 31T (d) 9¢'T, 9¢tF 9¢i T, 9t T
2200
) 11 4 1 0.
14. The determinant of the matrix 9 2 3 1 is
1 300
(a) —4. (b) —1. (c) 1. (d) 4.

15. Which equation characterizes the plane in R3, which goes through the point
(1,0,—1) and is orthogonal to the vector (6,5,4)?

(@) z+2y+32=0 (c) 6z +5y+42=0
(b) 2 +2y+32=-2 (d) 62+ 5y+42=2

16. For which value of the parameter ¢ € R does the matrix

c 1
A=1|-1 0
T 2

0
0

w

have at least one eigenvalue, which is not real?
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17. We consider the initial value problem
- - . 1
0 = a0, 70 - ().

where the coefficient matrix A is real and 3¢ — 4 is an eigenvalue of A. Which of
the following statements about the solution 7(t) of this IVP is true?

(a) |y(t)| stays for sufficiently large ¢ always bigger than 10.
(b) |
(c) |
(d) |

t)| stays for sufficiently large ¢ always smaller than %0.

1

)
t)| stays always constant equal to v/2.
t)| oscillates between values bigger than 10 and smaller than 3.

y(
y(
d) 15(

18. What is the value of the solution of the following initial value problem at time

= 2o [(—Ale 4+t L (1

0= (), - ()
@ =~ @ =,
® = (") @ = (7

19. Which integral computes the arc length of the helix with polar equation

r=0*, 0<6<37?

(a) /03 N (c) /09 0v/9 — 0 do
(b) /03 02\/0% + 4 do (d) /: 6\/9 0 df
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20. Which picture shows the graph of the function

flay)=e¥7

21. For which value of the parameter b does the equation
20+ by + 3z =11
describe the tangent plane of the graph of the function
flz,y) =4—y1+a2+y?
at the point (xg, y0) = (2,—2)?

=—4 (c) b=3
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22. The following picture shows the level sets of a function f : R? — R.
Y

]
L]
8

Which of the following functions has level sets as in the picture?

(@) flx,y) = |=| + |y (c) f(z,y) =z +yl+]z -yl
(b) f(x,y) = |z| - |yl (d) f(z,y) =z +y| - |z -y

23. The lemiscate y*(1 — y?) = x? can be described...
a) near the point (1,0) as a graph of a function in z.

b) near the point (1,0) as a graph of a function in y.

( (
(b) (1,0)
(c) near the point (0,1) as a graph of a function in x.
(d) (0,1)

0
d) near the point (0,1) as a graph of a function in y.
24. What is the coefficent ¢ in the quadratic Taylor polynom

132 2

1+x—y+cxy+?+%
of the function f(z,y) = €Y at the point (0,0)?
(a) c=—-1 (b) c=—3 (c) c=1 (d) c=2
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25. For which of the following differential equations is the function

f(t,x) = cos(x — 3t) + "3

a solution?
(a) ftt_?)fm =0 (C) ftt_gfxmzo
(b) fu+3fa=0 (d) fie +9fer =0

26. Which expression computes the integral of an arbitrary integrable function f(x,y)
over the domain B showed in the picture?

1
1
! AN

2 T

@ [ [ sy @ [ [ syayar
©) [ [ ) dedy @ [ [ s yydray

27. Which integral is in general equal to

/Oﬂ/oxf(x,y)dydx?

T V2
(a) /4 /COSQ rf(rcos@,rsind)drdo.
o Jo

T2
(b) / /\f rf(rcos@,rsind)drdb.
0 2

g )/56
(c) /2 /Sm rf(rcos@,rsind)drdo.
= Jo

o2
(d) ﬂf /\/5 rf(rcos@,rsind)drdd.

4 Y cos@

10
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28. Which of the following equations is satisfied by the surface parametrized by

14 ucost
M(u,t) = | —1+wusint |, foru>0,0<t<2r7?
In(u? + 1)
(@) (@+ 1)+ (y—1)2=e"" (€) V@ —12+(y+1)2=e—1.
(b) (95—1)2+(?/+1)2:62_1- (d) \/($_|_1>2_|_(y_1)2:€z71.

29. The three-dimensional domain V is described in cartesian coordinates by the
following inequalities:

2< 2’ +yt+27 <4, <P+

Which of the following inequalities describes V' in spherical coordinates?

() 2<p<4, T<p<T, 0<d<om
3

() 2<p<4, T<p<—, 0<f<2r

() v2<p<2, %Ss@ég, 0<6<2r
3

(d) VZ<p<2, J<p<Th, 0<d<2r

11
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30. Which picture shows the vector field
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31. Let S be the square with boundary curve C' as shown in the picture.
y

95 =C

—1

Let ﬁa be the a-dependent vector field

= [ —4dry -2y

Fa(xvy) - ( 20,(3]7 _ y> > :
For which a is the work of F, along the curve C' in counter-clockwise direction
equal to 47 That is, for which a is ¢, F,, « di" = 47

(a) a (c) a
(b) a (d) a

[N ST
N[—= O

13



