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1. INTRODUCTION

In this appendix we show how, given a group homomorphism 7 :
GG1 — G,, boundary maps can be used to implement contravariance in
bounded continuous cohomology

m* HE (Ga) — He (Gh).

To illustrate the issues involved, let us consider for example the typ-
ical situation of the study of a representation of a discrete group I’
into, say, a semisimple Lie group . On the one hand, associated
to every representation w : I' — (G, we have the natural pullback
7 : HY (G) — Hy(T') in bounded cohomology which leads to useful
invariant. On the other hand, the fundamental fact that bounded coho-
mology can be realized as L>°-cocycles on a boundary ([3, §1]), suggests
the following construction: if (B, v) is an amenable ['-space — for exam-
ple a Poisson boundary of an étalée measure on I'" — following Fursten-
berg, we have an equivariant measurable map ¢ : B — M (G/P) into
the space of probability measures on G/ P, where we can take P to be
a minimal parabolic subgroup. For the sake of the illustration we can
even assume that ¢ : B — G/P. Now it is natural to use the resolution
L>*((G/P)*®) by essentially bounded cocycles on (G/P)® to represent
the bounded cohomology of GG, and to try to implement the pullback
7* by precomposition with ¢* : B®* — (G/P)*. However because L>
spaces consist of equivalence classes of functions rather than functions
— this does not provide a well defined map L>((G/P)*) — L*(B*),
unless the pushforward measure ¢, () on GG/ P is absolutely continuous
with respect to the Lebesgue measure. The proof of this last property
however is one of the difficult points in many rigidity questions, and
therefore cannot be seriously used as an assumption. To circumvent
this problem, we are guided by the fact that all bounded cohomology
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classes of “geometric” origin are represented by bounded Borel mea-
surable strict invariant cocycles on flag manifolds, which can therefore
be precomposed with ¢°.

In this paper we formalize this situation in general, and we prove
that the resolution of bounded measurable functions on a measurable
space has the necessary properties which allows us to implement in a
very concrete way — via precomposition with (* though in a canonical
way — the pullback of any class which can be represented by a bounded
Borel measurable strict invariant cocycle. This leads in particular to
geometrically meaningful formulae, representing bounded characteris-
tic classes. These general results are being applied to rigidity theory,
especially the study of group actions on complex hyperbolic spaces in
[1] and [2], and are also used in the recent work of Monod and Shalom
on orbit equivalence ([9] and [10]). We refer to [6] for an illustration of
these techniques in a new proof of Milnor-Wood’s inequality ([8], [12])
and Matsumoto’s theorem [7] on the Euler number rigidity of actions
of surface groups by homeomorphisms of the circle.

2. MORE ON CONTRAVARIANCE

Let G;, i = 1,2, be groups which are either discrete or locally com-
pact second countable. Some of the contravariance properties of the
continuous bounded cohomology with respect to a continuous homo-
morphism 7 : G; — G2 have already been mentioned in [3, § 1.5 (and
§ 2.4)]; here we need to collect more results which we shall apply in § 3
to specific situations of interest. For ease of reference, we start recall-
ing the definition of the pullback map 7* : H% (G2, E) — H2 (G1, E)
induced in cohomology. To avoid heavy notation, we use here 7* for
the map that in [3, § 1.5] was denoted by HY (7, £), where (p, E) is a
coefficient Go-module. Analogously, the corresponding map in degree
n will be denoted by 7. We start recording the following obvious
fact:

REMARK 2.1. Let G any group and F, be a complex of G-modules.
For any subgroup H < G, the natural injection i* : EY — EH is a
morphism of complexes which induces a map in cohomology

i*: H*(EY) — H*(EH).

Recall now that if 7 : G; — G is any homomorphism as above, any
coefficient Go-module (p, £) can be viewed as a coefficient Gi-module
(m*p, E) via 7: as such, we have an inclusion § : Cq, E' — Cg, F/, which
we can think of as an inclusion of GGi-modules. As the above observation
holds for Banach Ga-modules in general, we can say analogously that,
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if Cy is any strong Gs-resolution for Cg, F, then Cg,Cy can be thought
of as a strong (in fact, even admissible) G-resolution of the Gi-module
Co, E. Let now A, be a relatively injective resolution of the Gi-module
Cq, E. By [3, Proposition 1.5.2] applied to the inclusion of Gy-modules
0:Cq,F — Cg, E, we obtain a Gi-morphism of resolutions Cg, Foe —
A, which is unique up to homotopy and induces a map in cohomology
§* : H*(CT@Vy — H*(AS) (observe that obviously Cg,Ca'@ = C91).
However because Cy is a Ga-resolution of Cq, F, and as observed in
Remark 2.1, we have a map in cohomology i* : H*(CS2) — H*(CF“).
Hence we can define a map 7® by composition

(1) H*(ASY) < o (07 (@)

S

H*(C3?).

