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Abstract
We provide a concise exposition of theoretical results that appear in modelling default time as
a random time, we study in details the invariance martingale property and we establish a represen-
tation theorem which leads, in a complete market setting, to the hedging portfolio of a defaultable

claim.

1 Introduction

We study a financial market, where primary assets S are traded, including a risk-free asset. The filtra-
tion generated by the discounted prices is denoted by F°. The agent has a knowledge on the asset prices
modelled by a filtration F. The default occurs at some random time 7, and the agents are advertized
when this time occurs.

In the structural approach, the default time 7 is a stopping time in the filtration F¥ and it is assumed
that the agents have all the information contained on prices, i.e., F = F¥, whereas in the reduced-form
approach, the default arrives “by surprise”. An intermediary case is when 7 is a F®-stopping time and
F C F?, for example when the filtration F is the trivial one or when F is the filtration generated by

the information of prices observed at discrete times, as in Duffie and Lando [9].

We give a representation theorem in a general setting, leading to the hedging of defaultable contingent
claim using defaultable zero-coupon and default-free assets, when the default-free market is complete.
We discuss the role of the hypothesis of invariance of martingales and establish that this hypothesis
holds when markets are arbitrage free and when the default-free market is complete. We show that
under some regularity condition, the default time is the first time where a stochastic barrier is reached,

as in Cox process modelling.

2 The model

We study a model of financial market where a riskless asset is traded, as well as risky financial assets.

We limit our study, mainly for simplicity of notation, to the case where there are only one risky financial
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asset, whose price at time ¢ is denoted by S;. The interest rate is a non-negative process r, we denote
t t

by R; = exp (— / rsds) the discounted factor and by S? = exp ( / rsd5> the savings account. The
0 0

filtration generated by the price of the discounted asset S; = S;/S? is denoted FS = (F5 = o(S,, s <
t);t > 0). We refer to the market where the traded assets are the savings account and the risky asset
S as the default-free market. We assume that there exists at least a probability ) equivalent to P such
that S is a F S_martingale, so that the default-free market is arbitrage free.

A default occurs at a random time (i.e. a non-negative random variable) 7. In the defaultable
world, the payment of a contingent claim depends whether or not the default has appeared before the
maturity. In particular, we shall study a defaultable zero-coupon bond with maturity 7' (in short DZC)
which pays 1 unit at maturity if and only if the default has not appeared before T'. More generally,
we investigate the case where a promised payoff X is paid at maturity if the defaut has not appeared
before maturity and where a compensation is paid at hit (at the default time) if the default occurs

before maturity.

2.1 Filtrations and equivalent martingale measures

We assume, as in [11, 14, 17] that the ¢-time information available by the agents in the default-free
market is a o-algebra F;. We do not assume that the agent have complete information on the prices:
the filtration F can be smaller or larger than F*.

We denote by D the filtration D = (Dy;t > 0) with Dy = o(Ds, s < t) where D is the default
process defined as Dy = l{;<;. At time ¢, the agent’s information on the prices and on default time is
G = F: VD;: at any time the agent knows whether or not the default has appeared. Hence, the default
time 7 is a G-stopping time where G = (G, t > 0). In fact, G is the smallest filtration which contains
F, satisfying the usual hypotheses, such that 7 is a G-stopping time.

We assume that the knowledge of the default time does not induce arbitrages in the market !, hence
there exists a G- equivalent martingale measure, i.e., a probability @* on Gr such that (§ < T)is a

martingale. Let us remark that the restriction of any G e.m.m. to F2 is a F¥-e.m.m. Indeed, if
Eq+(Sr|G:) = St
taking the expectation with respect to F;° of both members, we get

Eq-(Sr|F) = S .

2.2 Hazard process

In this section, we work under a reference probability P. Latter on, this probability will be either the
historical probability, or the risk neutral one.

