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Abstract

English

In this work, we indroduce a property for automorphism groups of locally finite trees,
which we call the Independence Property and which, for closed groups, is equivalent
to Property (P) introduced in [Tits]. Using this, we proceed to the classification of all
continuous unitary irreducible representations of closed non compact locally 2-transitive
(cf. [B; M]) automorphism groups of locally finite homogeneous or semi-homogeneous
trees which have the Independence Property. Further we treat the case of the locally
finite homogeneous tree where we show that all closed edge transitive automorphism
groups which have the Independence Property are locally transitive Universal Groups
(cf. [B; M]). At last we give two necessary and sufficient conditions for a locally transive

Universal Group to be topologically finitely generated (cf. [Mozes]).

Deutsch

In dieser Arbeit fithren wir die ”"unabhéngigkeits Eigenschaft” (Independence Property)
fiir Automorphismengruppen von lokal endlichen Bdumen ein, die, falls die Automor-
phismengruppe geschlossen ist, dquivalent zur Eigenschaft (P) in [Tits] ist. Ferner geben
wir eine Klassifizierung samtlicher stetiger unitarer irreduktibler Darstellungen von
geschlossenen nicht kompakten lokal 2-transitiven (s. [B; M]) Automorphismengruppen
mit unabhangigkeits Eigenschaft von lokal endlichen homogenen oder semi-homogenen
Baumen. Den Fall der lokal endlichen homogenen Baumen behandelnd, zeigen wir, dass
alle geschlossenen Automorphismengruppen mit unabhéngigkeits Eigenschaft und tran-
sitiver Aktion auf den Kanten des Baumes lokal transitive Universal-Gruppen (s. [B; M])
sind. Wir geben auch fiir lokal transitive Universal-Gruppen zwei aquivalente Bedin-

gungen um topologisch endlich erzeugt zu sein (s. [Mozes]).
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Introduction

The group aut (T') of all automorphisms of a locally finite tree is locally compact. In
this work we study a large class of closed automorphism groups GG with praticular focus

on their continuous unitary representations.

In Chapter one we introduce the independence property of an automorphism group of
some tree. For closed groups, this property is indeed equivalent to the Property (P)
introduced by J. Tits in [Tits] (4.2, p. 197).

Considering a continuous unitary representation 7 of a closed automorphism group G
of a locally finite tree 7', it turns out that there exists a non trivial vector which is
invariant under the action of the subgroup of automorphisms fixing some finite subtree.
Among all the finite subtrees for which there exists such invariant non trivial vector,
one takes the set M, of complete subtrees which are minimal for the inclusion. If the set
M, contains a subtree which has more than one edge, then we call the representation 7
super cuspidal. The representation 7 is called special, if M, contains a subtree which
has only one edge, and is called spherical if M, contains a subtree which has only one

vertex.

In the first part of the second chapter we discuss the existence of super cuspidal rep-
resentations in the case where the group has the independence property. Generalizing
Ol’shanski’s basic idea (c.f. J[Osh]) to any closed tree-automorphism group G with the
independence property, we find that G has a super cuspidal representation if G' does
not fix any point at the boundary of the tree 7" and admits no G-invariant non trivial

proper subtree.

In the second part of the second chapter we proceed to the complete classification of
the continuous unitary representations of a closed non compact automorphism group G
with the independence property and acting transitively on the boundary of the tree T,
which in this case is automatically homogeneous or semi-homogeneous. In particular we

see that an irreducible continuous unitary representations of such a group is of exactly



2 INTRODUCTION

one of the three types: super cuspidal, special or spherical. This is a generalization
of the classifications given in [OI'sh] and [F-T; N], as it covers the case of a great
variety of closed automorphism groups of the homogeneous or semi-homogeneous tree,
in particular of the so called Universal Group U(F') of the homogeneous tree of degree

d > 3 in [B; M] with F' a transitive permutation group on {1,...,d}.

The third chapter treats of the Universal Group U(F). We shall see that all closed
edge transitive groups with the Independence Property are (locally transitive) Universal

Groups.

In [Mozes], Shahar Mozes, discussing irreducible uniform lattices I' in aut (7 ) x aut (73),
with 77, T homogeneous trees, is interested in those subgroups U(F') which arise as clo-
sure of projections of such lattices I'. As these must be topologically finitely generated,
he stated without proof that, if F' is a transitive permutation group on {1,...,d} and
F} = Stabp(1) is non-trivial, then U(F")(x) is topologically finitely generated if and only
if the stabilizer group Fj is perfect and equal to its normalizer. In the second part of
Chapter 3, we shall prove that, if F' is a transitive permutation group on {1,...,d} and

Fy = Stabp(1) is non-trivial, the following conditions are equivalent:

1. The subgroup U(F)(x) is topologically finitely generated.
2. The stabilizer group F} is perfect and equal to its normalizer.

3. For every real positive number M, the group U(F') has finitely many equivalence

classes of super cuspidal representations with formal degree less than M.



Chapter 1
Trees and their Automorphisms

For the beginning, we want to give some notations and definitions concerning trees and
their automorphisms. In particular we shall introduce what we call the independence
property of a group of automorphisms of a tree. For closed groups, this property is

equivalent to the Property (P) introduced by J. Tits in [Tifs] (4.2, p. 197).

1.1 Definitions and Notations

For the definitions of graphs, trees and automorphisms, we refer to the book [Serre] or
to its English translation [Serre 2] by J.-P. Serre. We just recall here the essential and

introduce some notation.

A graph T' = (X,Y) consists a set set of vertices X and a set of edges Y and the
maps (0,t) : Y — X x X,e — (o(e),t(e)) and Y — Y, e — € satisfying € = e,2 # ¢
and o(e) = t(€). The vertex o(e) is called the origine and the vertex t(e) is called
the terminus of the edge e. A path is a sequence of edges (e;)ics, finite of length n
(ie I = {1,...,n} for some positive natural number n), infinite (ie I is the set N of
natural numbers) or doubly infinite (ie I is the set Z of relative numbers), such that
t(e;) = o(ejq1) for each ¢ € I with i +1 € I. We call chain a path (e;);e; without
backtracking, i.e. such that e; # €;,1 for each i € [ with i+1 € I. A graph is connected,
if any two vertices can be joined by a finite path, ¢e such that x is the original vertex
of the first edge and y the terminal vertex of the last edge of the path. On the set of
vertices of a connected graph exists a natural distance d(z,y) between two vertices x

and y, which is the length of the shortest path (chain) linking = to y. A cycle is a path

3



4 CHAPTER 1. TREES AND THEIR AUTOMORPHISMS

ey, ..., e, such that for each i, e; # €11 and o(e;) = t(ex). A tree is a connected, non
empty graph without cycle. We call degree or indezx of a vertex x and write d(z) the
cardinality of the set o~1(x) = t71(x). A graph is locally finite if any of its vertices is of

finite index.

A morphism g of the graph I'y = (X1,Y]) to I'y = (X5, Y2) is a map g = gx X
y X1 xY] — X5 x Y; such that for every edge e of I'y, (gX( ) ( ))
(o(gy(e)),t(gy(e))) and gy (e) = gy (€). By abuse we shall write gy = ¢ and gy = g.

The graph IV = (X', Y”) is a subgraph of the graph I' = (X,Y) if the inclusion maps
X' C X and Y’ C Y form a morphism of graphs and if Y’ = Y’, where Y’ = {¢ | e € Y'}.
We write IV C T

A connected graph I' = (X,Y) has a bipartite structure if there exist two subsets
Xl,XQ - X such that X = X1 L X2 and O(Y) X t(Y) C (X1 X XQ) L (X2 X Xl)

An automorphism of a graph I' = (X, Y) is a morphism of I' to I which is bijective on
the sets X and Y. We write aut (I') for the group of all automorphisms of I and we

take as convention that aut (I') acts from the left on the sets X and Y.

We consider now a tree T = (X, Y). A subtree of T is a connected subgraph of the tree
T.

A vertex of a (sub-)tree S is called a leaf or end of S if it is the terminal vertex of at
most one edge in S; this edge is then also called a terminal edge of S. The subtree S
of T is complete if all its vertices which are not leaves of S have no adjacent vertices
outside of S. We call interior of the complete subtree S the subtree S° obtained by

removing all leaves and their adjacent edges of S.

For an edge e of T we let T, be the unique maximal subtree of T" having e as terminal

edge.

We say that two infinite chains (e;);eny and (f;)ien on T are equivalent, if they have
infinite intersection, this means, that there exist n, K € N such that e, = fr,, for
all £ > K. It is easy to see that this defines indeed an equivalence relation on the
set of infinite chains on 7. We call boundary of the tree T and write T'(c0), the set
of equivalence classes of this equivalence relation. The elements of the boundary are
sometimes called leaves or ends of T" and can be seen as an extension of the above
definition of leaves of a (sub-) tree. For a fixed vertex z of 7', there corresponds to
each end € of T' a unique infinite chain (e;);en € € starting at x, i.e. with o(eg) = z. If

we write T.(o0) the boundary of the subtree Tt,, seen as subset of T'(c0), the familly
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{T.(c0) | e € Y} is a base of topology for which 7'(c0) is compact.

If g is an automorphism and (e;);eny an infinite chain of the tree T, then g(e;)ien =
(gei)ien is also an infinite chain of 7. This defines an action of aut (1) on the infinite
chains of T' which, as it is easily seen, preserves the equivalence relation on infinite

chains, and hence induces a natural action on the boundary of T
We now discuss briefly some properties of the group of automorphisms aut (7') of 7.

An automorphism g € aut (T') is called a rotation if g fixes some vertex z (i.e. gr = z)
and an inversion if there exists an edge e such that ge = e. Suppose g is neither a
rotation nor an inversion, then for every vertex x we have d(x,gx) > 1. Let xq be a
vertex such as d(zg, gxo) = n is minimal and let ej, e, ..., €, be the chain linking z( to
grg. We construct the doubly infinite path v = (ex)rez by setting exy, = glex for all
ke {l,...,n} and | € Z. It is easily seen that this path is a chain which is g-stable.
The automorphism g is called translation of step n along the path ~.

We have therefore the following proposition which is quite classical (See for example
[Tits]).

Proposition 1. Every automorphism of a tree is either a rotation, an inversion or a

translation.

For a subgroup G of aut (T') and for every subtree S, we write the S-fizing group

G(S) ={g € G| gx = x, for all vertices = of S}
and the S-stabilizing group
G(S)={g€CG|gS=5}.

In particular, if S is contains only one edge e, we write G(e) = G(S) as well as G(e) =

G(S), and if S contains only one vertex z, we write G(z) = G(S)(= G(z)).

Since a tree is connected and has no cycles, two (distict) vertices can be linked by
exactly one finite chain and their distance is the length of this chain. The set of vertices

X endowed with this distance is a discrete metric space.

From now on and for the rest of this work, we suppose all our trees locally finite if not
indicated otherwise. The image by an automorphism of a chain is again a chain, and
automorphisms can be seen as isometries on the space of vertices. In fact aut (7" is

isomorphic to the group of isometries on the metric space X, and via this isomorphism
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the topology of uniform convergence on the compact (i.e. finite) subsets of X makes
aut (T') a topological group under which the action on X is equicontinuous. If G is
a closed subgroup of aut (7'), the G(S) are open for all finite subtrees S and the set
{G(S) | S is a finite subtree of T'} is a base of neighbourhoods of the identity. Since
G(S) is equicontinuous as set of isometries, and since each of its orbit is finite in X,
the subgroup G(S) is compact. Therefore G is locally compact. Moreover the maximal
compact subgroups of G are of the form G(z), for some vertex z, or G(e), for some edge
e. If G acts transitively on the vertices then G(z) is maximal compact, for every vertex
x, and if G acts transitively on the set {{e,e} | e € Y’} then G(e) is maximal compact,

for every edge e

Lemma 2. If a closed subgroup G of aut (T') contains no translations, then G is either

compact or fixes a point of the boundary of T

Proof. Cf. [F-T; N] Theorem 8.1, page 20. O

Definition 3. A tree is homogeneous of degree d or d-regular if all its vertices have

same indez d.

A tree is semi-homogeneous of degree (r,s) if the degree function d : X — N takes

exactly two values r and s, and the level sets d=1(r) and d='(s) give a bipartite structure
onT.

Proposition 4. Suppose that the boundary of the tree T has at least three elements.
Let G be a closed non compact subgroup of aut (T'). Suppose G acts transitively on the
boundary of T. Then G(x) acts transitively on the boundary of T for every vertex x.

Moreover, if the above holds, the tree T' is homogeneous or semi homogeneous and G
has at most two orbits on X. The group G acts transitively on the set of vertices of T if
and only if G contains for every edge of T an inversion, otherwise the G-orbits on the

vertices are {z | d(x, z) is even} and {z | d(x, z) is odd} for some verter x.

Proof. By Lemma [ we can suppose that G contains a translation. Let 7 € G be a
translation along the doubly infinite chain v, let x be a vertex of v, and let € € T'(c0).
Since G/(x) is open in G and has countable index, T'(c0) = G - € = | J;cy hiG () - € where
{h; | i € N} is a complete set of coset representatives and G(x) - € the G(x)-orbit of e.
Since the boundary T'(c0) is complete metrizable, and h;G(x) - € is compact, h;G(x) - €
has an interior point. Therefore the orbit G(x) - € has an interior point and hence is

open.
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Let now ¢ and €” be the two ends of the chain 7. Since G(z)- € and G(x) - €’ are open,
there are two edges €' and €” of v such that Tz (c0) C G(z) - € and Tpr(c0) C G(z) - €.
Suppose 7 moves z in direction to € and let € € T'(c0) \ {€,€"}. If e is the edge of the
infinite chain starting at = and corresponding to € such that o(e) is a vertex of v but
t(e) is not, then there exists a natural number n such that 7"e is an edge of T, which
means that 7"¢ € Tw(00) C G(x) - €. Therefore T'(00) \ {€"} C G(z) - €. Similarily we
have also T'(c0) \ {€'} C G(x) - €”. Since the boundary of T" has at least three elements,
T(c0) \ {€'} and T'(c0) \ {€"} intersect. Hence G(z) acts transitively on the boundary
for every vertex x of . Moreover G(z) acts also for every n transitively on the sets
S ={y € X | d(z,y) = n}.

Since the boundary of T" has at least three elements, T" has at least one vertex with index
greater than 2, and one of such has to be a vertex of the doubly infinite path . Now take
the vertex x of v at distance 1 of this vertex. Then all vertices at distance 1 of = have
the index greater than 2. If y is a vertex at distance n of =, then S,, = G(z)-y C G- x.
Therefore the G-orbit of x is G - v = {z} U ;. Sz where E is a set of positive
numbers. Let & = min £ and take y € S, . Then y € G - x; furthermore G(y) is a
conjugate of G(z) in G, hence G(y) acts also transitively on the boundary and on the
sets Sy, = {# € X | d(y,z) =n}. This means that every element having distance k
from y belongs to G - x. It follows that £ must contain all multiples of k. But k£ is at
most 2. Indeed, suppose that k > 1. Let y be a vertex at distance k of x and z a vertex
at distance k from y and 2 from x. Then z € G(y) - * C G - x and therefore k = 2 and
finally G-x = {z | d(z, 2) is even}. Let z € {z | d(z, 2) is odd}, then there exists g € G
such that d(g~'z,z) = 1 and therefore d(z, gz) = 1 and since G(x) is transitive on S, 1,
{z | d(z, z) is odd} is the second orbit of G.

Finally, if £ = 1 then G acts transitively on the vertices of 7" which has to be ho-
mogeneous. Let e be an edge and g € G with go(e) = t(e), then, since G (t(e)) acts
transitively on t7*(¢(e)), there exists h € G(t(e)) with hge = €, i.e. hg is an inversion
of e. Inversely, if G contains an inversion for some edge e, then clearly k = 1 and G acts

transitively on the vertices of T O

Observe that, if the boundary of T has only two elements, the above proposition is false.
Indeed consider a chain on which we number the vertices so that the vertex k and £+ 1
are adjacent. To each vertex whose number is a multiple of n > 1 we ad one edge. The
boundary of this tree 7" has only two elements and the automorphism group aut (7) is

non compact since it contains a translation of step n. One sees easily, that if n is odd
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and n > 3 then for every vertex x of degree 2, the stabilizer group G(x) is trivial, and

if moreover n > 5, the group GG has more than two orbits.

We also observe that a group satisfying the hypothesis of the above proposition acts

minimaly.

Definition 5. An automorphism group G is said locally n-transitive if for every vertex
x of the tree T', the stabilizer G(z) of x acts transitively on the set {y € X | d(x,y) =n}.
If n =1, we say just that G is locally transitive.

Obviously a locally n-transitive automorphism group is also locally k-transitive for every
k<n.

Proposition 6. Any locally transitive closed subgroup G is unimodular.

Proof. At first, we notice that by the transitivity of the action of G(z) on ¢t~!(z), we
have for every vertex z of T' and every edge e of t7!(z),

G(x)= || hGle),

ect—1(x)
where h. € G(z) with h.(e) = ¢.
Thus, if m (F) denotes the left Haar measure of a subset E of G,
m(G(z) = Y m(hG(e)) = [t ()| m(G(e)).
ect—1(x)

It follows from the equality G(e) = G(é), that for every vertex x of T and every edges
e, e €t (z)Uo (),

1

m (G(e)) = mm(G(ﬂc)) =m (G(¢)),

and by induction on the distance between two edges, one sees that m (G(e)) = m (G(€'))

for every edges e, e’ of T.