If now A, and C, had been chosen to be strong resolutions — of Cq, E
and Cg, FE respectively — via relatively injective modules, we would
have the usual canonical isomorphisms H*(A$") ~ H® (G, F) and
H*(CSE?) ~ H% (Gy, E), so that we could define the pullback 7 as

the composition

H(.:b(Gli E) é H'(A.Gl) <L HQ(C:T(Gl))

H*(C3?)

T:

H(.:b(G2: E) :

PROPOSITION 2.2. Let 7 : G; — (Go be a continuous homomorphism
of either discrete or locally compact second countable groups, and let
(p, E) be a coefficient Go-module. Let C, and D, be strong resolu-
tions of I by Ge-modules and let a® : Cg,De — Cg,Ces be a Gs-
morphism. Then, for any resolution A, of (7*p, E) by relatively in-
jective G'i-modules, the diagram in cohomology

He(AS) < He (D)

T

H*(C3)
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is commutative, where ©* is the map induced in cohomology by the
homomorphism 7, and v* is the map induced in cohomology by any
G1-morphism of complexes Cg,De — Ao extending the inclusion of
G1-morphisms Cq, Fl — E.

REMARK 2.3. Notice that it would have sufficed, in the statement of
Proposition 2.2, to require that C'y and D, are strong resolutions of
Ca, E. Moreover, The existence in Proposition 2.2 of the Gy-morphism
a® : Cg,De — Cg,C, is automatically verified if Cy is a resolution by
relatively injective modules (see also [3, Remark 1.4.3]).

Proof. We have observed already that both Cq,Cs and Cg,De can be
viewed as strong resolutions of the GG;-module (7*p, E'). Then, applying
again twice [3, Proposition 1.5.2] with G = G4, F, = A, and with F, =
C, first, and then F, = D,, we obtain that there are G;-morphisms
of resolutions ¢* : Cq,Cy — As and (° : Cq, Dy — A, which extend
the inclusion Cg, ' — FE (of Gi-morphisms), are unique up to G-
homotopy and induce canonical maps in cohomology

He (05(0) ="~ H*(49")
and
(2) He(DFCE)) 1 (4G .

But now the map a® : Cg,De — Cg,C, can be thought of as a G-
morphism of Gi-resolutions (via 7), hence giving a Gi-morphism of
(G1-complexes

Co, De—2>Ce, Co—>> A,
which induces in cohomology the map 7 in (2). Hence we have a
diagram of G1-morphisms

Ao <"1 ¢q, D,

RN

Cq,C .
so that, by [3, Proposition 1.5.2], the diagram in cohomology

3) He (AS1) <" He(DF )

commutes.
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Applying now Remark 2.1 to H = 7n(G1) and G = Gy, we have that
the diagram

D:"(Gl) <—)D?2

a-l la.

O3 07

commutes and hence induces a commutative diagram in cohomology.
Putting this together with (2), and recalling the definition of 7* given
in (1), we have the commutativity of the diagram

H*(C?) .

from which the assertion follows with v* =~} 0 4°. U

3. RESOLUTIONS FROM MEASURABLE ACTIONS

Let X be a measurable space, that is a set with a o-algebra of subsets,
and let £ be the dual of a separable Banach space £ with ground field
K. We say that a map f : X" — F is weak-s-measurable, if the
evaluation function =z — (f(z),v) from X" to K is measurable for
every v € E°. Define the vector space

B(X"E)={f:X"— E: fis weak-*-measurable } .
It is straightforward to verify that if || f|| := sup,cxn || f(2)| £, then
BX(X", E) ={f € BX", E) : |[f|| <oc}

is a Banach space.

Now let G be either a discrete or a locally compact second count-
able group acting measurably on the space X, that is assume that
the action a : G x X — X is measurable when G is equipped with
the o-algebra of the Haar measurable sets. We assume that F is a
coefficient G-module so that the space B>(X", E) is itself a Banach
G-module (see [3, § 1.1]). Let d,, : B*(X", E) — B*(X"" F), n>1
be the standard homogeneous coboundary operator d,, f(xo, ..., z,) =
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S (=1 f(xo, ... Tiy. .. ), and let dy : E — B>*(X, E) be the
inclusion.