Let F be the right-continuous version of the submartingale F;, = P(r < t|F;) and G the conditional
survival probability Gy = 1 — F;. We assume that F; < 1 a.s. for any ¢ (See Andreasen [1] and Bélanger
et al [?] for generalization). We introduce the R*-valued hazard process Ty = —In(G¢). We assume for

simplicity that Fy = 0 so that I'y = 0. For typographical reasons, we shall sometimes use F, G and I'

1This is a restrictive assumption on the time 7. See for example [11] for cases where this assumption is not satisfied



in the same formula. Obviously, the hazard process depends of the reference probability.

We recall a key lemma established in Dellacherie [5, 7] and its corollary.

Lemma 1 Let X € Fr be integrable. Then,
1
E(X1r<r|G:) = Tjary EE(XGT\E)- (1)

Corollary 1 Let h be a F-predictable bounded process. Then,
a)
1 o0
B(hs|Gy) = L reryhr — Lpery EE(/ hudGy | 7). 2)
t t

b) In particular, if F is increasing and continuous,
oo
E(hr|gt) = ]l{‘rgt}h‘r + Il{t<‘r} E(/ hy, exp (Ft - Fu) dry |-7:t) : (3)
t

The proof of this lemma and its corollary is based on the important remark that any G;-measurable
random variable is equal, on the set {t < 7}, to an F;-measurable random variable.

It is also useful to note that for any G-predictable process h, there exists an F-predictable process h*
such that both processes are equal on the set {t < 7}, i.e., hyll{y<;y = hi <. Moreover, under the
hypothesis Vt, F; < 1, the process (hi,t > 0) is unique (See [6], page 186).

In the very particular case when 7 is a F-stopping time (structural approach), the condition F; < 1
does not holds. However, formulae (1) and (2) are obvious. Indeed, in that case, F; = Nl <4, the
two filtrations F and G are equal and /00 huwdF, = h.. Hence, setting e Tt =1 — F, = Lit<ry, the

0

straightforward equalities

E(XIr< |F) = lpenyB(XLipery|F)

E(hilF) = hellipeny + Lipery B / hudF,|F)
t

are exactly (1) and (2).

2.3 A basic martingale

As an application of lemma 1, it is easy to check that the process (L, t > 0) where

1-D,

Li=1,c.e" = (1—Dy)el
t t<r€ ( t)e a,

is a G-martingale. This non-negative martingale is obviously discontinuous.

3 Enlargement of filtration

One major question is to describe the dynamics of the risky asset S in the filtration G. As mentioned in
Hull and White [12] “ When we move from the vulnerable world to a default free world, the stochastic
processes followed by the underlying state variables may change.” We are studying here the reverse

case, i.e. we move from the default-free world to the vulnerable one.



3.1 Decomposition of the F-martingales as G-semi-martingales

We recall some facts on enlargement of filtration. The submartingale F' admits a unique Doob-Meyer
decomposition as F; = Z; + Ay, where Z is an F-martingale and A an F-predictable increasing process.
Moreover, the process My = Dy — Aipr where dAy = dA;/Gi— is a G-martingale. (See e.g. [11], [13]
and [4] for proofs and comments.)
Moreover, we require that (C) holds, where
(C) One of the following conditions is satisfied

(i) Any F-martingale is continuous

(ii) For any F-stopping time 6, P(t = 6) = 0.

Under this condition, an F-martingale has no common jump with the hazard process.

If (C) holds, for any F-martingale m, the process

tAT
~ T,
Minr = Mypr +/ € d[m7 Z]s
0

is a stopped G-martingale (see Dellacherie et al. [6], page 188 or Yor [19], page 41 for proof and
comments on the condition (C)). We shall refer to m as the G-martingale part of the F-martingale m;

in particular 7 is defined as

AT
Zine = Zine + / e'd(Z,7),.
0

3.2 Representation theorem

Our aim is now to establish a representation theorem for G-martingales. Such a representation theorem
is difficult to obtain for any G-martingale, even when F' is the natural filtration of a Brownian motion
W and 7 is an honest time in Fu. In that particular case, Azéma et al. [2] have established that
any G-martingale can be written as a sum of a stochastic integral with respect to the G-martingale
ﬁ/\, a stochastic integral with respect to M and a third martingale vl ;<; where v € F7 such that
E(v|F;) = 0, where F is generated by the random variables h, where h is F-progressively measurable.