Let now g € G and e an edge of T. Obviously we have G(ge) = gG(e)g~!. Let 1g

denote the characteristic function of the subset F of G and A the modular function of
G. Then

0 (G(e)) = m (G(ge)) = / 1oy (h) dh = / Lo (g7 hg) dh
= [1a0(hg)dn= a7 [1aman
— Alg)m (G(e)).

Thus A(g) = 1 and the group G is therefore unimodular. O
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Refer also to the unimodularity criterium of Bass-Kulkarni in [B; K].

Observe that, if the hypothesis of the above proposition is not satisfied, the group needs
not be unimodular, as the example of the stabilizer of a boundary point shows (cf.
[Nebbial)).

Recall that, for a locally compact group G and a compact subgroup K of G, the pair
(G, K ) is called a Gel’fand pair, if the convolution algebra C,.(G)? of complex valued
K-bi-invariant functions (i.e. functions f satisfying f(kgk’) = f(g) for all k, k' € K)

with compact support on G is commutative.

Proposition 7. Suppose that the boundary of the tree T' has at least three elements. Let
G be a closed non compact subgroup of aut (T') which acts transitively on the boundary

of T. Then (G,G(x)) is a Gel’fand pair for every vertex x.

Proof. By Proposition B, G(x) acts transitively on the boundary of the tree T', and

since for each g € G, d(x,gr) = d(x, g 'x), there exists k € G(z) with kgz = g 'z,

ie. gkgx = x. Therefore there exists k' € G(z) such that k¥’ = gkg, and hence
g ' € G(r)gG(x).

This means that for every G(z)-bi-invariant function f, we have f(g~') = f(g). Hence
for f1, fo € Coo(G)! we have

foe o) = [ Aol W dg = [ A0 £(07'0) ) do
:/fl(hg)fQ(g_l)dQZ/fl(g_lh_l)fQ(g)dg
G G
- /Gf2<g>f1<g—1h—1> dg = fox fi(h™") = fox fi(h)

for every h € G. O

1.2 Groups with the Independence Property

Consider a locally finite tree T' (i.e. every vertex of T has finite index).

First we notice the following obvious fact.

Lemma 8. IfS; and Sy are two subtrees of T such that the union of their sets of vertices
is the set of all vertices of T, then for all automorphism group G, the elements of G(S1)

and G(S3) commute.
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Definition 9. We say that the group G has the independence property if for every edge
e of the tree T we have the equality

The group aut (T") of all automorphisms has of course the independence property. We
shall further see in Chapter 3 a large class of groups as the universal group which has

also this property.

If the subtree S has at least one edge, we define for each vertex x of S, the subtree

Fg, = U.T. where e runs along the set of edges of S having z as their terminal vertex.

Lemma 10. A group G of automorphisms of a tree T has the independence property if
and only if for every finite subtree S with at least one edge, the equality

G(8) =] 6(Fs.).
with x running along the set of vertices of S, holds.

Proof. Suppose that G has the independence property. We shall prove inductively on
the number N of vertices of S that G(5) =[], G(Fs.).

For N = 2 it is the independence property. Let N > 2 and suppose that G is S'-
independent for all subtrees S” with N — 1 vertices. Take a subtree S with N vertices
and h € G(S). Take also a terminal edge f; since h € G(f), there exist hy € G(Ty) and
hy € G(Tj) with h = hyhy. If S” denotes the subtree obtained from S by cutting off the
edge f, then hy = hi'h € G(T})G(S) C G(S) C G(S"). Write X’ the set of vertices of
S’. By induction hypothesis hy =[],/
see that for all y € X"\ {o(f)}, TF is a subtree of Fg ,, so h, € G(T}) for all these y,
and therefore ho(s) € G(Tf) too. Finally

h, for some h, € G(Fg ,). But we can easily

h=hihy € G(Ty) - [] (G(For) NG(TF)) = G(Fsup) - [ G(Fsy)

yeXx’ yeX’

= H G(Fsy), with y over all vertices of S.

Y

O

If G is closed in aut (T), we notice that, using an approximation argument, it is possible
to prove such a statement for infinite subtrees S. Therefore one sees that for closed

groups the independence property is equivalent to Property (P) by J. Tits as stated
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in [Tits] (4.2, p. 197), just by taking for S all chains C' of length at least one. The
Property (%) introduced in [Nebbia] (p. 346) however, is somewhat more restrictive,
since it implies that the fixing group of a subtree A is equal the fixing group of the
minimal complete subtree containing A — it would have been enough to require this

condition for the complete subtrees only.

For a complete subtree S with at least one edge, and for each vertex x of S, we have
Fs, =T, if z is not a leaf, and Fg, = T, if « is the terminal vertex of the terminal

edge e of S. Thus we have the following proposition:

Proposition 11. The group G has the independence property if and only if for every
finite complete subtree S of T" we have

G(S) =[] G(T.)

where e is to be taken among all terminal edges of S.

Lemma 12. Suppose the automorphism group G of T = (X,Y’) has the independence
property. Let x € X be a vertex of T and for each edge e of T write X; C X the set of
vertices of the subtree Ty. If O C X is a G(x)-orbit, then for each e € 0~ (x), ON X5 is
a G(T.)-orbit. If further G(x) acts transitively on o~ (z), then O = Uecom1() O N Xe.

Proof. 1t is enough to show that G(T,) acts transitively on O N X;. Take two vertices y
and ¢’ in O N Xz. Since the edge e is common to the geodesic segments joining = = o(e)
with y respectively joining o(e) to ¢/, an automorphism h € G(z) such that hy = v/,
fixes e. By the independence property of G, there exists h, € G(T1.) and h: € G(T%)
with h = h.he, and therefore h.y = hh;'y = hy = y'. O

We write G for the subgroup of G' generated by the edge-fixing automorphisms.

Definition 13. We say that G acts minimaly on 7', if there is no G-invariant proper
subtree and no element of the boundary of T fixzed by G.

If the tree T is homogeneous or semi-homogeneous the group aut (7") acts minimaly on
T. We shall also see in Chapter 3, that the universal group U(F') does so. But for

example the stabilizer of a horicycle does not acts minimaly on 7T'.

Proposition 14. Assume that G has the independence property and acts minimaly on

T. Then the following statements are equivalent.
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1. G* # {id}.

2. G(T,) # {id}, for every edge e.

If these conditions are satisfied, then G(S) # {id} for every finite subtree S of T and

therefore, G is not discrete.

Proof. That statement 2. implies statement 1. is clear.

Conversely if we show that for every edge e, the group G(e) is trivial if and only if G(T)
is trivial, then supposing that G # {id}, take an edge e with G(e) # {id} and let £ be
any edge. As G(e) = G(€) and G(e) = G(€), one can suppose that T, is a subtree of T,
thus

G(e) 2 G(Tz) 2 G(Te) # {id}

and G(7.) and G(T%) are non-trivial.

We show now that for every edge e, the group G(e) is trivial if and only if G(T,) is
trivial. The direct sense is trivial, so we show the reciprocal sense. If the tree T is
homogeneous of degree 2, then G(e) and G(T,) are trivial anyway. So we suppose that

T has at least one vertex of degree greater than 2.

Let e be an edge of T and suppose that G(T,) = {id}. Then G(e) = G(T%), by the
independence property of GG. If we show that there exists a translation g € G along a
doubly infinite chain C' which is contained in 7%, then the subtree Ty, = g7, would be

a subtree of T; and therefore we would have

G(e) = G(T¢) C G(gT.) = gG(T.)g™" = {id}.

The group G is supposed acting minimaly on 7', so, by Lemma [ there exists a transla-
tion h; € G along a doubly-infinite chain C';. Now we see that for every vertex x of the
chain, the orbit GG -z has a nontrivial intersection with the set of vertices of the interior
of Tz (This is the subtree T, without the edges e and € and the vertex o(e)). Indeed,
otherwise the minimal subtree of T' containing G - x would be G-invariant and a subtree
of T, and hence a proper G- invariant subtree of 7', which is contrary to our hypothesis.
Therefore there exists hy € G such that the chain hA;C; has at least one vertex in the

interior of T;. The automorphism hohqhs lis a translation along hyC'.

Let €,¢ € T(c0) be the ends of the chain hyC;. Then at least one of them, say e, is

in Tz(00). The end € is not G-invariant, as well as the set {e, €'}, otherwise the chain
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hoCy would be G-invariant and 7" must be homogeneous of degree 2, contrary to our
supposition at the beginning. Hence there exists hy € G with hge’ ¢ {¢,€'}, i.e. with
¢ ¢ {hy'e,hy'e'}. Consider the set M of the vertices of the chain hoCy which are the
closest to the chain hg LhoCy. Since € is not an end of hy LheC}, there are only a finite
number of vertices of T, in M. This means that there exists a relative number n such
that (hghihy')"M is completely included in the set of vertices of the interior of T;. But
then, the chain C = (hyhihy')"(hy'hyCy) is also completely contained in the interior
of T; and the automorphism g = (hohihy )"y hohihy *ha(hohihy')™™ is a translation
along C. O

Proposition 15. Suppose the boundary of the tree T has at least three elements. Let
G be a closed non compact automorphism group of T with the independence property.

Then G acts transitively on the boundary if and only if G acts locally 2-transitively on
T.

Moreover, if the above holds, the tree T is homogeneous or semi homogeneous and G
has at most two orbits on X. The group G acts transitively on the set of vertices of T' if
and only if G contains for every edge of T an inversion, otherwise the G-orbits on the

vertices are {z | d(x, z) is even} and {z | d(z, z) is odd} for some vertex .

Proof. Let us write G(z) the permutation group on ¢~!(z) induced by the stabilizer

G(z) of x. By Proposition B it is enough to show that for every vertex x, G(x) acts

transitively on the boundary if and only if for every vertex z, G(x) is 2-transitive.

Write for every edge e, G(e) respectively G(T.) the group of permutations on ¢~ (t(e))

induced by the stabilizer G(e) respectively G(T¢). Then, if G has the independence
property, we have the equality G(e) = G(T.) and G(t(e)) is 2-transitive if and only if

G(t(e)) is transitive and G(e) is transitive on ¢~ (¢(e)) \ {e}.

Suppose now that % is 2-transitive for every vertex x. Fix now a vertex x. We show
that G(x) acts transitively on the boundary of T. Let ¢ and €’ be two ends of T" and
take the unique infinite chains v € € and 4" € ¢ starting from . We show by induction
that for every natural number n € N, there exists g, € G(z) such that g,v(n) = +'(n):
for n = 0, by transitivity of G(z), there exists go € G(z) with goy(0) = +/(0). If
we have g, € G(x) such that g,y(n) = +'(n), then by transitivity of G(T%(n)) on
t71(t(v'(n))) \ {e}, there exists h € G(Ty(n)) with ¢"™ := hg,y(n+1) =+'(n+1). By

closedness of G(x), we have the transitivity of the action of G(x) on the boundary.

The inverse statement is immediate. O



14

CHAPTER 1.

TREES AND THEIR AUTOMORPHISMS



Chapter 2

Unitary Continuous Representations

of Tree-Automorphism Groups

In this chapter we shall use the independence property to discuss the existence of some

irreducible unitary continuous representations of closed tree-automorphism groups.

We shall further give a complete classification of all unitary continuous representations
of the closed automorphism groups which have the independence property and act tran-
sitively on the boundary of the tree. Using Proposition [[Q we see that such groups acts
in fact on the homogeneous or semi-homogeneous tree. The classification presented here
is a generalization of these given by G. I. Ol'shanski in [OI'sh] and by Alessandro Figa-
Talamanca and Claudio Nebbia in [F=T; N]. Ol'shanski considers only the group aut (7')
for T homogeneous and semi-homogeneous, and in [F-T; N| only the homogeneous tree
is treated and in the case of the supercuspidal representations, only aut (7) is consid-
ered. Our classification applies to all closed non compact automorphism groups which
have the independence property and act transitively on the boundary (or equivalently:

which are locally 2-transitive) of the homogeneous or semi-homogeneous tree.

2.1 Definitions and Notations

Recall that the set of vertices of a tree has a natural metric and that aut (7°), the group of
all automorphisms of T" acting on this space by isometries, with the topology of uniform
convergence on compacts, is a locally compact topological group. Any closed subgroup

of aut (7) is also locally compact and admits therefore a left invariant Haar measure dg.

15
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We shall write m(FE) for the measure of every measurable subset F of G.

Let G be a closed subgroup of aut (7") and let S be a complete finite subtree of T
Set Q(S) = G(S)/G(S) (which is in fact a group of automorphisms of $) and pg :
é(S ) — Q(S) the canonical projection. Consider the maximal proper complete subtrees
S1,...,5, of S. One has G(S) C G(S;) € G(S). We set A; := ps(G(S;)). If S is neither
a point nor an edge, the A;’s commute and satisfy A; N[[;; A;i = {id}. Since the inner
automorphisms of the group Q(S) interchange the A;’s, the group N := A; x --- x A,

is a normal subgroup of Q(.5).

Definition 16. We call the complete subtree S non degenerate if A; # {id}, for all i,
or, which is equivalent, if G(S;) # G(S) for all S;’s.

Definition 17. A unitary representation (w, KC) of Q(S) is said to be non degenerate if

it has mo non zero A;-invariant vectors for all i.

Let (m,’H) be a unitary, continuous representation of G, that is, the map g — (7(g)v, w)
is continuous for every v,w € H. From now on, all representations will be assumed
unitary and continuous, nevertheless we’ll call them just “representations”. We write
HX for the subspace of K-invariant vectors, and H() =  H5, where K runs over
the set of open compact subgroups of G. Since {G(S) | S C T finite complete} is a base
for the filter of neighbourhoods of id € G, we know that

H(®) — UHG(S)’
s
where the union is over all complete finite subtrees S of T, is a subspace of H. Moreover

H(°) is dense in H by continuity of the representation 7.

Definition 18. Let A, be the set of complete finite subtrees S for which HE®) is non
trivial. This set is non empty, G-invariant and is ordered by inclusion. Let M, be the

set of minimal elements of A

We call the irreducible representation (mw, H)

1. super cuspidal if there exists an element of M, which is neither a point nor an

edge;
2. special if there exists an element of M, which is an edge;

3. spherical if there exists an element of M, which has exactly one verter.
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2.2 Super Cuspidal Representations

Theorem 1. Let G be a closed automorphism group of a locally finite tree T with the

independence property.

1. (a) If (7, H) is a super cuspidal representation of G, then
i. the group G acts transitively on M ;

i. all coefficients of m with vectors in H*) have compact support;

i, if S € My and w is the representation of Q(S) defined by the action of
é(S) on HES) | then w is irreducible, non degenerate and 7 is equivalent

to the representation indg(s) (wopg) induced to G by w o pg.

(b) If S is a finite complete non degenerate subtree of T and w a non degenerate

irreducible representation of Q(S), then the representation
T(S,w):= indg(s) (wops)

induced on G by w s irreducible and super-cuspidal.

Moreover, the representation T(S,w) is equivalent to another such representa-
tion T'(S’, ") if and only if there exists g € G with S’ = ¢S and W' corresponds
to w wvia the isomorphism Q(S) — Q(S’) induced by g.

(c) If G is unimodular, then the formal degree of T(S,w) is equal to

dim w
m (6(5)) ’

where m (é(S)) is the measure of G(S).

2. If G acts minimaly and if G is not trivial, then G has a super cuspidal represen-

tation.

3. If G acts transitively on the boundary of T, i.e. if G is locally 2-transitive, then
there exists for every complete finite subtree S, with at least one vertex which is

not a leaf, a super cuspidal representation © with S € M,.

Proof of the Theorem

The following fact, due to G. I. Ol'shanski (see [OIsh]), is of great importance in the

proof of this theorem:
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Lemma 19. Suppose that G has the independence property. Let U be a complete finite
subtree of T with at least one vertex which is not a leaf and let V' be a complete subtree

not containing U. Then there exists a proper complete subtree W of U such that

G(W) C G(V)G(U).

Proof. Since U is not contained in V', one can take a leaf x of U which is not in V; now
pick the adjacent vertex y in U. The tree U is complete and y is one of its vertices which
are not leaves, therefore all edges of T" with y as terminal vertex are in U. Moreover
for one of those edges e, the tree V' is contained in T,, because V is complete. Let
W = T, N U; this is a complete finite subtree containing the edge e. As G has the
independence property, by Proposition [, we have G(W) = G(T.) [[; G(Ty) where f
are all terminal edges of W which are terminal edges of U. For these edges one has
U C Ty, so G(Ty) € G(U); on the other hand, G(T¢.) C G(V), since V' C T¢. It follows
that G(W) C G(V)G(U). O

From now on and for the rest of this section, let us suppose that G is a closed subgroup

of aut (T") having the independence property.

Lemma 20. Let S and S’ be complete subtrees, where S is finite and contains at least
one vertex which is not a leaf. If f is a G(S)-right-invariant and G(S")-left-invariant
complex function on G such that fG(U) f(gk)dE is defined and equals zero for all complete
proper subtrees U of S and for all g € G, then it is supported in

{geG|gSCS}.