Our goal is to show that the complex B*(X*, F) is a strong resolu-
tion of E. In order to do this we need to define homotopy operators;
if u is a probability measure on X, and f € B® (X" E), for n > 0,
the map h, f : X™ — E defined by

(4) hnf: (x1,...,2,) — /X fxo,z1, ..., ) dp(zo)

is weak-*-measurable and ||, f|| < ||f]], so that h,, defines an operator
h, : BX(X" E) — B*(X" E). It is also straightforward to verify
that for n > 0, d,h, + hpy1dygy = Idgeo(xnt1 g). For an appropriate
choice of the measure p on X, we have the desired:

PROPOSITION 3.1. The complex B>(X*, F) is a strong resolution of
E with homotopy operators defined in (4) with respect to the measure
p = a.(v ®46,), where v € M'(G) is a probability measure which is
absolutely continuous with respect to the left Haar measure, 0, is the
Dirac mass of a base point p € X, and a denotes the pushforward of
measures via the action map a.

Proof. Let A denote, as usual, the action of G on B¥(X", ), namely
N9 f(@n, .o x) = p(9) flg7 2, ... g7 ay) for f e BX(X™ E), (see
(3, § 1.3]). It remains to be verified that, for n > 0, the homotopy
operator h, sends continuous vectors in B¥(X"*1 F) to continuous
vectors in B>®(X", F). Let dv(h) = ¢ (h)dh, where dh is the left Haar
measure on G, ¢ € L'(G), ¥ > 0, and [, (h)dh = 1. Let f €

CB>(X"*!, E) be a continuous vector. For every v € E” we compute
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(Ap(g)_lhnf(:c17 cen @), 0y — (hyp f(z1, ... xy), 0)
= [ oy .o gm0y

—/G(f(hp, T1y- s 2), V)Y (R)dR
= /G (m(9) " f(ghp, gz1, . . ., g2n), v)(gh)dh
_/G<f(hp, 1, @), 0)(h)dh
_ /G<71(g)1f(ghp,ga:1,...,ga:n) — f(hp,x1, ..., 2,),0)(gh)dh

+ [ (. ) o) () = ().
so that
|<)\p(g)’1hnf(:c1, cesp), 0y — (A f(x1, ..o ), 0)]
< IAol) T F=FIHI T+ LA o] /G|1/J(gh) — ¢(h)|dh,
and hence
IAo(9) " f = B I < I Ap(9) "1 f = FIl + (1S /G | (gh) — ¢ (h)|dh.
Since f is a continuous vector and G acts continuously on L'(G), we
conclude that h,, f is a continuous vector. (Il
COROLLARY 3.2. There is a canonical map
w®: H*(B*(X*, F)%)——=H? (G, E) .
That is, every bounded, measurable G-invariant cocycle ¢ : X" — E
determines canonically a class [c] € H% (G, E).

Proof. This follows from [3, Proposition 1.5.2] with F' = F, a: CE —
E the inclusion, F, = B>®(X*, F), and F, any strong resolution of £
by relatively injective G-modules. U

We draw one more consequence. Let X be a measurable space with a
measurable G-action and let @ # Z C X be a measurable G-invariant
subset; we consider Z endowed with the o-algebra of X restricted to
Z. The restriction map

R. :BOO(X.,E) — BOO(Z.’E)
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is a norm decreasing, G-morphism of complexes extending the identity.
Then Proposition 2.2 with 7 = Id, Dy = B*(X*, E/) and A, any strong
resolution of E by relatively injective modules, implies, together with
Proposition 3.1 and Corollary 3.2, the following:

COROLLARY 3.3. The diagram in cohomology
HE, (G, E) <— H* (B> (X*, E))

R.
|

H.(BOO(Z., E)G)
is commutative. ]

We need to introduce now one more morphism of complexes, the
existence of which does requires some additional structure. Namely, if
Y is any topological space, Proposition 3.1 implies that the complex
B>(Y*, E) is a strong resolution of E, once Y is equipped with its o-
algebra of Borel sets. Let Y be a compact metrizable space on which G
acts continuously, and let M!(Y") be the space of probability measures
with the weak topology; then M!(Y) is a compact metrizable space
on which G acts continuously. Our next goal is to construct a natural

morphism of G-complexes B®(Y*, E) — B*(M(Y)*, E) extend-
ing the identity £ — E. For this, the following lemma is crucial:

LEMMA 3.4. Let Y be a compact metrizable space. Then, for every
f € B*(Y,K), the evaluation map

ev(f): MY(Y)— K
poo=plf),

is a Borel measurable function.