For example, if 7 = sup{t <1 : W, = 0}, then v = V sgneW; with V € L*(F,) (See Yor [19], page 74).

In what follows, we restrict our attention to the class of G martingales of the form F(h,|G;). and

E(X1r.,|Gi). As far as we know, the following theorem is new.

Theorem 1 Suppose that (C) holds and let F = Z + A be the Doob-Meyer decomposition of F. Let
h be an F-predictable process, and let H, = E(h.|G;). Then, the process H admits a decomposition in

martingales as follows
tAT R
H = mh + / Lo (it — (hy — JP)dZ4) + / AT (g — T )M, . @)
0 10,tAT]

Here m" is the F-martingale

oo

mh :E(/Oo hudF,| ) :E(/ hudAu| F)
0 0



¢
ml and Z are the G-martingale parts of the F-martingales m" and Z, J = et (m} — / h,dF,) and
0

dA;

M s the discontinuous G-martingale My = Dy — Agpr where dAy = T
—F_

Furthermore,

Jtllt<7' = Ht]lt<‘r .
PROOF: The rather technical proof, based on 1td’s calculus and property (C) is given in the appendix.
Corollary 2 Suppose that (C) holds and that F is continuous. Let Y € Fr and

Y, = E(Yllp|G) = Nyer e ' E(YGr| Fy) = Lyeretm),

Y

where m* is the F martingale

m)y = B(YGr|F).
Then,
tAT
Y = mY +/ el (dm;” + Ys,dzs) - / Y,  dM,. (5)
0 10,tAT]

PRrROOF: The proof follows from Theorem 1 with h; = Y1llr.,. Nevertheless, a direct proof can be

established from the remark that Y; = Ltmf and some Itd’s calculus which leads in particular to

dD; dF, d(F),
L, = — 1-D,_
dL 1—Ft+( t )<(1—Ft)2+(1—Ft)3
1 (1-D¢) =
= _——— M — Z.
1—Ftd et (1—Ft)2d k

4 (H) hypothesis

We introduce an invariance of martingale hypothesis (H), which implies that the dynamics of the asset
price is the same in the default free world and in the defaultable world. We discuss the meaning of that
hypothesis, its stability under a change of probability measure, its links with arbitrage opportunities in
the defaultable world, and we study the hedging of defaultable contingent claims in that setting.

(H) Any F square integrable martingale is a G square integrable martingale.

4.1 Arbitrage

We discuss now the hypothesis on the modeling of default time that we require in order to avoid
arbitrages in the defaultable market. We show that under completion of the default-free market, (H)
hypothesis holds under e.m.m. Note that this is not the case in in the Duffie and Lando model [9].

Proposition 1 Let S be a semi-martingale on (Q,G, P) and (S; = S;R;,0 < t < T) the discounted
price. Assume that there exists a unique probability Q, equivalent to P on .7-"% such that (gt, t<T)isan
FS-martingale under the probability Q. Assume moreover that there exists a probability Q*, equivalent
to P on Gr such that (S;,0 <t < T) is a G-martingale under the probability Q*. Then, (H) holds
under Q* and Q and the restriction of any Q* to F is equal to Q.



PROOF: We give a "financial proof” of this obvious and important resuslt. From the hypothesis, any
square integrable random variable ]-'75: measurable (any contingent claim) can be written as a stochastic
integral with respect to the discouted price, i.e., there exists # and a square integrable F¥ predictable
process 6 such that Rr X = x—l—fOT 0,dS,. The t-time value of the contingent claim is Eo(XRr/R|FP).
Hence, X is hedgeable by a G-adapted strategy and, from the uniqueness of price for hedgeable claims,
for any G-e.m.m. Q*,
Eo(XRr|FY) = Eq-(XRr|G).