Proof. If g € G satisfies ¢S € ', ie S € g~15’, then by Lemma [@ we can take a
complete proper subtree U of S such that G(U) C G(g719")G(S) = g7 'G(S")gG(S).
Therefore gG(U) C G(S")gG(S) and thus for all h € G(U), f(9) = f(gh). Hence
flg) = m Jow f(gk)dk = 0. -

For finite complete subtrees S, let H(S) denote the subspace of L?(G) consisting of
all G(S)-right-invariant functions satisfying |, (s f(gk)dk = 0, for all proper complete
subtrees S’ of S and for all g € GG. This subspace is closed and invariant under the
action of the left-regular representation. Thus let Ts denote the unitary continuous

representation of G obtained by restricting the left-regular representation to H(S).

From now on S will denote a finite complete subtree with at least one vertex which is

not a leaf.
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Lemma 20 gives the following corollaries.

Proposition 21. The subspace H(S)%®) of G(S)-bi-invariant functions in L*(G) has

finite dimension.

Proposition 22. If (1, H) is a super cuspidal representation, then for all u,v € H )
the coefficient g — (u,m(g)v) has compact support.

Which proves the statement 1.(a)ii. of Theorem 1.

Lemma 23. If (7, H) is a super cuspidal representation of G, then G acts transitively
on M,.

Proof. Since 7 is super cuspidal, there exists S € M, whose vertices are not all leaves.
Take U € M, and pick u € HEW) v € H®) both non zero, and set f(g) = (u, 7(g)v)
for all g € G. Then f € H(S)¢Y), is continuous and non trivial because v is cyclic. It
follows that @ # supp (f) C {g € G | ¢S C U} and there exists g € G such that ¢S C U.
Therefore the vertices of U are also not all leaves. Now we can set f'(g) = (v, 7(g)u) for
all g € G and obtain a non trivial continuous function supported in {g € G | gU C S}.
Hence there exists h € G with hU C S. Because g and h are automorphisms and S and
U are finite, this implies that ¢S = U and hU = S. O

This proves statement 1.(a)i.

Lemma 24. FEvery non trivial Ts(G)-invariant closed subspace of H(S) contains a non

trivial G(S)-bi-invariant function.

Proof. Suppose that M is a non-trivial closed Ts(G)-invariant subspace of H(S) and
take u € M and g € G such that u(g) # 0. The function v = [, g Ts(kg™)udk is

G(S)-bi-invariant and, since M is closed and Ts(G)-invariant, v € M. Moreover

v(id) = /G(S)u(gk: ) dk = /G(S) u(g) dk
=m (G(5))u(g) # 0, iev #0.

O

Proposition ZI and Lemma 24 imply that the representation (7%, H(S)) is a finite sum
of irreducible representations. By Lemma B0, H(S) does not contain nonzero G(S’)-
invariant vectors if S’ is a proper complete subtree of S. Therefore T is finite sum of

super cuspidal representations.
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Lemma 25. Let (m,H) be a super cuspidal representation of G and S € M,. Then m

15 equivalent to a sub-representation of Ts.

Proof. Fix £ € HYS)\ {0}. The linear operator U : H*) — H(S) defined by U(n)(g) =
(n,m(g)¢) for all g € G is continuous and intertwining 7 and Ts; consequently its
continuous extension on H is an intertwining operator and is, by Schur’s lemma, a

positive multiple of an isometry. O

Therefore we have the following corollary.

Proposition 26. The representation Ts is the finite direct sum of all super cuspidal

representation ™ having S € M.

Lemma 27. If (w,K) is an irreducible non-degenerate representation of Q(S) then
w o pg 18 equivalent to a sub-representation of é(S) defined by the action of Ts (é(S))
over H(S)%).

Proof. The subspace H(S)9®) is clearly G(S)-invariant. Now fix ¢ € K\ {0}. The
linear operator U : K — H(S)%®), where Un(g) = (n,w o ps(g)€), if g € G(S), and
Un(g) = 0, if g € G\ G(S), for all n € K is continuous and interlacing w o pg and
Ts. 0

Now we consider an irreducible non degenerate representation (w,XC) of Q(S). By
Lemma 27 we can suppose that (w o pg, K) is a sub-representation of T G(s) restricted
to H(S)¥). Recall that the induced representation T(S,w) of w o pg acts as the
left-regular representation on the Hilbert space L of functions f : G — K satisfying
flgh) = wo ps(h")f(g), for every h € G(S) and ¢ € G, and Ja 1£(9)|I> dg < oo. The

scalar product is given by
(o) = [ (Ao feladhdg  (withf o € 0

and moreover

P = [ Wiz = 3 Il (G))

9eG/G(S)

where g € §. Therefore, if £' designs the closed and non-trivial subspace of £ formed

by the functions supported in G (S), the subspace

D T(sw)9)L

9eG/G(S)
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is dense in £. Recall that we consider K as a subspace of H(S)%).
For f € T(S,w)(9)L’ (g € G) we see, that for all k € G(S) following equalities hold:
Ts(gk) (f(gk)) = Ts(g) o Ts(k) (f(gk))
= Ts(g) (w0 ps(k) (F(gh)) )
=Ts(9)(f(9))-
Therefore we can define the function
Uf =m () (Ts(9)(F(9)).
which is obviously an element of the subspace of G(g.S)-left-invariant functions
H(S)“9%) = Ts(g)H(5)“.
Since the Haar measure is left-invariant,

[f13=m (G /yngk Flgk)) () dh

:m GS /G\ F(gk)) ((gk)~*n)|* dh

:m(é(S))/Gy(f(g@)(h)deh

= m (G(9)) 179k

Hence the function k — || f(k)]||5 is supported and constant on 9G(S), so

17 = [ Nrizan - /5(5) £ ()13
=m (G(9) 1@l

and finally

1Ol = 171

The linear map

U: @ T(S,w)(g)L — H(S)
§€G/G(S)

is an isometry, extensible to £ and interlacing T'(S,w) and Tg, since, if f € T(S,w)(g)L’,
then T'(S,w)(h)f € T(S,w)(hg)L’, and so

U(T(S.0)(h)f) = Ts(h) ((T(S,)(1)f) (hg) )
= T5(W)Ts(9)(f(9)) = Ts(W)U .
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We now show that 7'(S,w) is irreducible. Let M be a closed G-invariant subspace of
L. The pre-image of H(S)¢) by U is £, hence by Lemma 23 M has a non-trivial
element ¢ of L. Moreover ¢(id) # 0 because ||¢(id)||, = ||¢(k)||, for all & € G(S). As
(wo ps(k))(id) = (T(S,w)(k)f)(id) for all k € G(S) and for every f € M N L', the set
K'={f(id) | f € M N L'} is a non-trivial G(S)-invariant subspace of K. But w o pg is
irreducible, so X' = K. It then follows that for each g € L', there exists f € M N L’
with g(id) = f(id). Moreover

g(k) = wops(k™")g(id) = wops(k™") f(id) = f (k)

for all k € é(S), ie g = f. Consequently £ C M, hence M = L because M is closed
and G-invariant and @, /6(s) T'(S,w)(9)L" is dense in L.

We have shown the following lemma:

Lemma 28. If w is a non degenerate irreducible representation of Q(S), then the rep-
resentation

T(S,w) = indg(s) (w o pg)

is equivalent to an irreducible sub-representation of Ts, therefore T(S,w) is super cusp-

1dal.

Next lemma proves the statement 1.(a)iii.

Lemma 29. Let (7, H) be a super cuspidal representation of G, S € M, and w the
representation of Q(S) defined by the action of G(S) on HES), then w is irreducible

non degenerate and m is equivalent to T(S,w).

Proof. Let M be a non-trivial, closed and Q(S)-invariant subspace of HE). Take a
non zero vector v of H&%) and a non zero vector u of M. Consider the function f : g
(v,7(g)u). It’s a non trivial element of H(S)¢®) hence, by Lemma EIJ, it is supported
by G(S). Therefore there exists g € G(S) with (v, w o ps(g)u) = (v, 7(g)u) = f(g) # 0.
But M being Q(S)-invariant, w(pg(g))u € M. It follows that the orthogonal space of
M in HES) is trivial, se M = HEO).

The representation w is obviously non degenerate.

Since w o pg is equivalent to a sub-representation of the reduction to G (S) of the repre-
sentation indg( $) (wopg) =T(S,w), it follows from Lemma 2 and Lemma 28 that 7 is

equivalent to the representation indg( 9 (w o pg). 0
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For an irreducible non degenerate representation (w, k) of Q(S), let, for £ € K, be
fe(g) =wops(gHEif g € G(S) and fe(g)=0ifge G\ G(S). Then fe is an element
of H, the Hilbert space on which T'(S,w) acts, and we have for all n € K, the scalar
product

(. TS, )(9) fe) = /G (o). Felg ™)) dh
:[ <w(h*1)n,w(h*1g)£>dh

G(S)

—m (G(S)) (n.w(9)8).

if g € G(S), and = 0 if g ¢ G(S). Therefore every coefficient of w is a coefficient of

T(S,w) and with the preceding we have following lemma.

Lemma 30. Let (w,K) and (', K') be two irreducible non degenerate representations
of Q(S) respectively Q(S’). Then T(S,w) and T(S’,w') are equivalent if and only if
there exists g € G such that S = ¢S and W' corresponds to w via the isomorphism
G(S) — G(S") induced by g.

Lemma 31. If S is a non degenerate subtree which is neither a point nor an edge, then

Q(S) has a non degenerate irreducible unitary representation.

Proof. Let m; be an irreducible not one dimensional representation of A; and set m =

mM®...0m, and w = ind%i)mX 4, (m), then 7 has no non-zero A;-invariant vectors
and, using the formula for the restriction to A; x ... x A, of w, one sees that w is
non-degenerate. 0

For each edge e we write G(T,) the group of permutations on ¢~ (t(e)) induced by the
stabilizer G(T.). The following lemma is an immediate consequence of the definition of

non degenerate subtrees:

Lemma 32. If for every edge e ot T', the permutation group G(T,) is not trivial, then

every complete subtree which is neither a point nor an edge is non degenerate.

Lemma 33. Let x be a vertex and S the minimal complete subtree of T containing
all vertices adjacent to x. If the stabilizer G(x) acts 2-transitively on the leaves of the

subtree S, then Q(S) has a non degenerate irreducible unitary representation.

Proof. If we identifie the leaves of S with the elements of the set of numbers {1, ..., d},
where d is the degree of z, then @) = Q(S) is a 2-transitive permutation group of
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{1,...,d}. We define for every g € @) define the d x d-matrix P, = (5i79(j))(2‘1,j=1’ where
Ok, is the Kronecker symbol. The map g — P, is a unitary representation of () onto the
space My1(C) of d x 1-matrices. Write e; = (0; )7, the d x 1-matrix with only zeros
except at the line j where is the number 1. The subspace C - (3% ¢;) is Q-invariant.
Let M be the orthogonal complement of C - (3% 1 e;). Then M is also Q-invariant.
But M is also irreducible, since M@W =C- (e; — 75 Zi:Z e;) is of dimension one and

d . .
the vector e; — 71 > %, €; is cyclic. O

The statement 1.(b) follows therefore from Lemma 28 and Lemma B0l and the statement
2. follows from statement 1.(b) and Lemma BIl The statement 3. follows from 2. and
Lemma

Now, assume furthermore that G is unimodular. Take ¢ € IC, such that ||£]| = 1, and

let f¢ be as before. One has, if dp(s,,) designs the formal degree of T'(S,w),

Lo (6(5))2

dr(sw)

<f£ fe)’

=/|fg, 5.0)(9) fo)|? dg

- I% /a<5) (e TS, ) (9) fe) | dg

and finally

dr(sw) =

We have now proved the theorem.

2.3 Classification of the Representations

In Proposition [[Q we have seen that, if on a locally finite tree a closed non compact group
acts transitively on the boundary, then the tree is homogeneous or semi-homogeneous
and the action of the group on the vertices of the tree is either transitive or has two
orbits. We shall now give a classification of the continuous unitary representations of

a closed non compact locally 2-transitive automorphism group with the independence
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property of a homogeneous or a semi-homogeneous tree. This classification applies on a

larger class of groups than the classifications known before (c.f. [OI'sh] and [F=T; NJ).

Theorem 2. Suppose the closed non compact automorphism group G has the inde-

pendence property and acts transitively on the boundary of T, where T = (X,Y) is

a homogeneous tree of degree d > 3 or a semi-homogeneous tree of degree (r,s), with
r,s>2andr >3 ors>3.

Then a unitary continuous irreducible representation (w, H) of G is of exactly one of the

three types: super cuspidal, special or spherical.

1.

2.

(a) If (m,H) is a super cuspidal representation of G, then
1. the group G acts transitively on M,;
i. all coefficients of ™ with vectors in H>) have compact support;

i, if S € My and w is the representation of Q(S) defined by the action of
é(S) on HES) | then w is irreducible, non degenerate and 7 is equivalent

to the representation indg(s) (wopg) induced on G by w.

(b) If S is a finite complete subtree which is neither a point nor an edge, then
there exists at least one non degenerate irreducible representation w of Q(S),

and the representation
T(S,w) = indg(s) (wops)

induced on G by w s irreducible and super cuspidal, and S € Mp(g).

Moreover, the representation T(S,w) is equivalent to another such representa-
tion T'(S’, ") if and only if there exists g € G with S" = ¢S and W' corresponds
to w wvia the isomorphism Q(S) — Q(S’) induced by g.

(¢) The formal degree of T'(S,w) is equal to

dim w

I

where m (é(S)) is the measure of G(S).

(a) If G acts transitively on X, there exist precisely two equivalence classes of

special representations (A_1, H(e)_1) and (A1, H(e)1).

(b) If G has two orbits on X, there exists precisely one equivalence class of special

representations ()\1, H(e)l) .
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(c) The group G acts transitively on the sets M _, and My,.

(d) The representations (A_1,H(e)) and (A1, H(e)) are square integrable and de-
fined as follows:
Let e be an edge of T, set H(e) the subspace of L*(G) consisting of the G(e)-
right-invariant functions f satisfying fG(m) flgk)dk = 0 for all g € G and
x € {o(e),t(e)}. Further let o be the linear involution on H(e) defined by
o(f)(g) = f(g9g) where g is an inversion of the edge e, if there exist such in
G, or g = id otherwise (This involution does not depend on the choice of §).
Write H(e),, the eigenspace of o corresponding to the eigenvalue k € {—1,1}

and A\, the restriction on H(e), of the left reqular representation of G.

3. (a) If w is spherical, then following holds:
i. The set M, corresponds to the set X of vertices of T,
ii. For everyx € M, andu € HE® with |lu|| = 1, the function g — ¢.(g) =
(u,m(g)u) is a zonal spherical function with respect to the compact group
G(x);
(b) Let x be a vertex and a the degree of x.

i. If G acts transitively on X, the equivalence classes of spherical represen-
tations ™ with x € M, are in one to one correspondance with the interval
[—1,1] via the map 7 +— ¢,(g) where g € G such that d(gz,x) = 1.

it. If G has two orbits on X, the equivalence classes of spherical representa-

tions m with x € M, are in one to one correspondance with the interval

[_ 24+(a—2)(r+s—a—1)
a(r+s—a—1)

, 1] via the map m — @, (g) where d(gx,x) = 2.
iii. The spherical representation corresponding to p.(g) = 1 is the trivial

character.

w. If G acts transitively on X, the spherical representation corresponding to

U@.9) qnd writing m the spherical

©x(g) = —1 is the character g — (—1)
representation corresponding to A € [—1,1] we have 1_\ = 7_1 ® m)\|q,

the inner tensor product of m_1 and ).

(c) Let x,y be two vertices. Let a be the degree of x and b the degree of y. Let
Tz be a spherical representation with x € My , and A = gom’x(g) and let
Ty be a spherical representation with y € My, , and pp = @r, (g) with g as
above. Then 7, 5 and m,, are equivalent if and only if

_a(b—1) a—2>b
bla—1) b(r+s—b—1)
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2.3.1 Super Cuspidal Representations

If M, contains a complete finite subtree S with at least two edges, then Theorem [l

applies immediately.

2.3.2 Special Representation

Let e be an edge of T. Recall that there exists an inversion g € G if and only if G
acts transitively on X. We write H(e) the set of G(e)-right-invariant L2-functions f

| riakyar=o
G(x)

for all g € G and x € {o(e),t(e)}.

satisfying

Lemma 34. Let S be a finite complete subtree and f a continuous G(e)-right-invariant

and G(S)-left-invariant function satisfying

| riakyar=o
G(x)

forall g € G and x € {o(e),t(e)}. Then the function f is completely determined by the
values it takes on the set {g € G | ge is an edge of S}. More precisely, if ' € G is such
that g'e or g'e is a terminal edge € of S, then for every g € G such that ge is an edge
of T., we have
( 1)n+1

((a = 1)(b — D) F (@ — 1yl
where (a,b) = ([t (t(e)], [t (t(e)]). la

g is an inversion of e if d(g't(e), gt(e)) is odd and the identity otherwise (observe

flg) =

is the integer part of the real number q,

that if G does mot contain any inversion, this distance is always even), and n =

min {d(g't(e),gt(e)),d(g't( ), go(e )} In particular, f is square integrable.