Proof. 1t is enough to consider the case in which K = R. Let B>*(Y,R) =
Unsi B(Y, (=N, N)). Fix N € N and consider the class

By ={f € B(Y,(—N,N)) : ev(f) is Borel measurable} .

This class contains all continuous functions and, by the dominated con-
vergence theorem, is closed under pointwise convergence of sequences.
Hence By contains all Baire functions. Since (—N, N) is homeomorphic
to R and Y is metrizable, the Lebesgue-Hausdorff Theorem [11, The-
orem 3.1.36] implies that all Borel functions Y — (—N, N) are Baire
functions and hence By = B(Y, (=N, N)), which proves the lemma. [
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Let now f € B*(Y", E) and, for p, ..., pu, € MYY) define

en(F)(prs - ipin) = [ fns o un)dp(in) - - dp(yn) -

YTL
Evaluating on vectors in E’, the preceding lemma implies that the

map e,(f) : MYY)" — E is weak-x-measurable. Observe also that
lex ()l = |l f]l- The following is then a straightforward verification.

LEMMA 3.5. The map e, : B*(Y" E) — B*(MY)", E) gives an
isometric morphism of G-complexes extending the identity which, in
particular, restricts to e, : CB®(Y", E) — CB*(MY(Y)", E). O

Now we apply the results in § 2 to the specific resolutions we just
studied. Let m : G; — G5 be a continuous homomorphism as above,
(B,v) a Gi-measure space and X a (Gy-measurable space. We say
that a measurable map ¢ : B — X is a.e.-Gy-equivariant if p(gz) =
w(g)p(x) for all g € G and v-almost every x € B. It is plain that
any such map induces a norm decreasing morphism of G;-complexes
by precomposition

L2(B*, E)<2—B>(X* E) .
COROLLARY 3.6. Let w,¢, E and X be as above, and assume that
(B,v) is an amenable regular GGi-measure space. Then any a.e.-G1-

equivariant measurable map ¢ : B — X induces a commutative dia-
gram in cohomology

He,(G1, B) <—— H*(B*(X*, E)%)

e

H;b(G% E)

Proof. This is immediate from Proposition 2.2 and [3, Theorems 1 and
2] with Dy = B®(X*, F), Ae = L. (B*, E) and C, any strong resolu-
tion of (p, E) by relatively injective Go-modules (see Remark 2.3). O

Finally:

COROLLARY 3.7. Let ™ be a continuous homomorphism of discrete
or locally compact second countable groups, (p, E) a coefficient G-
module, Y a separable compact metrizable continuous Gy-space, (B, v)
an amenable regular G-space, and ¢ : B — M'(Y) a measurable
a.e.-G-equivariant map. Let ¢ : Y"' — E be a Borel measurable
Glo-invariant bounded cocycle, and [c] € HY, (Go, E) the associated co-
homology class. Then

(01,3 bug1) = @(b1) ® - @ (bpt1)(c)
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defines an element in L (B™*, E) which represents the class 7™ ([c]) €

Proof. According to Corollary 3.2, there is a canonical map
w®: HY(B>(Y*, E)2) — H, (G, ).

The assertion will then follow from the commutativity of the following
diagram:

He,(G1, B) <2— Ho(B(M(Y)*, B)%) <“— H*(B>(Y*, E)%?)

\ lld' /

H:b(G% E)

The commutativity of the diagram on the left follows from Corol-
lary 3.6 with X = M!(Y). The commutativity of the diagram on
the right follows from Proposition 2.2 with 7 = Id, G; = G5, Cy =
B>*(MYY)*, E), Dy = B>*(Y*, F) and, finally, a® = e, as defined in
Lemma 3.5. 0

REMARK 3.8. Just like in § 1.7, one can replace the complex B> (X*, F)

with the subcomplex B, (X®, E) of alternating measurable bounded
cochains, and all of the above results hold true verbatim.

4. AN ILLUSTRATION

Let X be a proper CAT(—1)-space, G2 < Iso(X) a closed subgroup,
E a coefficient Go-module, and

c: X(0)? = B
a Borel measurable, alternating, bounded, Gs-invariant cocycle. Let 7 :
(GG1 — G4 be a continuous homomorphism, where (G is locally compact
second countable or discrete. Our objective is to give some natural
sufficient conditions implying that the class 7 ([¢]) € H2, (G4, F) does

not vanish. Given any set S, we denote by C3(S) the subset of S?
consisting of distinct triples.