In particular, Eq(Z) = Eg-(Z) for any Z € F7 (take t = 0 and X = ZR;."), hence the restriction of
any em.m. QQ* to the o-algebra .7-"75, equals Q. Moreover, since any square integrable F*-Q-martingale
can be written as Eq(X|F) = Eg«(X|G:), we get that any square integrable F¥-Q*-martingale is a
G-Q*-martingale. A

4.2 Characterization of (H) hypothesis

We assume that (H) holds under the probability P, i.e., any P-square integrable F-martingale is a
G-martingale. It is well known [8] that (H) hypothesis holds under P if and only if

Vt, P(r <t|Fx)=P(r <t|F). (6)

In particular, F' and I', evaluated under P are increasing processes. This is in particular the case for
Cox processes (See e.g. Lando [18] ) where 7 is defined via a given non-negative F-adapted process ~y

as .
T =inf{t > 07/ vsds > ©}
0

where O is a given random variable, independent of F, generally chosen with an exponential law.
The following interesting lemma, which establishes that working under (H) hypothesis is equivalent

to a Cox process modeling is proved in [10].

Lemma 2 If (H) hypothesis holds and F' is continuous, then the random variable I'; is exponentially

distributed and independent of Fo . Hence,

T=inf{t : T} > O}
where © is an exponential random variable, independent of Fo.
ProoOF: We suppose that (H) holds, which implies that

P(r <t|Fs) =€t

Setting © = T, leads to
{t<o0}={t<TI;}={C, < 7},

where C is the right inverse of I', so that I'c, = ¢. Therefore
P(O > u|Fo) = e Tou = e

We have thus established that © is an exponential random variable, independent of the o-field F..
Furthermore, 7 = inf{¢ : Ty > I'; } = inf{¢t: ; > O}.



4.3 Brownian filtration, stability of (H) hypothesis

We have seen, that in mainy cases, (H) holds under the e.m.m. However, hypothesis on 7 are generally
done under the historical probability measure. In general, (H) hypothesis is not stable under a change
of probability (See Kusuoka [17] for a counterexample).

In this section, we examine the stability of (H) under a change of probability in a particular case
when the filtration F is a Brownian filtration. We use a characterization of the Radon-Nikodym density,

by means of the representation theorem of Kusuoka [17] that we recall now:

Theorem 2 Under (H), if F is continuous and if F is a Brownian filtration generated by a Brownian
motion W any G-square integrable martingale admits a representation as a sum of a stochastic integral
with respect to the Brownian motion and a stochastic integral with respect to the discontinuous martingale

M.

This theorem admits a straightforward extension to the case where F' is discontinuous.

Let Q* be any probability equivalent to P on the filtration G and assume that (H) holds under P.
Then, using Kusuoka’s theorem, the Radon-Nikodym density ¢ of Q* with respect to P can be written
as

d¢ = G— (Ve dWy + ¢pdMy), Go =1,

or, using Doléans-Dade’s exponential
G=EWW) E(M), .

Let us restrict our attention to the case where ¢ is F-adapted. Let R be defined on G; by dR =

E(PM ) dP. From Girsanov’s theorem, the P-G Brownian motion W is a R-G Brownian motion there-

fore a R-F Brownian motion. Any R-F martingale can be written as a stochastic integral with respect

to W, and (H) holds under R.

Since E(YW); is Fr-adapted, for any t < T,

Ep(liz<iy Cr|Fr) _ Ep(liz<yy E(OM)7|Fr)
Ep(Cr|Fr) Ep(E(oM)r|Fr)

Since (H) holds under R, we obtain

Q*(t < t|Fr) = = Er(1 < t|F7)

Q™ (1t < t|Fr) = Er(r < t|F) = Q" (1 < t|F)

and (H) holds under Q*.