Proof. Let f € H(e) be a G(S)-left-invariant function and take g € G be such that ge is
not an edge of S. Let €’ be the terminal edge of S which is the closest to ge. By replacing
e by e if necessary, we can take ¢’ € G such that ¢/ = g’e. Let ¢g =€, eq,...,e,41 be a
chain with e,41 = ge or gé and pick for each i € {0,1,...,n} a k; € G(t(e;)) such that
kie; = €;11. Then ge =k, - ... kog'ge, where g is an inversion of e if d(g't(e),gt(e)) is
odd and the identity otherwise.
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Let 0 < i < n. Since by Lemma [0 the permutation group G(z) is 2-transitive for every
vertex z, there exists for each € € 7 (t(e;)) \ {e;} a h* € G(T.,) € G(S) with h¥e;q =€
and hence for every v € G with ve € {e;, ¢;} we have

([t (tlea)) | = 1) f(kiy) = Z f(h°kiy)
e€t~1(t(ei))\{es}

:m@% > [ stk ik )

ect=1(t(e;))

- ¥ / Flhhs) dk = §(7)

ct—1(t(e))

- T /G OB = 10) = ~112),

where x € {o(e), t(e)}, and therefore by induction on n,

f(g):Hfo( _

The square integrability of f follows. O

As a corollary to this lemma the dimension in H(e) of the subspace of G(e)-left-invariant

functions is equal to the index [G(e) : G(e)].

Now consider the left-regular representation A of G' in H(e), i.e. the representation
defined by A(g)f(v) := f(g~'y) for every v € G. This representation is known to be

unitary.

Lemma 35. Every non-trivial closed \-invariant subspace of H(e) contains a non-trivial

G(e)-left-invariant function.

Proof. Let M be a non-trivial closed A-invariant subspace of H(e) and let u € M and
g € G with u(g) # 0. The function f := [ Mk)A(g~")udk is G(e)-left-invariant.
But f is also non-trivial, since f(id) = [, Mkg "u(id)dk = [, u(gh™)dk =
m (G(e)) u(g) £ 0. 0

Therefore if G has two orbits on X, the representation ()\, H(e)) is irreducible.

If G contains an inversion and hence an inversion of e, we consider on H(e) the linear
involution o defined by o(f)(g) := f(gg) for every g € G, were g € G is an inversion of
e. This involution does not depend on the inversion g since, if g; is an other inversion of

the edge e, the automorphism §; g fixes e and we have f(gd) = f(g9319;'3) = f(gd1).
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We write H(e)t and H(e)~ the eigenspaces of o corresponding to the eigenvalues 1
respectively —1. These subspaces are closed in H(e) and A-invariant, which implies that

the restricted representations (A", H(e)*) and (A~,H(e)™) are irreducible.

Lemma 36. The representations (AT, H(e)™) and (A=, H(e)™) are inequivalent.

Proof. The formula given in Lemma B4 shows that if § is an inversion of the edge e and
f is a G(e)-left-invariant function, then AT(g)f = fif f € H(e))T and A= (g)f = —f if
f € H(e1)™. Suppose there exists an unitary operator T': H(e;)t — H(es)™ interlacing
AT and A7, Then, if f € H(e;)" is a non trivial function, T'f = TAT(g)f =X (9)Tf =
—T'f and hence T'f = 0 which contradicts the injectivity of T O

Let (7T, H) be a continuous unitary irreducible representation of G. Suppose M, contains
a subtree with exactly one edge e. If v is a W(G(e))-invariant vector and g € G, then
7(g)v is 7(G(ge))-invariant, hence ge € A,. Since G(o(e)) and G(t(e)) are conjugated
in G the edge ge is also minimal and thus element of M. Therefore, since G(&) = G(e),

the set M, contains all edges of T

Fix now an edge e of T. Let v € HE® and v € H™® two non trivial vectors. Then
the function g — f,.(g) := (v, m(g)u) is continuous G(e)-right-invariant and G(S)-left-

invariant for some complete finite subtree S and satisfies

| riakyar=o
G(x)

for all ¢ € G and = € {o(e),t(e)}. Therefore f € H(e) and the representation
7 is square integrable. For fixed non trivial G(e)-invariant vector v € H, the set
D, {veH| fou € H(e)} is stable under the action of m and contains H> and hence
is dense in H. The linear operator T, : D, — H(e),v +— f,, is closed. Indeed, if
v, — v, we have Tv,(g9) = fu,u(9) — (v,7(g9)u) =: f,. by continuity of the scalar
product. Moreover, if |Tv, — f|l, — 0 for some f € H(e), then Tv, — f allmost
everywhere and hence in H(e) the f = f,, =: Tv. We have also T7(9)v(7) = fr(gv,u =
(m(g)v, m(V)u, =) (v, 7(g7V)u) = foulg™7) = Mg)fou(y) for all g,v € G. Tt follows
that 7" is a non-zero multiple of an isometry (c.f. for example [Gaall, p. 160, proposi-

tion 10) and therefore the representation (7T, H) is equivalent to a subrepresentation of

(N, H(e)).
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2.3.3 Spherical Representations

Fix a vertex x of T. Without limiting the generality we write r the index of the vertex
x and hence all vertices at even distance to x and s the index of the vertices at odd
distance to z. If r = s, we write d = r = s. We also set Kk = 1 if G acts transitively on

X and s = 2 otherwise.

In the following, dg represents the left invariant Haar measure m (.) with m (G(z)) = 1.
We write Co.(G)? the space of continuous complex valued functions f with compact
support which are G(x)-bi-invariant, i.e. which satisfy f(kgk’) = f(g) for all k k' €
G(az) This space endowed with the convolution product (f1, fo) — f1 * fo defined by

Ji* fG f1(g)f2(h™tg) dg is an algebra.

By proposition [0, (G, G(x)) is a Gel'fand pair. Therefore the convolution algebra
C..(G) is commutative. By Proposition B the group G is unimodular.

A continuous complex valued function go on G is a sphem'cal function if it is G(x)-bi-
invariant and such that the map f — x(f) = [. f of 1) dg is a non trivial character

of the convolution algebra COO(G)“.

We write also L'(G)" the space of the (classes of) complex valued integrable G(x)-bi-

invariant functions on G. This space is also a commutative convolution algebra.

In [Far], page 320, we have Theorem 1.5:

Lemma 37. Let ¢ be a bounded spherical function. Then the map f — x(f) =
fG Ydg is a character of L*(G)%, and all characters of L*(G)® are of this form.

A complex valued function ¢ on G is positive definite if for every choice of ¢y, ..., ¢, € C

and gi,...,9, € G we have } 7', cl-éjgo(gigj’l) > 0. For such a function we have of
course ©(g~") = ¢(g).

By Proposition II.1 and Theorem III.2 in [Far]|, pages 323 and 331, we have following

result:

Lemma 38. 1. For each positive definite spherical function o, there exists an irre-

ducible unitary representation (7@,, H¢) accepting a G(x)-invariant vector u such

that p(g) = (u, m,(g)u) for all g € G.

2. Let (7T, H) be a unitary representation accepting a cyclic G(x)-invariant vector u’

such that ¢(g) = (v, w(g)u') for all g € G, then there exists a unitary isomorphism
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U :H, — H such that Uom,(g) = m(g)oU forallg € G and Uu = v'. In particular

the representation (7T, H) 15 irreductible.

We have also Theorem III.1 in [Far], page 330:

Lemma 39. If (G, K) is a Gel’fand pair and (7, H) an irreducible unitary representation

of G, then HX is of dimension at most one.

Therefore for each spherical representation (7, H) corresponds exactly one positive defi-
nite spherical function ¢,. This function ¢, is the matrix coefficient (u, 7(g)u) = ¢-(g)
with u € HE® and |Jul| = 1. Conversely, every positive definite spherical function is a
matrix coefficient of a spherical representation. In particular different sherical functions

are coefficients of inequivalent representations.

In order to study the spherical representations m of G with x € M, we are therefore

interested in studying the bounded positive definite spherical functions of the Gel’fand
pair (G, G(z)).

Since G(x) acts transitively on all spheres S, ,, = {z € X | d(z, 2) = n} for every radius
n, the convolution algebra COO(G)h can be identified to the set Co,o(kN) of complex
functions with finite support on N via the isomorphism f — f defined by f (9) =
f(d(:c, gx)) for all g € G. For the integral we have

[ Hoydg=m (G ¥ Fdle.2) = m (Ga) Y 15,1 )
2€G-x rexN
The convolution of two G(x)-bi-invariant functions f; and f, is therefore

Z f1 ( (g, 2))

zeG-x

Observe that for every g € G, G(z)gG(x) = {¢' € G | d(x,¢'x) = d(x, gx)}. Therefore

¢Z |S ,“ 1G(1)glG(fL')7

where g; € G with d(x, g;x) = i, we have for every m,n € kN, with m >n > 0,

|Smmmsgxn|
¢n*¢mg:¢m*¢ng:;-
(9) (9) S T[S
This gives
d— 1 n—1
(bn*(bm: d << (bm n T — n+1 k(bm n+2k+¢m+n)

k=1
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if G acts transitively on X,

r—1 1
¢n*¢m = ﬁ(bmfn
r <(('r’ —1(s— 1)) 2
i s—2
+ o1 ¢mfn+4lf2
zz;<(('f’ —1)(s—1))?

r—2
+ ﬁ_l¢mfn+4l
(r—l)((r—l)(s—l))2 )

s—2
+ m¢m+n—2 + ¢m+n)

otherwise, and hence

(bl*(bm: ¢1 m =0

égbm—l + %¢m+1 ifm>1

if G acts transitively on X and

?2 itm=0
¢2 * (bm = L Ly . )
o Pm—2 T iy Om T T Omy2 ifm > 2
otherwise. This means that ¢, and ¢, generate C,o(G)".
Let x be a character of Coo(G)%, then the suite (p;(\))
soon as we know x(¢,) = A, since x(¢o) = 1. We have

PO(A) 1
pi(A) = A
Pa(A) = 35200 1(A) = Z55Pn2(A), n>2

= (X(ﬁbz))l is determined as

i

>

if G acts transitively on X and

po(A) =1
p2(A) = A
pn()‘) = %pn—ﬂ)‘) - mpn—4()‘)a n > 4

>

otherwise.

Lemma 40. A G(x)-bi-invariant function ¢ on G is spherical with respect to the com-

pact subgroup G(x) if and only if we have
/ plgkg’) = v(9)e(g")
G(z)

for every g,9" € G.
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Proof. See for example Proposition 1.3 in [Far]|, page 319, or Theorem 10 in [Gaall,
page 451. U

Lemma 41. The function g — ©x(9) = Di(z,gz)(N) 5 spherical and all spherical func-
tions of G are of this form. In other words, a G(x)-bi-invariant function ¢ on G is

spherical if and only if it satisfies following conditions:

p(n) = g5 Ap(n — 1) — g5 ¢(n —2), n>2

. r(s—1 5—2 .
$(n) = %@( —-2)- mw(n—@, n >4

otherwise, where \ is some complex number.

Proof. Let ¢ be a G(z)-bi-invariant function. Pick ¢g,¢’ € G and set m = d(x, gz) as
well as n = d(z,¢'z). Since ¢(gkg’) = p(¢'k~tg™1), we can suppose m > n. We

compute

/ p(gkg’) dk = / o(d(g™ "z, kg'x)) dk
G(x)

/ / ¢(d(g~x, khg'z)) dk dh
V/G(Twn) J G(Twn)

/ /GTxn>/Txn)¢(d(9 z, kg'v)) dk dh
=m(GlTan)) Z p(d(g~", 2))

2€Sz,n

m-+n
1

k=m—n
1

=5 > Sem-ntor N Sgrn| G(m —n + 2Kk).
’ k=0

This gives

+ i (d _dl_>n%rlk ¢(m —n+2k) +¢(m + n))
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if G acts transitively on X, and

, _T—l 1 (m—
/Gmgo(gkgmk_ r <((7’— 1)(s — 1))%¢( )

s—2
+ T H(m —n + 4l — 2)
Z<((r—1)(3—1))2+ ¥

r—2
+ ﬂ_l'(m—n—i-lll)

(7’—1)((7“—1)(5—1))2 i )
s—2

M Ty Ty

m+n—2)+¢(m+n))

otherwise.

We have to show that ), is spherical. Since for every natural number ¢ the function

&A1) = pi(N) = x(¢;), we have, using above computations,
pA(9)ea(g') = ea(m)@a(n) = X(Gm)X(dm) = X(Pm * ¢n) = /G( )@(gkg’),

hence ¢, is spherical by Lemma

In the other sense, if ¢ is spherical, using above formulas with n = k, we see that

©(k) = pr(A) for every natural number k, where A = ¢(1). O

Therefore all spherical functions of G with respect to the compact subgroup G(x) are
given in a unique manner by ¢, with A € C. We shall now give another characterisation

of those spherical functions.

For the vertices y # z, we define the open compact subsets O,(z) = T.(00) of the
boundary T'(co) of the tree T, where e € o7!(z) such that d(y,t(e)) < d(y,o(e)).
We have for every vertex y and for every natural number n, the equality T(c0) =
L] O,(2). Since |S, .| = -2 (a — 1) EI(b — 1)1 if n > 1, and |S, 0| = 1 (where a

2€8y.n Y a—1
is the degree of y, b € {r,s} \ {a} and [a] denotes the entire part of & € R), the only
G(y)-invariant Borel probability measure y, on T'(co) satisfies 11,(0y(2)) = “L(a —

DiElr b - 1)7B ifn =d(y, 2) > 1.

Let € € T'(00) and y a vertex. We write €, € € the unique infinite chain with o(€,(0)) =y
representing the end e. If y and z are two vertices, there exists a unique relative number
k such that €,(n + k) = €.(n) for n > 1(d(y, z) — k). This number k defines a function
k(y,z,€) = k.
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Pick now a vertex y, a g € G, € € T'(0c0) and set k = k(z, gx,€). Observe that
Oy< (ey(n + k))) Ogy <0 (€gy (”)))
for n > 1(d(y, gy) — k). Therefore

Hgy (Oy (o(ey(n + k>>)> = Hgy <Ogy (o(egy (”))))

a—1 n n
— —1 [5}—" b—1 —[5}
—(a-1)=7"(b-1)

(where a is the degree of y, b € {r, s} \ {a}) while

a — 1 [n+k]

(a = DG — 1),

py (0 (oley(n + )))) =

and hence for n > %(d(y, qy) — k) we have

p (O (oley (n + K)))) = (a = DFHEEEIH — 1)1, (0, (0ley (0 + 1)),

Since the set of Oy (o(e,(n—+k))) form a base of neighbourhood of €, and observing that if

a

GG has two orbits on X, k is an even number, we get the formula for the Radon-Nikodim

derivate

dugy< ) (d — 1)k if G acts transitively on X and
—€e) =
ity ((r—1)(s - 1))

k
2 else.

[STES

In fact, one observes that we can write in both cases dd“ﬂ(e) = ((r=1)(s—1))2.
Hy
shall hence set a = /(r — 1)(s — 1).

Set for g € G and € € T'(c0), the number

dp
P,(g,€) = dﬂgy(e) %
v

For fixed g, the function € — P,(g,€) takes only finitely many values, because for all
e € T(c0), we have —d(y, gy) < k(y, gy,€) < d(y,gy). This function is eventually (for
fixed ¢) a linear combination of characteristic functions of the sets O,(z) and is therefore

integrable.

Lemma 42. For every v € C with Re(v) > 0, set

(d=1)"+(d=1)"") if G acts transitively on X
A =D6-1)" + (- Ds=1)"" +s-2) e,

then the function R + iR — C,v — A\, (v) is surjective and for every g € G we have

or(9 / ) dpa(c).
T

(V) =
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Proof. Set 1, ,(g fT ( ) dpz(€).

The function g — P,(g,€) is obviously G(z)-right-invariant, hence the function v, ,
is also G(z)-right-invariant. Let h € G(z) and g € G, then, since k(x,hgz,e) =
k(hx, hgz, hh~te) = k(x, gz, h~'€), we have also P,(hg,¢) = P,(g,h'€) and finally

bu(hg) = / (P99 a9
_ /T (Pl 071" dinle) = bl

because dy, is G(x)-invariant. Therefore 1, ,, is G(x)-bi-invariant.