PROPOSITION 4.1. Assume that E is separable, c is weak-x-continuous
on C3(X(00)), and let L,y C X(oo) be the limit set of 7(G).
(1) If |z, s, is not identically zero, then 7@ ([c]) # 0;

(2) Assume that G is compactly generated. Then, for the Gromov
norm of 7 ([c]) we have

IT@ ([l = | max le(€r, & &)l -

§1,62,63€Lx
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Proof. We first prove (2). We distinguish two cases.

(a) Assume that 7(Gy) is elementary. Set L := w(G). Either L is
compact, and hence H? (L, E) = 0, which implies in particular that
the restriction of ¢ to L vanishes in H? (L, E), so that 7@ ([¢]) = 0;
since Lr@,) = @, this proves the equality. Or ‘ﬁw(gl)} # @ and it
consists of at most two points; since c is alternating, its restriction to
(Lr(cy))? 1s identically zero; Corollary 3.3 applied to Z = L (g, implies
then that the restriction of ¢ to L vanishes, hence 7®([c]) = 0, which
proves the equality.

(b) Assume that 7(G1) is not elementary. Let G7<G} be the finite index
subgroup given by [3, Theorem 6], 7, the restriction of 7 to G7, and
Ly the limit set of 7,(G7). Since G7 is of finite index in (1, we have
ﬁ,r(c,w{) = Lr(a,)- Moreover, since the restriction map gives an isometric
embedding H?, (G1, E) — Hgb( 1, E) (see [3, Proposition 2.4.1]), we
have that [|7¢2([d]))]| = |7@([e ])||. Let now (B, v) be a doubly Xr-
ergodic, regular, amenable Gj-space (see Theorem 6). Since 7,(G7)
is non-elementary, there is an equivariant measurable map ¢ : B —
L@ [5]; it follows from Corollary 3.7 that the map (b1,bs,b3) +—

c(p(br), p(ba), p(b3)) is a representative of 752)([0]) and, from double
X*P-ergodicity,

||7T§2)([c})||=esssumeg le(p (b1, 0 (b2), @(bs)]]
= ESSSUD¢c(L || (1,62, 83

where now (Lrc:))? is equipped with the measure ©,(v)? = ¢.(v) ®
©.(v) ® p.(v). Since by hypothesis ¢ is continuous on C3(Lr(qr)) and
vanishes on its complement, we have that

€SS SUDPg¢, e w(g* || (51,52753)|| < sup ||C(€17€2;§3)H — b,
(€1,62,€3)€Cs(Lr (1))

and we may assume that b > 0. On the other hand, let ¢ > 0 be
such that b — e > 0, and let (&1,82,&3) € C3(Lrar)) and v € E’ with
|lv|| = 1 be such that (c(&1, &2, &3),v) > b—e. Then the set S of triples
(m,m2,n3) with (c(n1,12,7m3),v) > b — ¢ is an open nonvoid set, and
hence of positive ¢, (v)*-measure, since supp(p,(v)®) = Lr(gr). Hence
we also have that [|c(n1,m2,73)|| > b — e on S., which implies that
esssup ||c(&1, &2, &3)|| > b — € and hence is equal to b.

We now prove (1). Since c is alternating, it vanishes on (Lxa))®
C3(‘C7r(G* ) hence the set V = {(51962753) € ( w(GY) ) (51) 52753 7é 0}
is open and, by hypothesis, nonvoid. Write G; as the union UQe Q.
where () ranges in the family F of all compactly generated subgroups
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of Gy. Tt is plain that the union g, Lr(q) of the limit sets of 7(Q) is
dense in L(gr) and hence there is Q € F with (L)’ NV # @. Part
(2) of the Proposition allows us to conclude. O

In order to illustrate Proposition 4.1, we present an immediate appli-
cation to groups acting non-elementarily on the real hyperbolic plane
H%. Recall that (see [4]) in degree two, if H is a continuous irreducible
unitary representation of PSL(2,R), we have

1 £ 1 is soherical
dim HZ (PSL(2, R), H) = if # is spherica
0 otherwise .

COROLLARY 4.2. Let m : I' — PSL(2,R) be a homomorphism with
non-elementary image. Then for any spherical representation H, the
map

7@ H% (PSL(2,R), H) — H3(I', H)
is injective.

Proof. Tt is shown in [4] that a generator of H2 (PSL(2,R), H) can be
explicitly described by an alternating, weak--continuous PSL(2, R)-
invariant cocycle

w: Hg(c0)® — H,
such that for every distinct triple (z,y, 2) € C3(H%(00)), w(z,y, 2) # 0.

Since by hypothesis the limit set of x(I") contains at least 3 points,
Proposition 4.1 enables us to conclude. 0
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