A particular case is when the underlying asset follows
dSt = St(Oétdt + O'tth)

where o and ¢ are F = FW-adapted and where the em.m. for the filtration F is unique. The set
of equivalent G-martingale measures is characterized by the set of Radon-Nikodym densities (® of the
form

d¢f = ¢ (0,dW; + ¢,dMy) (7

where 6; = Qe is F-adapted and ¢ is any G-adapted process, such that ¢ > —1. In this case,

Ot
hypothesis (H) holds under any e.m.m.. Note that there exists an infinite number of G e.m.m.



4.4 Dynamics of defaultable zero-coupon

We assume now that a defaultable zero-coupon bond (DZC in short) is traded on the market. As we shall
check, we have to impose some conditions on the risk-neutral dynamics of the defaultable zero-coupon.
If the market price of the defaultable zero-coupon is p;, since we have assumed that the market where
the asset, a default-free zero-coupon and the DZC are traded, is arbitrage free, there exists at least a G-
e.m.m. Q* such that the discounted price of the DZC is a G-martingale, i.e., pt R, = Eqg+ (Rrlr<,|Gt).
We emphasize that the e.m.m. is chosen by the market which trades the defaultable zero-coupon at
the market price p;. We do not assume the uniqueness of em.m. @Q*; the DZC being traded, for any
e.m.m., the equality

pely = EQ*<RT]1T<T|gt) = Ilt<rertmt (8)

where m; = Eg+(RyGr|F;) holds for any em.m. Q*.

Proposition 2 Suppose that (H) holds under Q and that F is continuous. Then
dpy = (L¢— /Ry)dmy + pi— (—dM; + rodt) .

ProoOF: Under the hypothesis, dL; = e"'*dM; . The result follows from p;R; = Lymf. A

4.5 Representation theorem

In the case where F is continuous and (H) holds, the representation theorem on the set {¢ < 7} admits

a simple proof that we present now.

Proposition 3 Suppose that (H) holds under @Q and F is continuous. LetY € .7-}9 be square integrable.
Then, the G-martingale Y; = Eq(Ylr<,|G) admits, on the set {t < T}, a decomposition as follows

¢
Vi =1lpeny (méf Jr/ Ly_dmY — mY BF“dMu> ) (9)
0

10,¢]

where mY is the F-martingale
m! = Eq(YGrlF),

L; = eV (1—Dy) and M is the discontinuous G-martingale My = D;—Typnr where Ty = —In Q(1 > t|F).

PRrROOF: We recall that, if A is a bounded variation process and U a semi-martingale, the integration

by parts formula simplifies and can be written as

t

t
AUy = AgUg +/ As_dUs +/ UsdAs .
0 0

From lemma 1,

EQ(Y]IT<T| gt) = ]lt<T€FtEQ(YGT| ‘7:75) = Ltmf .

Using dL; = —LidMj;, and the fact that L is a process with bounded variation, the integration by part
leads to

t
Eq(Ylr<,|G) :m(‘{+/ Ly_dmY — mY et dM,
0 10,t]

on the set {t < 7}. YAN



Remark 1 In the particular case where T' is deterministic and continuous, we get m) = e U'1) Eq (Y| ;)

and

t
Eq(Ylr<r|Gt) = Lyjenye 7D <m3’ + / eFOdy, — eF(S)YSdMS> ,
0 10,#]

where V; = Eq(Y|F,).

4.6 Hedging strategies

We suppose that F = FS, and that the default-free market is complete and arbitrage free. We assume
that a defaultable zero-coupon is available on the market and H holds under the unique F-e.m.m. Q.
We also assume that the process F' is continuous.

We denote by Q* a G-e.m.m. We recall that Q* and @ are equal on the g-algebra Fp. We now make
precise the hedging of a defaultable claim.

4.6.1 Terminal payoff

We study in a first step the case of a terminal payoff of the form X1 r.,. We compute Eg«(XRrllr<-|G;)
by mean of our representation theorem, and we give the hedging strategy for X 7~ based on savings
account, risky asset and defaultable zero-coupon.