Pick g € G, g # id, and set m = d(x,gz). We want to compute @Z}$7y(m) =y ,(g). It
is easy to see that if £ € {0,1,...,m} and y € Sy, N Syz 2k, then for all € € O,(y), the

number k(z, gz, €) = m — 2k. Hence

€) :f: > (r=1(s—1)

k=0 y€Sz,mNSgz,2k

o3

—k

where 1p is the characteristic function of the subset £ of T'(c0), and

m—1

Yo (m) = W ((d —1)m™ kil (m=2k)o-+i1)
+(d - 1)<m71>v)
if G acts transitively on X and
Ju(m) = = (am” +((s=2)a® + (r—2)(s — 1)) (?z:l =212
: -

=1
+ (s — 2)am=D0-») 4 am(ku))

else, where a = /(r — 1)(s — 1). A calculus shows then that
1/}:1: 1/(0) =
1/}:1: 1/(1) Ao (V)
wx,y(n) = ﬂ)\x(u)z/}x,,,(n -1) - ﬁzﬁw(n —-2), n>2

if G acts transitively on X and

U (0) =
wﬂ:,l/(z) = A:(v)
Uy(n) = 2 J«)Af)((s 15 D) (n—2) — ey Vpp(n—4), n>4

otherwise. By Lemma BTl we have v, , = ¢y, ) O
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Recall that we are interested to study the positive definite spherical functions of G with
respect to the subgroup G(x). Since the spherical functions ¢, of G are characterized

by A, we want to know for which A the function ¢, is positive definite.

First we observe that if ¢, is positive definite, since ¢, is G(z)-bi-invariant and since
g~' € G(x)gG(x), for every g € G, we have py(g) = ©x(971) = oa(g), i.e. @r(g) € R
and in particular A € R. Moreover we have 0 < ¢x(g9™!) + pa(g) + ©a(g™!) + pa(id),
and hence p)(g) > —1, as well as 0 < pA(g971) — @a(g) — ©al(g™!) + pa(id), and hence
©a(g) < 1. Therefore A has to be between —1 and 1.

We further observe that the map v — A(v) is a bijection between the set v € ({%} +
il0, ==]) U ((—o00,3) +i {0, £=1}) and R, where & = /(r —1)(s — 1) and & is the

number of orbits of G on X.

We shall now show that ¢y, is positive definite if and only if v € ({ } + 1[0, mna]) L
(10,2)+i {0,

interval [—1, 1]; in the other case this corresponds to the interval [—

). In the case where G acts transitively on X this corresponds to the

2+(r—2)(s—1)
ey U

Suppose G has has two orbits on X. The equation ¢,(n) = %g@,\(n -2)—

mgb,\(n—él) has the solution ¢, (2n) = AB"+ B33 where 3} = 515 (r(s—1)A—(s—
2)+vA) and 2 = ﬁ(r(s—l)/\—(s—Z)—\/Z) with A = (r(s—l)/\—(s—Z))Q—éLon. The
constants A and B are determined by the initial conditions ¢, ,(0) = 1 and ¥, ,(2) =
A(v). We have A = \/—((204 —7(s—1))A+ (s —2) + VA) and B =1 — A. Suppose
now —1 < A < —%. It is easy to check that then A > 0 Further we have
—1 < 2 < 1 and 2 < —1. This means that for such A\ the sequence ¢y(n) is not

klna

bounded and that therefore @, cannot be positive definite.

Hence for ¢, being positive definite, we must have v € ({3} +4[0, ===]) L ([0, 3) +
i {O’ nl?la }) :

We show now that this condition is sufficient.

Write K the linear space of continuous functions on 7'(co) taking a finite number of
values. This space is spanned by the characteristic functions of the sets O,(y) with
y € X. Further let IC,, be the subspace of K spanned by the characteristic functions of

the sets O,(y) with y € S, ,,. Obviously {O.(y) | y € S..»n} is a basis of K,, and we have
K, CKps1 and €=U, K,.

For f € K and g € GG define

o) (9)f(€) = Pa(g. )" f(g™e).



38 CHAPTER 2. UNITARY REPRESENTATIONS

Observe that the identity P.(gh,e) = P.(g,€)Pu(gh,€) = P.(g,€)Py(h,g '€) which
follows directly from the definition of P,(g,¢) as Radon-Nikodym derivate, implies that
T Mg (v (gh)f = Te s (v) (g) (Wx,kz(u)(h)f)~

Suppose v € { } + [0, «—]. Then we have

/ I (@) £ (O ditale) = / P9, /(g7 dus(e)
:/P (id.g7') | f(g7")|” dpale) —/If(E)Ingw(id,e}dugg(gd
|f(€)|2Pg*1x(id7 6) d#g*IJ:(E) = / |f(€)|2 d,ua:(e)

Therefore 7, () is a unitary representation of G' in the Hilbert-space Hy ) =

L%(T(00), ptz) and @y, ()(9) = (1,72, (9)1) is therefore positive definite.
Now suppose v € [0,1) +4 {0, Z-}.
For e,¢ € T(00) with € # ¢ and y € X we define the number

(e,€)y =max{n € N|e,(n) =€ (n)}.

Y

If n > (e,€),, we have 2(¢,¢), = d(y, e,(n)) + d(y,€,(n)) — d(e,(n),€(n)). Moreover,
if g € G and n > max {(e, €),, d(y, gy)}, then

v, (9€)y(n)) +d(y. (9€')y(n)) — d((ge)y(n), (9¢')y(n))

97 s €g1y(n)) — d(y, eg-1,(n)) +d(97 "y, €1, (n))

n)) +d(y, eg-1,(n)) + d(y, €,-1,(n))

ven1,(n)) = 2(e,€)y — k(y, 97y, €) — k(y, g7y, €)

2(ge, ge')y = d

(
(
Y, 62‘1?4

d
_d (
— d(€g-14(n)

(
(
Further we have

(6.€)y =D k(D 1o,(Olo,)(€) = Y To,e(€)1o,en(€)).

k=0 zeSy,k z ESy k+1

Let g € G\ {id} and € € T'(c0). Set m = d(z, gx), take § € T'(c0) with 6(m) = gz and
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set yr, = 0(6,(k)) for every k > 0. Using the calculus for (e, €’), above, we have
/ (10, gy (€) dpta(€)
Z ( Z (Ox(y) N Ox(gx)) Lo, (y)(€)

= yesx k

= Y m(0u) N 0ulg) T0,(6)
YESy kt1

— Z QQkVﬂx (Ox(g:[)) (1Oz(yk)(€) — 101(%“)(6))

k=0
00

+ 37 0% (112 (0n() = 1 (Onle1)) ) T2 (€)

= ™, (0.(g2)) > Lo, () (€)
k=0 yesx,mmsgx,Q(m—k)

e e}

&—QI—m
i Z <a2(21+m)uf(r —9)
1=0

&—QI—m s—2

r s—1

+ a2(2l+1+m)y

)1oz<gx)(€)

3

-1
r—1 _
a2ku " o Z 10x(y)(€)

0 yeSIymmngQ(mfk)

—1,7r—2 =
" r r + (S . 2)052(1/—1))0/)1(21/71) Z a2(2u71)l10x(g$)(6)

( >

T r—1
— m 14 1
—a Y Y 1o

k=0 yGSz,mﬂng,2(m—k)
r—1 —? + (s — 2)a?7Y
r ’ 1 — o2@v-1)

i

™ 10, (ga) (€)

and

r—1 :,:—? + (s — 2)a?=D
r 1 — a2@—1) 1(e)

[ 1) dute) -

For f € K and € € T'(00), we define

r q22v=1)

11—
IJ:V = :
240 r—1 =4 (s—2)a?

2v(e,€ )z ! /
oy [ € i)

39

We want to know for which v the relation (f, f"), , = [ L..f(€)f'(¢) du,(e) defines an

inner product on K.
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A function (kernel) ¢ : E x E — C is called a conditionally negative definite kernel if ¢
is hermitian (i.e. 1(a,b) = 1¥(b,a)) and if for all by,...,b, € E and Ay,..., A, € C with
> k1 M = 0, we have 30 370 Nidj(b;, bi) < 0.

In [H; V] Chapter 5 & 6 we find following facts:

Lemma 43. (SCHOENBERG) Let ¢ : E x E — C be a kernel which is zero on the

diagonal. Following properties are equualent:

1. the kernel 1 is conditionally negative definite.

2. For every t > 0, the real kernel e=* is positive definite.

Proof. Cf. [H; V], Theorem 16, page 66. O

Lemma 44. For every tree T, the function ”distance” is a negative definite kernel on
the set of vertices of T.

Proof. Cf. [H; V], Proposition 2, page 69. O

We shall now prove that the function (f, f') — (f, f"),, = [ Lo, f(€)f'(€) dus(e) is a
inner product on K if v € [0, 1) 5) i {O, Hlna}

The only thing which is not obvious and which we shall show, is that (f, f),, > 0 if
f # 0. Since K = |J,, Ky, it is enough to show it on /C,,, with m > 0.

Take y,z € S; . We have

r 1 — o2@v-1)
(10,4 10,)),, = /Iulox(y)( J0.(5)(€) dhial€) = -7 =5 (5= 2)a2v D
r—1

r—1 _, ,
( r O o™ Y 1:(0:(y) N 0.(2))
k=0 Y €8s mNSy 2(m—k)
r=2 _ 2(v-1)
r—1 =+ (-2 )
e " i (0.(9) N 04(2)) )
r 1 — q2v—1)

r—1 =2 (s — 2)a2-1)

(T — lafma@mfd(y,z))ur — lafm

T T
r=2 _ 2(v-1)
r—1 r—1 + (8 2) m(2ufl)7j —1 —-m
+ . [ o@D «a — o 5y,z>

2(2v—1
= goﬂm(u—l)( S | ) e—ulna.d(y,z) +0 )
r =2 + (s — 2)a?v) .

r
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By the preceding two lemmas, the kernel

o 2(2Re(r)-1) —2Re(r) Inavd(y,z)

1
:2) = 900:2) = = e

r—

is positive definite if 0 < Re(v) < 3. Moreover if f = >} Mlo,,) # 0 with

Yi, - Yn € Spm, then

n n

<faf>x,y=r_1 _2’”1”)( AN (Yi, 7) +Z|A|>

r
=1 j=1

Let v € [0,3) +i{0, ==}
Then we have
(m20(9)f. 09 )f>w — [ L e G7TE) ds(
=G, [ [[armedatimbnane) g 1)a o ean TG dp (€0
_ CV//O/J 969 ) o (1= @07.9¢) £( ) o (V=P (&) i (g€’ VA ge)
_ CV//QVQ(gE,ge’)xa(l—V)k(g1x,x,e’)f(€/)a(1—u)k:(glw,x,s)mdﬂg1$(€/)dﬂgl$(€)
e / / (20068~ 1=k ™) (1) == kea ™ 0 F )
R T COT T )
— CV//aV(Q(ge,ge')z+k(m,g_1x,6/)+k(m,g_1m,e))f(é)@dﬂx<€/>dum<€>
=G, [ [ @ 1€ FTE dpal €
= (fs )

where C, = =

1

1_2(r—1)
+(s—2)o¢2(V*1) :

Therefore 7, 5,(,) is a unitary representation of G in the completion H, () of K with
respect to the inner product (.,.), . Moreover g — @5 )(9) = (1, 7w, w)(9)1), , and

hence is positive definite.

Lemma 45. Take v such that o # £1, then the set {P.(g,.)" | g € G} spans K.

Proof. Fory € X, y# x and € € T'(c0), we write P(y,€) = jﬁy( ). We have

k@) if d(z,y) is even

”["Q{%laik(m’y’e), if d(l‘7 y) is odd.
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If n = d(x,y) > 1, we shall write P(y, €) = C,a *@¥9) where C, = 1 if n is even and
Cp = (ra®=t) if n is odd. We have P(z,.) = Ly(co).

Since for every vertex y we have 1o, () = Ey’GSz toy+1MSy 1 10, (y), it is enough to show
that for every m > 1 and y € S, 2(m—1), the function 1p,(,) is a linear combination of
elements in the set {P(y,.)" | 3d(z,y) € {0,1,...,m}}.

For n > 1, take a vertex y,, with d(z,y,) = n, write a, the index of y. We have

ZP (y,.)" el Z Z R S )

YESz,n+1MNSyp 1 YESe,n+1MNSyp,1 Y €Sz n+1

v v(n+1—d(y’,
:Cn“( ) Y, i, ()

Y €S2,n+1\Syp,1 YESz,nt1NSy, 1

+ Z (al/(nﬂfd(y’,y’))lo W)

Y €Sz n+1NSyp,1

+ Z oV (nH1=d(y ) 1Ox(y,))>

YE(Sz,n+1NSyn,1)\{¥'}

(Y ettt (g, — )16,

y/esz,n+1\syn,l

+ > (@0, + (an — 1)04”("71)1000(?/’)))

Y €Sz,n+1NSyp,1

Ox(yn)
v_v(n—dy ,yn
+ Z Yo (n—d(y'.y ))1096(3/))
y'€Sz,n\{yn}

— " (a, = )10, + 0" (0 + (an = 1)) 1o,

_cv, (at/(agy— 1) (O ¥y

= o’ (a, — 1)5—:’1P(yn, )Y+ C”’+1a” n- 1)((an —2)(1— 042”))10,(%)

n

with K, = o (a, — 1) "jl and L, = C%, 0"V ((a, —2)(1 — a*)), and for n = 0 we

have

D Ply.) =01 Y Y il

yesx,l yesx,l y’ESz,1

— Cf((’l‘ — 1) + Oéy) 1T(oo) = Kop(yo, .)V -+ Lolox(yo)

with K :C'l((r— 1) +oz”), Lo =0 and yy = z.
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Finaly
> Pw)= ) >, Py
yeSx,gmﬂSyQ(m_l),Q y'651,2m71ﬁsy2(m_1),1 yGSx,zmﬂSy/’l
= )3 (Kom-1P(,.) + Lam-110.()
y'ESx,Qm—lﬂSyQ(m_l),l
= Kom—1Komm-1)P(Y2im-1), -)
+ (KZm—lLZ(m—l) + LQm—l)]‘Ow(yQ(m—l))
hence
-1 v
lortmoy = (KoL 4 L) (Y Pl
y651,2m05y2(m71),2
- K2m71K2(m—1)P<y2(m—1)7 )V)
U
The space of G(z)-invariant vectors Hf(;;)(y) = C1, because for h € G(x) we have

T f(€) = f(h71e) = f(e) for all € € T(c0) if and only if f is constant, since G(x)

acts transitively on T'(c0).

Moreover, if v € ({5 }44[0, —==])U((0, 1)+4 {0, === }), the vector 1 is cyclic in Hy )

' klna ' klna

because {71, 0,)(9)1 = Pu(g,.)" | g € G} spans K which is dense in M, ). Hence
(T2 7o) Ha () 18 spherical (irreducible) if v € ({4 }44[0, —==])u((0, 3)+i {0, == }).

P klna klna

We observe that the spherical representation (7,1, H,1) corresponding to A = 1 is the

trivial character of G in C.

If G acts transitively on X the spherical representation (m, _1,H, 1) corresponding
to A = —1 is the character g — (—1)@9%) We have to show that (—1)%@9hz) —
(—1)d@oe)(—1)d@h®) et €, € € T(co) such that ey, passes through x and €, passes
through ghr. Then 2(e,€),. = d(z,gz) + d(ghz, gz) — d(x, ghr) and (—1)% @) =
(_1)d(m,gm)er(ghx,g:r)72(5,5/)91 _ (_1)d(x,ga:)(_1)d(x,hm).

The inner tensor productm, —1 @7, x|¢ (i.e. the restriction to the diagonal subgroup G <
G x G of the tensor product 7, —1 ® m,) of the spherical representaions (7, —1, Hz 1)
and (m, x, Hy\) satisfies m, 1 @ my2|a(g) = (—1)d(x’gx)7rx,)\(g) and acts on the space
H = C® Hyn =~ Hyx Obviously HE@) = Hf&v) and the non trivial G(x)-invariant

vectors are cyclic. Therefore 7, 1 ®7, 1| is irreducible and hence 7, _1 @7, \|¢ = Tz -

Now let z and y be two edges with respective degrees a and b. Then all the constructions

and formulas above are also valid by replacing r by a respectively b and s by r + s —a
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respectively r + s — b. In particular we have the representations (7, x, (), Ha, ) and
(Ty . (v)» Hyx,(v)) Which are spherical (irreducible) for every v € ({%} + 1[0, nﬂﬂa]) U
((0’ %) +1 {0’ /il7rT1a )

But (mz 2, ) Haaww)) and (myx, @), Hya, o)) are indeed equivalent: Let T, ,, : K — K

be the linear operator defined by (T, f)(e) = (jﬁ(e))”f(e) for every e € T(o0).

Moreover T, , is a intertwining of 7, x,) and 7, @), because for every g € G and

¢ € T'(0c0) we have

W%Auuﬂg)(fkyyf)(e)==f@(g,@”(gﬁf(g‘léﬂyflg‘ld

- (G20) (G 0) g™

- (G20) (G20) a7

- (§20) 70

- (G @) (@) 16

= T:v,y,l/ (7T;c,)\z(l/) (g)f) <E> :

Therefore T ,, is a multiple of an isometry intertwining m, ) and m,», ) (cf. for

example [Gaal|, Proposition 10, Chapter IV, Section 3, p. 160).

Considering the bijection

&;({%}+¢m 7T])uqaé)+i§xﬁf

})_)[_2+(a—2)(r—|—s—a—1)
"klna no

a short computation shows that

. _a(b—1) a—>b
WS = e s oo

which proves the last statement of Theorem 2.



Chapter 3

The Universal Group U(F)

In this chapter we shall study an example of group which has the independence property:
the universal group U(F') of the homogeneous tree T of finite degree d > 3 as defined
by Marc Burger and Shahar Mozes in [B; M].

Let T'= (X,Y) be the homogeneous tree with degree d, d > 3.

We call legal colouring of T the map ¢ : Y — {1,...,d} with following properties:

1. for each edge e, t(e) = 1(€)

2. for each vertex x, the restriction to the set t~!(z) of the map ¢ is a bijection.
Now, let F' be a permutation group of the set {1,...,d}, and let ¢ be a legal colouring
of the tree 7.

Definition 46. We define the set

Uy(F) = {g € aut(T) | Foreveryx € X,1ogo (L|t—1(x))_1 € F} .

As it is easily seen, this set is a closed subgroup of aut (7).
If F'=Perm{1,...,d}, then Uy (F) = aut (T).

If F is trivial, then Uy (F) is the free product of d copies of the group of ordre 2.
Indeed the homogeneous tree of degree d is the Cayley graph I' of the free product
G of d copies of the group of ordre 2, which has the presentation (si,...,sq | 7 =
e,Vi). The set of vertices of the Cayley graph I' is X’ = G and the set of edges
is Y = {(91,92) | 91,92 € G,g97'g € {s1,....s4}}. The group G acts on I' by left

45



46 CHAPTER 3. THE UNIVERSAL GROUP U(F)

multiplication. Now let ¢ : Y — {1,...,d} be such that s, 4 = g1 'g2. Then ¢ is a
legal colouring of I' which is invariant for the action of G. Therefore, using Lemma
on page B7, we have G = U, (F).

In Section Bl we shall study some properties of the universal group and in Section
we shall study the nature of the maximal compact subgroups in the case where F' is
transitive. Further we shall see that all closed edge transitive automorphism groups on
T which have the independence property are universal groups with a permutation group

F acting transitively on {1,...,d}. Precisely, we shall show this (cf. Lemma BES]):

Proposition 47. Let G be a closed edge-transitive automorphism group of the d-reqular

tree T which has the independence property. Set
F={¢ohoo™ | heG)?},

where x is some vertex and ¢ : t7*(x) — {1,...,d} some bijection. Then there exists a

legal colouring v such that G = U, (F).

Finally, in Sections and B4 we show following result:

Theorem 3. For transitive permutation group F with non trivial stabilizer group F

fixzing 1 € {1,...,d}, the three following conditions are equivalent:

1. the stabilizer group F is perfect and equal to its normalizer,

2. the vertex stabilizing subgroup U(F)(x) of the universal group U(F') is topologically
finitely generated,

3. for every real positive number M, the group U(F) has finitely many equivalence

classes of super cuspidal representations with formal degree less than M.

The equivalence between the first two statements has first been announced in [Mozes],
p. o74.

3.1 Some Properties

Proposition 48. The group U (F) has the independence property.
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Proof. Take an element h of the stabilizer U, (F)(e) of an edge e of T'. Since the group
G = aut (T') has the independence property, there exist hy € G(T,) and hy € G(T%) such
that h = hyhs. For every edge ¢ of T; we have hy(¢) = h(e) and hy(e) = €. Therefore, if
x is an interior vertex of the subtree 7%, then toh;o (L|t—1(x))71 € Fand tohyo (tf-1(z))

is the itentity on ¢~!(z) and hence is also an element of F. By a similar argument, if x
is an interior vertex of the subtree T, then tohyo (L|t—1(x))_1 € Fand toh;o (L|t—1(m))_1
is the identity on ¢~!(x) and hence is also an element of F. Finally, hy € U, (F)(T.)

and hy € U,y (F)(T%), which shows that U, (F) has the independence property. O

We write T}, respectively T, ,, where x € X,e € Y and n is a natural number, the
minimal subtree containing the vertices at distance less or equal n from x respectively

e.
Following lemma can be found in [B; M| and in [B; M; 7).

Lemma 49. For any two legal colourings v1 and 1o and two vertices x1 and x5 of T,

there exists a unique automorphism g € aut (T') such that x4 = gx1 and 13 = 11 0 g.

Proof. Define for every natural number n the compact subset
G, = {g € aut (T') | x9 = gy and L2|Tzl’n =1 °9|Tzl,n} )

Clearly, G1 = {g € aut (T) | x2 = gz1 and ta)s-1(zy) = 1 © gli-1(zy) } is nOL an empty set.
Now suppose n > 1 and assume as induction hypothesis, that G, is nonempty. Pick
g € G, and chose for any terminal edge e of T}, , an element h, € G(T.) such that
L0gohe|i-1(4(e)) = tali-1(1(e))- We have, as follows, go]], he € Gp11, and hence G4y # @.
Therefore (1,5, Gn # @. But (5, Gi = {g € aut (T) | 22 = g1 and 13 = 1, 0 g}, and
we have shown the existence of an automorphism g € aut (T") such that x5 = gx; and

lg =1104.

Now, let g; and g» be automorphisms belonging to ﬂnzl G,,. Then we have

. —1
Gili-10) = (itli-1(0))  © L2li-1(01) = Goli-1(a0)-

Suppose n > 1. If we assume that gi|r, , = galr,, ., then, for every terminal edge e of
Tazl,na

-1

gili-1e)) = (le-10gien) 0 ali10e))

. —1
= (h\rl(t(me))) o Lz\t—l(t(e)) = gz\t—l(t(e)),

and hence ¢1|r, = gal|1,, .1~ This proves the unicity. O

1,n+1
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Proposition 50. The group Uy)(F) acts transitively on the set of vertices of T

Proof. Let x; and x5 be two vertices. By the preceding lemma, there exists an auto-
morphism ¢ € aut (T') such that xo = gz and ¢ = v o g. If x is any vertex of T', then
t|t-1(z) = L0 gli-1(z) and thus togo (L|t—1(x))71 is the identity and, hence, element of the

group F. Therefore g € U, (F). O

Proposition 51. The group Uy)(F) acts minimaly on T

Proof. Since U, (F') acts transitively on the set of vertices, there exists no Uy, (F)-
invariant proper subtree of T. Now, obviously, U ({id}) < Uy (F) and Uy)({id})
acts also transitively on the set of vertices and contains therefore an inversion (The
automorphism g with go(e) = t(e) for some edge e.). Hence Uy,)({id}), and eventually
Uy (F), does not fix any end of 7. O

Proposition 52. For any two legal colourings 11 and vy and vertex x of T, the groups

Uy (F) and U, (F) are conjugated in aut (T') by an automorphism fizing x.

Proof. By the preceding lemma we have an automorphism ¢ fixing = and satisfying

Ly = 11 0 g. And obviously, we have also U,,)(F) = ¢ 'U(,,)(F)g. O

Therefore the nature of the universal group U,)(F') depends only on the permutation
group F' and not on the colouring ¢. Therefore we shall write in the following U(F)
instead of Uy, (F).

If G is a subgroup of aut (T') and x a vertex of the tree T', we write G(z) the group of

permutations on ¢~!(z) induced by the stabilizer G(z).

Since U(F’) acts transitively on the vertices, the stabilizers of a vertex are all conjugated
in U(F). Therefore we have for every vertex z, (U(F))(z) ~ F

Proposition 53. The universal group U(F') acts transitively on the edges of T if and
only if the permutation group F acts transitively on the set {1,..., d}.

Proof. If U(F') acts transitively on the edges of T', then, for each vertex x, the group
(U(F))(x) ~ F acts transitively.

If F acts transitively on the set {1,...,d}, then, for every vertex z, the stabilizer group
(U(F))(x) acts transitively on t~'(z). Let e; and es be two edges. Since U(F) acts
transitively on the vertices of T', there exists g € U(F') such that o(e3) = go(e;). Further,
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as we have seen, there exists a h € (U(F))(o(e2)) such that es = h(g(e1)) = ho g(ey).
Therefore U(F') acts transitively on the edges of T. O

By Proposition @, we have following fact:

Proposition 54. If the permutation group F acts transitively, then the group U(F') is

unimodular.

As corrollary of Proposition [[3 we have also the proposition

Proposition 55. The group U(F) acts transitively on the boundary of T, if and only

if the permutation group F' is 2-transitive.

Following lemma can also be found in [B; M]:

Lemma 56. Let G be a group of automorphisms of T, acting transitively on the edges.
Set F={¢oho¢™t|heG(x)}, where x is some vertex and ¢ : t 71 (x) — {1,2,...,d}
a bijection. Then there exists a legal colouring v such that G is a subgroup of U, (F').

Proof. We construct the colouring ¢ on the edges of T} ,, by induction over n . If n =1,
set for each edge e of T, 1, t(e) = ¢(e) if e € t7}(z) and i(e) = ¢(€) if e € o~ (x). If
n > 1, take a terminal edge f of T, ,. By induction hypothesis, ¢ is defined on T,
and by transitivity of the action of G on the edges, one can take 7y € G such that

nif = ¢t ou(f). Hence nst(f) = x and ¢ o ns(f) = u(f). Set for e € t71(t(f)),
t(€) = t(e) = ¢ ony(e), which defines ¢ on T}, 1.

Now, if h € G and y a vertex, take an edge f between x and y such that ¢(f) = y. Then
-1

toho <L|t71(x)> = gonproho njfl o=t € F, because nypoho anl € G(z). Therefore

G is a subgroup of U, (F). O

Since the universal group U(F') is closed and has the independence property, it has also
Tits’ property (P). Using 4.5 in [Tifs], p.198, we get for the subgroup U(F)" generated
by the edge stabilizing elements of U(F'), the following proposition (cf. also [B; M,
Proposition 3.2.1.)

Proposition 57. 1. The group U(F)™ is trivial or simple.

2. The group U(F)" is of finite index in U(F) if and only if F < Perml, ... d is
transitive and generated by its point stabilizers; in this case, U(F)* = U(F) N
(aut (T))* and is of index 2 in U(F).
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3.2 The Maximal Compact Subgroups as Projective
Limit

We shall use the notion of wreath product for our further investigations. For doing this,
let us quickly recall that for two finite groups X and B, where X is acting on a set €2,
the wreath product of X with B, sometimes written B¢ X, is the semi-direct product
B x X on which the composition law is defined by (f,z) - (g,v) := (fg., vy) for all
(f,2),(g,y) € B x X, where g, : w — g(x7'w) and fg:w — f(w)g(w).

It is easy to see that for example for all f € B and z,y € X, (f.)y = fye If we
write 1x and 1p the neutral element of X respectively of B as well as 1 : w — 1p the
neutral element of B and f~!: w (f(w))_l, the inverse element of f € B%, then

the neutral element of B® x X is (1,1x) and the inverse element of (f,z) € B® x X is
(f,x)™' = (f 4, 27"). (Observe that (f,-1)~" = (f1),—1 = f}))
If moreover the group B acts on a set O, then there exists a natural action of B! X on

the set © x Q defined by (f,2)(0,w) = (f(zw)f, zw) for every (f,z) € B1X and every
(0,w) € © x Q. Indeed, for (f,z),(g,y) € B! X and (0,w) € © x Q, one has

(f,2)((9,9)(0,w)) = (f, )((yw)9 yw) = (f(x(yw))g(yw), z(yw))
= (f((zy)w)g:((zy)w)b, (zy)w)
= (fo.((zy)), (zy)w) = (fgs, 7y) (0, w)
((f, )(9 w).

In this section we shall prove the following lemma.

Lemma 58. Let G be a closed edge-transitive automorphism group of the d-regular tree

T which has the independence property. Let a be an edge or a vertex of T'. Set
F={¢ohod " | heG))},

where x is some vertex and ¢ : t~'(z) — {1,2,...,d} a bijection. We write B for the
stabilizer in F' of 1 € {1,...,d} and D ={2,3,...,d}, and we define recursively

if a is an edge, Ag ={1,2}, Ai =D x Ay,
or if a is a verte, Ag = {1}, Ay ={1,...,d},
and forn > 1, Apyr =12,...,d} x Ay;
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as well as the following groups:

if a is an edge, G = Perm({1,2}), GY = BA x GO
orif a is a vertex GO = (e), GY =F,
and forn > 1, Gt = BAn 5 G,

with their respective action as described before. The projections p, : G™t) — GM),

(f.h) — h define a projective system GV & G® LX ... of groups.
Then we have:
1. for every natural number n the group G, := G(Tyn)/G(Tun) is isomorphic to G™

(Where T,,, is the minimal subree of T containing the vertices at distance n of

a.)

2. the a stabilizing subgroup é(a) of G is isomorphic to the projective limit lim. G™,

and

3. there exists a legal colouring v such that G = U, (F).

Proof. Let GG be an automorphism group of the d-regular tree T'.

In the following, the letter a denotes a fixed edge or a fixed vetex of the tree T. We

write for every natural positive number n the quotient group
Gn = G(Typ)/G(Tun).

These groups can be considered as automorphism groups of T, ,. Together with the
restriction homomorphisms R, : G,,,1 — G, they constitute a projective system G, il

G, £2 ... and one verifies easily that, if G is closed in aut (7'), its projective limit is

lim G, = G(a).

Now assume that the group G acts transitively on the edges of the tree T" and let ¢
be the legal colouring and U(F) = U, (F), with ' = {¢oho¢~!|h e G(x)}, as in
Lemma BA Then G is a subgroup of U(F).

If a is an edge, we can assume t(a) = 1. We shall now build for every positive natural

number n an injective homomorphism ¢, : G,, — G, such that ¢, o R, = pn © ©pi1.

For this, consider first for each natural number n the set E,, of the terminal edges

of T,, (Observe that E,, is the empty set if a is a vertex and equal to {a,a} if a
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is an edge.). For every e € E,,.1, we write P,(e) the unique edge in E,,, satisfying

t(P.(e)) = o(e). This gives us surjective maps
P, Eqny1 — Egp,n > 0.
On the other side, we define the projections
Tt App1 — Ay, (k,0) — 6 for n > 1.

Using the group G and especially the fact that F' acts transitively, we define inductively

on n bijections v, : Eyn — Ayt

1 ife=a
Yo(e) = if a is an edge
2 ife=a
r(e) = u(e), if ais a vertex
Uny1(e) = (Tpu(e) 0 L(€), ¥n(Pa(€))), where 7, € F such that . o u(e) = 1.

By construction, v, o P, = m, o 9,41 for every n. Further we notice that for n > 1

(n > 0if a is an edge) the inverse map ¢, (k,d) = (L|t_1(¢;1(5))) o Tw_;ll((s)(k?).
Now, for each h € G, set p,(h) = 1, o ho 1. We have then for (f,h) € G, and
(k,0) € Apa,
Pnt1(h)(k,0) = Ypp10ho (I"t—l(w;l(zS)))il ° 7;51(5)(/’{;)
= (Trasito 2000 (o) 070 () ealFa(l)
= (f"(0)k, n(Rn(h)))

where we have set

-1
THOE TRn(R)prt(5) © L ° ho (L|t—1(w;1(5)))

-1

—1
Tyt (6)

€ F, for all § € A,, it follows f* € B?" and hence

¢ni1(h) € B2 x G = G+ Therefore we have built for each n a homomorphism

Since to h o (L|t—1(w 1(5)))

©n : G, — G™ which is clearly injective.

Moreover we have

((pn © ont1)(h)) o T = pu(Pnt1(h)) 0 T = 7y 0 Ppia(h)
= T 0thpp1 0 ho ity =, 0 Pyohodl
= 0 Ry(h) 0 Py oty = by o Ry(h) oyt o,
= ¢n(Ra(h)) 0 ma = ((9n 0 Ru)(h)) 0 Tn;
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and since T, is surjective, p, © Yn41 = @, © Ry,

Now, we suppose moreover, that G has the independence property. Then, the homo-

morphisms ,, are isomorphisms. Indeed:
If a is an edge, g is clearly a isomorphism.

If a is a vertex, the homomorphism ¢; is an isomorphism between G(a) and F, as

Lemma shows. Therefore the subgroup B is the image by ¢; of the subgroup
{h € Gy | he = e}, where e is an edge with o(e) = a and «(e) = 1.

Hence by the independence property of GG, we have for every edge e the equalities among

sets

—1 _
{ﬂ(e) oroho (i)  oT | he G(Te>}

-1
= {TL(E) otoho (tl-14e))  © TL(el) | h € G(e)} = B.

Now if a is an edge or a vetex, for appropriate n and for (f,n) € G™+) = BA» x G,
if we take as induction hypothesis, that there exists an element h € GG,, with ¢, (h) =7
and if we pick a corresponding h' € G,,1 with R, (h") = h, then we can choose for every
§ € A, ahs € G(T,,) such that hsli—1(z(es)) = W71 0 t]i=1(4(hes)) © TLZ;%) o f(pn(h)dp) o
Tuhes) © Ui-1(t(n-1e5)) and it is easy to see that @41 (R [[scn, Resz, .o (hs)) = (f.n)
(Where Resy, ..., (hs) means the restriction to 75,41 of the map h;.)

Therefore we have shown the first two statements of the lemma.

To prove the last statement, it is enough to show that U, (F') < G. This is easily done
since we have now seen that Uy (F)(x) = G(z) for every vertex x. So, if u € Uy, (F),
take h € G with h(ux) = z (G is transitive on the vertices). Therefore k := hu €
Uy(F)(z) = G(z) and u=h"'k € G.

3.3 Topologically Finite Generation of the Maximal
Compact Subgroups
Let F' < Sy be a transitive permutation group acting on {1,2,...,d} and Fj the stabi-

lizing group in F of § € {1,...,d}. Suppose that Fj is not trivial. We shall show the

following proposition:
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Proposition 59. Let x be a vertex of the tree T. The group U(F)(x) is topologically

finitely generated if and only if Fs is perfect and equal to its normalizer.

For the proof, we shall begin with following remark:

For a finite group G and k a natural number, set
1
ni(G) = W H($1,---,$k) cGF | (xy,...,x4) = G}’ )

For a surjective homomorphism of finite groups 7 : Y — X, define

CY/X(k) = Z W

M <Y maximal,
m(M)=X

_ S |C(M)]
Y MRy
C(M):M<Y maximal,
m(M)=X
where C'(M) is the set of conjugates of M.

We have the lemma:

Lemma 60.
pe(Y) > (1= Gyyx (kb — 1)) pr(X).

Proof. The reader has certainly already noticed that py(G) is the probability with which
a k-uple (r1,...,7) € G* generates the group G. Now pick (z1,...,7;) € X* such that
(z1,...,7) = X and choose (yi,...,yr) € Y* with 7(y;) = z;. Then, if (y1,..., ) #

Y, there exists a maximal (proper) subgroup M in Y containing y,...,y, — we have
w(M) = X. Therefore pi(Y) > Q- pp(X), where @ is . But the probability for yq, ..., yx
to be all in a fixed such maximal subgroup M is ‘Ij‘iflf’ and hence the probability for
them to be in any of such maximal subgroups is smaller than or equal to
|M|* |M* |C(M)]
= C(M = —
i M2 T 2
: maximal, (M):M<Y maximal, C(M):M<Y maximal,
w(M)=X n(M)=X w(M)=X
= Cy/x(k—1).

Therefore the probability pg(Y') that yi,...,yr generate Y, i.e. the probability that
Y1, ...,y are not all in a maximal (proper) subgroup M of Y, satisfies py(Y) > (1 —

Gryx(k—1)) > (1= Gryx(k— 1)) pu(X). [

So we obtain:
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Proposition 61. If ... «— F, 1 «— F, «— ... is an inverse system of finite groups F,
and if for some n > 0 the product ], (1 — CFps1/Fn (77)) > 0, then the projective limait
lim_ F,, is topologically finitely generated.

Maximal Subgroups in B? x X

We shall now study maximal subgroups in a wreath product Y = B® x X, where X
and B are finite groups and X acts on the finite set €2, in order to give an estimation of

the Zeta function.

Let Q = Ly U...U L; be the partition into X-orbits. A normal subgroup U < B® is
said standard if U = [['_, U/, where U; are normal subgroups of B. Such a standard
group is clearly also a normal subgroup of Y. A subgroup M of Y is called clean if it

does not contain any non-trivial standard subgroup.

We notice that, given a subgroup M of Y = B x X, there is a unique maximal standard
U <1 B%, contained in M. Thus, M is the inverse image of a clean M’ < Y/U, and M
is maximal if and only if M’ is maximal in Y/U = B®/U x X. Therefore we begin to

study maximal clean subgroups in Y = B? x X.

Proposition 62. Let Y = B® x X with B perfect. Let M be a mazimal clean subgroup
of Y such that its canonical projection onto X is X. Then one of the following holds.

1. The action of X on () is transitive.

(a) Up to conjugacy M = T x X where T is a non-normal mazimal subgroup
of B.

(b) We have M N B® = (e), the group B is simple (non-abelian) and, if we write

M?° the intersection of all conjugates of M, then we have either

i. the subgroup M° contains the centralizer Cx(B®) in X of BY, or
it. the quotient Cx(B®)/(M° N Cx(BY)) is isomorph to BY, and via this

isomorphism, the X -action by conjugation acts transitively on the factors
of BY.

(¢c) The group B admits a unique minimal normal subgroup N ; the subgroup N
is non-abelian, M is the normalizer of M N N, pr,(M N B®) = B and
pro(M NN =N for all w € Q.
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(d) The group B is the direct product N1 X Ny of simple non-abelian groups Ny ~
Ny; M is the normalizer in'Y of M N B?, the projections pr,(M N B%) = B
for every w € Q, and M N N{* = M N N5 = (e).

2. The action of X on §2 is not transitive.

Then B is simple, M N\ BLi = (&) and prge, (M N B®) = BLi for alli = {1,...,t}.

Proof. Let foralli € {1,...,t} beT; := prge,(MNB®?). Then M normalizes T x . .. x T}.

We distinguish the following cases:

I. Some T; # Bl

I1. For alli € {1,...,t}, we have T; = Bl:.

I. Some T; # B%i.

Without lost of generality, assume T} # B*'. Then M N B¢ C Ty x B* x ... x B, M
normalizes T} x B¥2 x ... x B¥ and hence we have M C (Ty x BI2x ... x Blt) x X £Y.
Since M is maximal, M contains T} x B%? x ... x B and hence t = 1 since M is clean.

Thus X is transitive on ).

Let for every w € Q, S, = pro(M N B%). Since prx(M) = X, all S,, are conjugate in B
to a fixed T' < B. As we are interested in maximal subgroups up to conjugacy, we may
assume T = pr,(M N B%) and we have therefore M C T x X.

There are three subcases:

(a) T is not normal in B;
(b) T is normal in B but not equal to B;

(c) T=B.

(a) T is not normal in B.

As before, M normalizes T in Y, and since T is not normal in B, the normalizer of
T? in Y is not all Y; i.e. we have M C Ny(T%) C Np(T®) x X # Y as well as
M CT®x X C Np(T®) x X #Y. Hence, by maximality of M, M = T% x X where T

is maximal and not normal in B. This leads to case [Id of the proposition.

(b) T is normal in B but not equal to B.
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Take an normal strict subgroup N of B containing 7. Then M C N® x X # Y and
thus, by maximality, M contains N*. Since M is clean, N = (¢). On the other hand,
N contains M N B, thus M N B = (e) as well as T. The group B is therefore simple.
Since B is perfect, B is simple non-abelian and hence the centralizer Cy (B) = Cx(B%)
is the kernel of the X-action on Q. Let p : Y — Y/M?® be the canonical projection. Then
Y/M?° acts primitively and faithfully on Y/M. Then, either p(Cx(B%)) = (e), that is
M° contains C'x (B) and we are in the case[I(0]] or (e) # p(Cx(B%)) = p(Cy(B%?)) C
Cyme (p(B%)). Since M N B® = (e), the projection p(B?) ~ B® and is a normal
regular subgroup of Y//M°, and therefore minimal. The centralizer Cy a0 (p(B)) is not
trivial, and is hence also minimal regular. Thus p(C’y(BQ)) = Cy/me (p(BQ)) and are
isomorph to BIYl and the Y/M°-conjugation permutes transitively the simple factors.
Thus Cx(B?)/(M° N Cx(B?)) is isomorph to Bl and the X-action by conjugation
permutes transitively the simple factors. We are therefore in the case of the

proposition.

(c) T =B.

This subcase and the case

I1. For all i € {1,...,t}, we have T; = Bl

will be treated by analyzing the situation where M < B® x X is maximal, clean and
such that prx (M) = X and pr,(M N B?) = B for all w € Q.

As before, 2 = Ly LI ... L L; is the partition into X-orbits of 2 and B is perfect.

Let N be a non trivial minimal normal subgroup of B. Then

(A) if for some i € {1,...,t}, the intersection M N N is trivial, the group B is a
direct product T'x N, where T is the projection onto the first factor, the B-factor,
of M N (B x NIEil=1),

(B) the subgroup N is not abelian, and

To prove the point (A), we observe that since M is maximal and clean, B® = (M N
BY) - NLi| and thus B x NWkil=1 = (M N (B x NIEI=1)) . NLi. Projecting it onto
the first factor, we get B = T - N. Since M N N%i is trivial, T N N = @. Moreover
M N (B x NIEI=1)y 9 M N B?, and thus T' <1 B an finally B =T x N.

To prove the point (B), we assume that N is abelian, and see first that N is not
central in B. Indeed, we have B® = (M N B%) - N%; if now N is central in B, then
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B® =[B® BY = [Mn B Mn B c MnN B which is a contradiction.

Then we show that AM° N N%i is trivial: Since N is a minimal normal and, as assumed,
abelian subgroup of B, it is a F,-vector space. The B-conjugation on N gives an
irreducible representation of B, which is non-trivial since NN is not central in B. The
Bli-action on NTi is therefore a direct sum of |L;| — 1 irreducible and inequivalent
representations of B, Thus, any B¥i-invariant subspace is a sum of factors of N%i. In
particular, if M° N N%i is non-trivial, it contains a N-factor. But M° N N% is normal

in Y, thus M° contains N*i. This contradicts the assumption that M is clean.

Then we show that M N N%i is trivial: Since M° N N%i is trivial, the Y-action on Y/M
is primitive, and N%i acts faithfully on Y/M. So N%i acts transitively and faithfully.
Being abelian, it must act regularly. Thus M N N is trivial.

Finally, we apply point (A) and get that B =T x N with N abelian, which contradicts
the assumption that B is perfect. This proves point (B).

Now we have two cases.

First: There exist a non-trivial normal minimal subgroup N of B and a ¢ € {1,...,t}

with M N N%i non-trivial.

We first observe that M N N%i is not normal in Y. Indeed, for some w € L;, pr,(M N
NEi) £ (e) but pro(M N NEY < pr, (M N B?) = B and, since N is minimal normal, we
get pr,(M N Nti) = N. Applying M-conjugation and using pryx(M) = X, we get the
latter equality for all w € L;. But if now M N N’ is normal in Y, it is normal in N%i.
But N is non-abelian and product of simple factors, which, together with above, leads
to the contradiction that M contains NZ¢. Thus, M is the normalizer in Y of M N N’
This normalizer obviously contains all B% for j # i, and since M is clean, this forces
t to be 1, that is, the action of X on € is transitive. Therefore M is the normalizer in
Y of M N N and pr,(M N N%) = N for all w € Q. If now N’ is another non-trivial
minimal normal subgroup of B, then N’ centralizes N and hence M contains N’

Since M is clean, this shows that N’ is trivial, and we are in case [Id

Second: For any non-trivial minimal normal subgroup N of B and for any i € {1,...,t},

the intersection M N N is trivial.

It follows then from point (A) that any such minimal normal subgroup N of B is a
direct factor of B, in particular simple. Hence B is a direct product of simple non-
abelian groups Niy,...,N,,. Now assume m > 2. Then, since NILI, ..., NEU act all

faithfully transitively on Y /M, they act also regularly, which forces m = 2. Now,
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Nt NI NE NP2 NP NFt act faithfully transitively on Y/M, which forces t = 1,
and hence X acts transitively on Q. Thus we are in case [Id.

Finally, if m = 1, B is simple, and since M N N%i = M N B = (e), we must have t > 2.

Thus, we are in the situation II. and hence in case [@ of the proposition.
This proves the proposition. O
Estimation of the Zeta Function

We have still Y = B® x X and, since we have treated now the maximal clean subgroups

of Y, we define the relative Zeta function

1 |C(M))|
cl = = .
Gyx () Z Y M]7 2. Y : M
M <Y maximal, clearr, C(M):M<Y maximal, clean,
prx(M)=X prx(M)=X

We first begin by estimating C{}l/ «(n). We have

Gyyx(n) = ST (1) + Z([IBJ (n) + Z([IB] A (n)
+ 2@ (n) + D (n) + =@ (n),

where ¥(z)(n) is the sum over the subgroups M corresponding to the case x of propo-

sition B2
Case [Id

The sum is over M = T% x X with 7' a maximal non normal subgroup of B. Thus

1 1
_ ,cl _ _
Y(d)(n) = CY/X(”) = § Y :T9 x X7 - E : (B : T]i%m"
T<BCI£12));imal, T<BCI£1€L)):(imal,

So, if ('} is the number of maximal subgroups in B and n; the lower bound on their

indices, we get

S(@d)(n) < Ciny " = Cy (i) .

nq

Case [1(0)%

Here we do not have an estimate in the general case; we shall study it in the next

subsection.

Cases and [7d can be treated together by considering the following situation: let G
be a finite group containing J; x Jy where J; ~ J, ~ SV are minimal normal and non-

abelian, and we are looking at maximal subgroups M of G with M NJ; = M N Jy, = (e)
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and the M-action by conjugation is transitive on the factors S of J; x J;. So MN(J; X J3)
is the graph of an isomorphism ¢ : J; — J, and M is the normalizer in G of MN(J; X J3).
Thus ¢ determines M. Now 9 is of the form ¥ (by,...,by) = (cpl(bo(l)), . gpN(bo(N))),
where ; is an automorphism of S and ¢ a permutation of {1,..., N}. But, since M acts
transitively on the simple factors of J; x J5, the permutation ¢ is completely determined
by (1). Thus, there are at most |aut (S)|" - N such isomorphisms .

Now to the case [[(D)i} Let ny(Y) be the number of subgroups U of the centralizer
Cx(B%) in X of B% such that U is normal in Y and the X-action by conjugation on
Cx(B%)/U ~ B is transitive. Then

ut (B)

a au it
S([Zd)id) (n) < na(Y) [ | |B||Qm =ns(Y) |Q] (M) .

|Bl”
We shall give an estimation of ny(Y") in the next subsection.

In case [Id, with the notation used in the proposition, we have

au 1 € au 1 i
N C

YA (n) < 1€
|N1|\Q|n | N, |"

Now we turn to the case [Id:

M is determined by MNN* as being its normalizer. Now N ~ S” where S is simple non-
abelian. Let ' = QU. ..UQ the disjoint union of r copies of 2 , so that N ~ S%. Since
pro(M N B®) = B for all w € Q, M acts transitively on . Now M N N® = M N SY
is a product D; x ... x Dy of subdiagonals corresponding to a bloc decomposition
= O U...UQy for the transitive M-action. Let n = |Q|; we have s < n and s
divides n, thus s < 7. There are at most (Z) possibilities for ;. By transitivitiy this
determines then the bloc decomposition. Such a partition being fixed, there are then

laut (S)|"* such products Dy x ... x Dj, each with index [S|"™* in S%. Finally we get

n r|Q|
n\ |aut (S)["° aut (5)| 2 aut (S
o < (1) SO <o (o)~ o fi ()

1<s<%

aut(S)

D <1

where N ~ S” and 7 is chosen such that
Now the estimation of X([)(n):

Again, M is the normalizer in Y of M N B, and since in this case B is simple M N
B® = D; x ... x D, a product of subdiagonals corresponding to a bloc decomposition

Q=0 U...uQ, Now assume that there is a & € {I,...,s} such that Q) =
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QU U and Q® = QU UQ, = L, u...UL,; , are X-invariant. Then
MNB®C (Dy x...xD,)- (B x...x B"s-%) hence (B¥1 x ... x BYsx). M #£Y,
which implies that M contains B x ... x B¥s—«. But this is not possible since M is
clean. Therefore X acts transitively on the set of blocs {{1,...,Q}. Moreover, since
prge; (M N BY) = Bl we have [Q; N L;| <1 for all 4,5 and hence by transitivity of X

on the blocs, [€; N L;| =1 for all 7 and j.

Thus |L;| = s and [€;| =t for all i and j. Now, there are at most s' possibilities for Q,

‘\Qll—l

which then determines the partition. For each partition we get |aut (B) X .. X

|aut (B)|'!"! subdiagonal subgroups, each of index |B|'**'". ... |B]*I"*. Thus

Ql—s
,|aut (B)[

E@(ﬁ) < s |B|(\Q|fs)77

Y

where Q= Ly U...U L, t > 2, and s = |L;| for all 4.

Later we shall only need following crude estimate: since for natural numbers st < 25¢,

we have Q) —s=1ts—s> 5% = %, for t > 2. Thus choosing 1 with

1l o
2(12)(?7)§(47‘a1|1;(‘§>’) :<2 7‘%‘1;(?)‘) .

al‘l;(‘f) < 1, we get

Estimation for the Cases and

We shall now give an estimation for ny(Y') of the case and for the case [1(D]} for
which we had no general result, in the special case where Y is one of the groups G™ of
the projective system G «— G® «— ...« G «— ... as given in LemmaB8 Recall, we
have a transitive permutation group F on the set {1,...,d} and set B < F' the stabilizer
of 1. Wewrite D := {2,3,...,d} and have Ay = Dx{1,2}, respectively Ay = {1,...,d}.
Further we define G = B2} x Perm ({1, 2}), respectively G) = F acting on A, and
recursively, for n > 1, GO*HD = BA» 5 G™ acting on the set A, 11 = D" x A;.

In the following we assume that B is perfect and equal to its normalizer. Write D =
Wi U . ..U W, the decomposition of D into B-orbits Note that the condition for B of

being equal to its normalizer is equivalent to the statement that for all ¢, |W;| > 2.

The G™-orbits on A, are given by W; _, x...xW;,x{1, 2} for all choices of (i, ..., i, 1) €
{1,...,7}", respectively W; _, x...xW;, x A for all choices of (i1, ..., ip1) € {1,...,7}" ",

and thus there are r" respectively r"~! orbits.
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Here we fix a notation: If a group H acts on a set F and if FF C FE, then we write
H(F)={heG|hf=f forall fe F} in analogy to the notation used earlier.

Given an G™-orbit O, = WY x .. x W x {1,2}, respectively O,, = W1 x .. x
WO x A in A, we compute the O, fixing subgroup G (0,,,;) of GM+Y:

G (Oni1) = {(f,9) € B> x G | glo, =id, f(p) € BIWW™),¥p € O}
_ (B(W(n)>on % BAn\on) “ G(”)(On)

and we have GV (0,) = B(WO)Wx{12} o pOWO)x{1.2}  rogpectively GO (0;) =
GW(A}) = (e) (and hence G (0y) = B(WM)A1),
We study now the case of the proposition B2k

We write the set of fixed points
FP,(0,) = {p € A, \ O, | pis fixed by G(”)(On)}

and we have FP;(O;) = A, FPy(03) C Ay \ Oy. For n > 3, we have A, \ O, =
(D\ W) x O,1) U (D % (Ap—1 \ On—1)). Since B has no fixed point in D, one
dets FP,(0,) Cc (D\ W® ) x O,_; for n > 3. We observe also that FP,,(0,) is

G™-invariant and thus consists of at most r, respectively (r — 1) orbits.

Lemma 63. Let H = (H* x ... x H") x A, where L; are A-orbits, and let N be
a normal subgroup of G with simple non-abelian quotient C'. Then, either N contains
(HE x o x HIY and AJpra(N) ~ C, or N = (HP x ... x Ul x ... x H) x A with
|L;| =1, U a normal subgroup of H; and H;/U ~ C.

Proof. 1f pra(N) # A, then, A/pr4(N) being a non-trivial quotient of C, the subgroup
N contains HE' x. . . xH. I pra(N) = A, then (H' x.. . xH")/(HE % . .x H'NN) ~

(', and since C' is simple non-abelian, there exists i € {1,...,[} and a normal subgroup
U of H; with H;/U ~ C, and NN(H x .. . x HF') = HE < o P <ok ol
But N is normal in G, so |L;| — 1 =0. O

Lemma 64. Let C be a simple non-abelian quotient of B, S a set and U C GV (O,,41)
such that U is normal in G G (0,,.1) /U ~ C%, the GV -conjugation act-
ing transitively on simple factors of C°, and |S| > |O,|. Then either U contains
B(Wm)Om 5 BA=\Om or there is an G -orbit S’ in FP,, (|S'| = |S|) and a normal
subgroup Uy of B with B/U, ~ C, such that U = (B(W™)0m x U5 x BA=\OnUS) 5
G™(0,,).
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Proof. Since |S| > |O,|, we have U =

G (0,,41) with quotient C, and the G *Y-action by conjugation permutes tran-

ses Vs where N, are some normal subgroup of

sitively the set {IVs | s € S}. From the preceeding lemma, we have, either N contains
B(Wm)Om » pA=\Om for some and hence every s — thus U contains B(W )9 x
BA™\Om or Ny = (B(WM)0m x Uy x BA\OmU{sh) 5 GOW(O,,) with s € FP,(0,,)
and we are done, or Ny = (B(W™)9n\s} 5 Uy x BA\Om) % G(™)(0,,). But then the
G+ D-action by conjugation shows that U = (IT, co,, Us X BAm\Om) 5 GM(0,,) and
B(W) /U, ~ C. But this is not possible since [S| > |O|. O

Now, let U be a subgroup of G™(0,) which is normal in G™ and is such that
G™(0,)/U ~ C1°! with transitive G™-action on simple factors of C1°7l. As before,
C is simple non-abelian. Let m < n be maximal such that prem g (U) = GM™(0,,),
and set U' = prgm gy (U). Then U = pr=}(U’) and U’ = (B(W™)On x U5 x
BAm\OnUS)) 5 GM(O,,) where " C FP,(O,,) is an G™-orbit satisfying |S’| = |O,/.
Now S" = W x O,y for some W € {Wy,..., W, } and thus |[W| - |Op_1| = |O,].
Therefore (O] = [Opo| |[Wm D] W™ > 0py] - 2n—m+2. Since |O,] <

(d—1)|Om-1|, we have 2"~ < &L je. m>n— L =pn— ().

Let C5 be the number of normal subgroups of B. We have following result:

Lemma 65. Let C5 = 1“41 202, then for all n and all G™ -orbits O,, in A, there are at
most Cs subgroups U in G™(0,,), which are normal in G™ and such that G™(0,,)/U
is isomorph to a product of |O,| simple non-abelian groups where the G™-action by

conjugation acts transitively on factors.

Therefore ny (G("H)) < (3 and

au |An]
S [T (1) < Cs |A] (%) |

Now we treat the case

Let B(i := B/B(W™)). Then the group Ga" =g /G™(0,,) is described inductively
by a B(OO; x Perm({1,2}), respectively GV = FandG™ = B, Om-— i ) X a" actmg
on W= %0, 1 =0,,.

Let C be some simple non-abelian quotient of B. We need to bound the number of
sections of é(n) in C% x ﬁ(n); that is, the number of homomorphisms ¢ : @(n)
C9 x 6(”),33 — (¢(z),z). For k < n we write a(k) the number of such sections
" - oo g™,
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Such a section ¢ : g = B(?L 1 X GV L 00 (B(On 0 G ) (x,y) —

(¢(z,y), (z,y)) is determined by ¢l5n-1 and gz5| o0n_1. First, ¢[zm-1 can be seen as
1)

a homomorphism G\ — (OOt x ... x OO 1) X G Y where the | W=D factors

of CO—1 are not permuted. Hence ¢|§(n71) is determined by ’W(”_l)} sections G =

COn-1 K 6(”*”, thus, by at most a(n — 1)|W(n71)| possibilities for gb| —n-1). Now, we may
assume ¢|—(n_1> fixed. Using the isomorphism C" x B(O" 11) ~ C’W(" RS B(O” ", the ho-
momorphism qb\ 0,1 1S given byB iy — oWy NB(O" Y (910011(¥), - 1 (y)),

—1)
where we see, using the action of G by conjugation, that ¢, are all determined by

gb|5(n_1> and ¢,. This means that we have to bound Hom(BO”:f),CW("_D X B(n,l)).

(n
Let K be an upper bound on the cardinality of the set of all subgroups of LAY

Bn—1), for all n and simple quotient C' of B. (Since ’CWW*U X B_1y| < |B|%, we

get K1 < 2‘B|d.) But B, and hence all B;, are perfect, therefore any homomorphism
o B(On’ff) oW B(,—1) factorizes via projection on B(Knil). Thus, if K5 is a con-

stant bigger than ’Hom n" 11),C'Wn Y Bu-1)|,

On—
then there are at most (‘ K11|)K2
possibilities for gb| 0n_1. All in all we get

(n 1)
a(n) < an — 1) ('Oz?_”)&,

1

where K| and K, are absolute constants.
We remark here that ('O" 1) =1if |0,1] < K.
We shall use the cruder estimate
a(n) <a(n— 1)|W("_1)‘ 10,1 |,  forall n > 2,
where K is an absolute constant.

Now let r; := }W(i)}, for i € {1,...,n}. From the last inequality we get inductively
() < a(L)7 =71 01X [0, ol [0y [K7 72047 = (1) Ol
1), withlnt(n—1) = Krp_q-....roIn|Oq]|+. ..+ Krp_ 1720 |Oy 3|+ K11 In |O, | +

KIn|O,_4] ie. % = K(h‘l'OOT' +...+ 1T|OO" T') Since for z > 1, Inz < 2y/z, we

have h‘l(t)(" 1‘) <2K Y o |1/2, and since for all 7, the number [W;| > 2, |O;] > 2°, thus

lTé(n,J) < 4K for all n. We have the corollary:

Corollary 66. There is an absolute constant K such that the number of sections of
G" = 0% 1 G™ is bounded by KOn!.

Under the same hypothesis than at the begining of this section we show now following

proposition.
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Proposition 67. Given A €]0, 1], there is n > 2, such that for any natural number n,

n

Camrn g () <A

This leads to:

Corollary 68. Let F' be a transitive permutation group of the set {1,...,d} and B =
Stabp(1) perfect and self normalizing, then the projective limit lim G™ s topologically

finitely generated.

Proof. Pick A € (0,1) and D such that (gumr gemy(D) < A* for all n. Then T, (1 —
Coomin oo (D)) > Tz, (1 =A%) > 0. O

Now we prove the proposition.

Let M be a maximal subgroup of Gt = B2 x GM where A, = Lt L; and
Pramy (M) = G™. If U is a maximal normal standard subgroup of B*" contained in
M, then:

1. There exist i € {1,...,t} and a strict normal subgroup U; of B such that U =
B ox ... x UZ-LZ' X ... x B and M is the inverse image of a clean maximal subgroup
in (B/ Ui)Li x G, Using the results obtained so far, the contribution is bounded by
a(n)F!, where a(n) — 0 for n — oo, and a(n) is a function which only depends on the
permutation group F. Letting m be the number of normal subgroups of B, t := r"~!
and |L;| > 2"~ we get that the sum of the contributions of 1., for all i € {1,...,t} and

a strict normal subgroup U; of B, is bounded by

mr"a(n)*".
2. Thereis asubset P of {1,...,t} and a strict normal subgroup U; of B such that B/U;
is isomorph to a simple group C' and U = Hiip Bli x H]EP Uij. For fixed P and U, the

contribution is bounded by b(n)>ier!Fil . Again, b(n) — 0 for n — co. Thus the total

contribution coming from 2. is bounded by:

Z mIP\b(n)Zjep\Lj\ SZ (mb<n))2j€P|LJ| < ﬁ(l 4 (mb(,’7>)ILJ|> 1

PC{1,...,t} PC{1,...,t}

< Xin (mbe) Ty ot (b))
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for n big enough. Summing up everything we get the proposition.

Concerning the reciprocal implication of Proposition B9, we already know that if B is
not perfect, lim. G™ is not topologically finitely generated. Assume now that B is not
self normalizing, or which is equivalent, that there exist a B-fixed point o € {2, ..., d}.
Then, for all natural number n, GE?)) = ker(G™ — GW) has a fixed point, say a,, € A,,.
So GE?)H) = B2 x GE?)) = B x (BAMan} x GET))) Thus GE?)H) —» B x G™ which
shows that GE’;)JF Y admits B" as quotient. Thus, again lim. G is not topologically
finitely generated.

3.4 Super Cuspidal Representations of U(F)

We have seen that U(F') has the independence property and acts minimaly on 7". If
moreover, for each i € {1,...,d} the i-fixing subgroup F; of F' is non trivial, then by
Lemma B2, page B3, since F; ~ U(F)(T.) for some edge e, every complete subtree S
which is neither a point nor an edge is non degenerate. Therefore, by Theorem [II, for
each such S, U(F) has a super cuspidal representation, and two of such representa-
tions are equivalent if and only if the two corresponding subtrees are isomorphic by an

automorphim laying in U(F).

Proposition 69. Let F' be a permutation group of {1,2,...,d} with transitive action
and such that Fy is not trivial. Then for every real positive number M, the group U(F)
has finitely many equivalence classes of super cuspidal representations with formal degree

less than M, if and only if Fy is perfect and equal to its normalizer.

Proof. Suppose that Fj is not equal to its normalizer. It is easy to see that hence F}
fixes a point. Then, fixing an edge e, one can build, using the fact that U(F') has the
independence property, a doubly infinite chain ¢ such that U(F)(e) = U(F)(c). Let
S be the minimal complete subtree containing ¢ and for all natural numbers k£ > 2
set Sy = T NS and ¢ = T, Ne. We have U(F)(e) = U(F)(ck—1) = U(F)(c) C

—~—

U(F)(Sk) € U(F)(e). Therefore the subgroup U(F)(cx—1) has index at most 2 in

—_~—

U(F)(Sk). The subtree Sy has exactly two maximal proper complete subtrees Si and
SZ. Thus, by the independence property, we have (see Lemma [0, p. [M)

UF) )= ] UENF, L)

yesom(cr_1)

~ U(F)(T.,) x H' x U(F)(T.,),
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where e; and ey are the terminal edges of S} respectively S? which are not terminal

edges of Sy and where

yEsom(cg_2)

By the preceding remarks,

U(E)NTe,)/(U(F)(Sk) NU(F)(Te,)) = U(F)(Te,) /(U(F)(Sk) NU(F)(Te,))
~ [.

Set
H=U(F)(cx1)/U(F)(S);

this is a normal subgroup of

—_~—

Q(Sk) = U(F)(Sk)/U(F)(Sk)
with index at most 2 and which we identify to
Fi x H'J(U(F)(Sk) N H') x Fy.
In accordance with this identification, set

/
T=T1 QT Q Ty

(® represents the (outer) tensor product), where m; and 7 are non-trivial irreducible
representations of F; and #’ is the trivial representation of H’. Take a non-degenerate

irreducible sub-representation w of indg(s’“) (7). Then

dimw < [Q(Sk) : H] - dim7 < 2dimm dim 7y
< 2|Fy 7.

Therefore for all £ > 1 the representation

.U
T(Sk,w) = 1nd(7(\;:)(sk) (wops,)
is cuspidal with formal dimension
1 2

d= . ((%(Sk)) dimw <
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Suppose that Fj is not perfect. Then it has a non trivial character. Let x be a such.
Set @, = (j(\F/’)(Tavn)/U(F)(Ta,n), the automorphism group of 7, ,, induced by U(F)(a),
where a is a fixed vertex. Since F' is transitive, we know by Lemma BY that for n > 1,
Qni1 = F2" 3 Q, for the action of @, on A,, where A, denotes the set of terminal
edges of the subtree T, ,. As Qi1 = FlA’“ x Qp and |Ag| = d(d — 1)¥1, the map
(f,8) = w(f,s) = Ilsen, x(f(8)) is a non trivial character of Q44;. Therefore the

formal degree of the super cuspidal representation T(T} y11,w) is d = m

To show the reverse sense of the statement, let us suppose that Fj is perfect and equal

to its normalizer, i.e. that it does not fix any point and has no non-trivial characters.

Let S be a complete finite subtree. Recall that for an edge or a vertex a and a natural
number m, we write 7, ,,, the minimal subtree containing the vertices at distance m of

a; these subtrees are complete, as it is obvious to see.

Let T, be the minimal one among all 7 ,,’s containing S. It is enough to show that
for k > 2 the cuspidal representation m of G = U(F') with minimal subtree S has formal

k
degree greater equal M EOIR

Let x1, ..., x, be the terminal vertices of S which are also terminal vertices of 17, 5, and
associate to each of them the maximal complete subtree S; of S for which z; is not a
terminal vertex. If A; denotes the group ps(G(S;)) = G(S;)/G(S), then we have for
every i € {1,...,n}, A, = F}.

Let m be a super cuspidal representation of G = U(F') with minimal subtree S. By
Theorem [II, the representation 7 is induced from a non degenerate irreducible represen-
tation w of Q(S), i.e. ™ = indg(a) (indgg?) (w ops)). The restriction Resa, . x4, (w)
of w on the normal subgroup A; x ... x A, has irreducible factors which are tensor
products p; ® ... ® p,, where p; are irreducible representations of A;. Since the repre-
sentation w is non degenerate, there exists for every i at least one of these factors in
which the corresponding p; is non trivial and hence, since F} ~ A; has no non trivial

characters, is of dimension at least 2. Therefore dimw = dim (Res Arx.. %A (w)) > 2n

and dim (indgg‘;)) (wops)) > 2n[G(a) : G(S)] and finally

dim 7 >

Let us examine the index [G(a) : G(S)].

We write Ay for the terminal vertices of the subtree T, and fix x € {z1,...,z,}. Let
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O, = G(S)z be the orbit by G(S) and Q, = G(a)z the orbit by G(a) of z. We have the
inclusions O, C é(a)x =Q, CA,.

Define the distance of a vertex s to a set of vertices E by
d(s,E) =min{d (s, F) | e € E}.

For [ € {0,...,k} we consider now the set {z € , | d(z,0,) = 2l}.

Let ly,...,l, € {0,1,...,k} be such that {z € Q, | d(z,0,) = 2[;} is not empty (notice
that 7 > 1, since d (z,0,) = 0.). Pick z; € {z € Q, | d(2,0,) = 2} and ¢; € G(a) with
git = 2. Then we have G(a)z = Q, D |[\_, G(S)z = | [._, G(S)giz, which implies the
inclusion G(a) 2 | [i_, G(S)g;. Therefore

Gla): G(S)] =7 > 1.

On the other hand, suppose [ € {0, 1,...,k} such that {z € 2, | d (2, O,) = 2} is empty.
Since F; does not fix any point, the set {y € Q. | d(y,z) = 2{} is non empty. Therefore
we can take a z € , such that d (z,z) = 2l. We have d(z,0,) < 2] which means that
there exists a y € O, with d (z,y) < 2l.

But it is clear (see figure) that in this case
d (z,y) = 2l. Therefore we have found for
eachl € {0,1,...,k}\{l1,...,[,}, avertex
y € O, with d (z,y) = 2l, and hence the
orbit O,, which is a subset of {z1,...,z,},
has at least kK + 1 — r elements, i.e. n >
k+1—r.

Finally, we have, since 1 < r <k,

dim 7w >

This proves the proposition. O
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