We recall that a pair («,3) of F adapted processes is an hedging strategy for the contingent
claim Y € Fr if, denoting by V; = a;SP + $:S; the value of this strategy, the self-financing rela-
tion dV; = a;dS? + 8;dS; holds and Y = aTS% + BrSt. A self-financing strategy is characterized by its

t

initial value z and the parameter 8 via R;V;, = x +/ Bsd(RS)s = Eq(RrY|F:). The number of shares
0

of riskless asset for this strategy is ay = R¢(V; — 3:5;). We shall call "hedging portfolio” the number 3

of shares of the asset held in the self-financing portfolio.

Since any contingent claim in Fr is hedgeable in the default-free market, for any square integrable
random variable X € Fr, there exists a predictable process (u;X,t > 0) (the hedging portfolio) and a

constant x (the price) such that
T
XGrRr =z + / pXds, .
0

Hence, the t-time price m;* of XGr is given via its discounted price mX = R;m;* by

t
My = Eq(XGrRr|F) =mg +/ 1 dSs, (10)

0

where @ is the F-e.m.m.

The strategy (R;(m;* — ;¥ S;), ui¥ ) is now a self-financing strategy hedging the contingent claim X Gr.

In the same way, a triple (aq, by, ¢;) of G-adapted processes is an heging strategy for a Gr-measurable
contingent claim Y if the process V; = a;SY + b:S; + cip; satisfies the self-financing relation dV; =

atdSY + a;dS; + cydpy and Y = aTS% + by ST + cipr-

Theorem 3 We assume that (H) holds under Q and that F; = Q(1 < t|FY) is continuous. We denote
by Q* any G-e.m.m. Let X{ be the value of the defaultable contingent claim Xlr,, i.e.

X{R; = Eg-(XRrllr—,|G)



10

The self financing hedging strategy (a, by, ci) for the defaultable contingent claim X1 p<., based on the

riskless bond, the asset and the defaultable zero-coupon satisfies

a:SY + by S + cip(t, T) = Xtd

and consists of
‘ x4
i) g = ——
(V) e p(t,T)’
(ii) a position on the savings account and the risky asset such that
atS? + tht =0

More precisely, the self financing hedgmg strategy is made of

(i) a long position of defaultable zero-coupon,
my X
(i) a number of asset’shares equal to e (u;X — Ftﬂt)
(#ii) an amount in the riskless bond equal to '
b's

m
—eM (i — thﬂt)st»

where the different values (my, ) and (m;X, uX) are defined in (8) and (10).
PROOF: jFrom the representation theorem applied to

Xi = X{R, = Eq-(XRrlr<.|G) = (1 — Dy)e" i = Lymi¥

we obtain
- TAT
X& =m —|—/ elvdmy —/ mXeudM, .
0 10,TA7]

Let us denote as in (8) m; = Eq(RrGr|F;) = m; the discounted price of G and u; = pu} its

hedging portfolio. Then, using that dp; — L;_dm; = —L;m;dM,,
_ TNAT ~ X . ~ X

de“ = mé( +/ el (,ui( - Wis 11s)dS’s +/ nj—udﬁu
0 ms 10,TA7] TMu
TAT X X

ms ~ m;

= my +/ els(u — s )dSs +/ —dp,, . (11)

0 ms 10,TAT] T

The equality (11) characterizes the hedging portfolio in terms of risky investments. It remains to

note that p; = Lym; and X& = Lym;X. ;From the construction, this strategy is self-financing. AN

Let us give a direct proof in the simple case r = 0. The price of the defaultable claim X7, is X¢
defined by
X! = Eo-(Xlp<,|G) = Lcre Eg(Xe 7| F)

= 11t<Tetht = Ltmt
and the price of the DZC satisfies
p(t,T) = Nyere* Eq(e "7 |F) = Lycre *my

Hence
X

m
X! = Eg-(Xp|Gi) = Fttp(t,T)



11

We now check that there exists a triple (a,b, ¢) determining a self financing portfolio such that a;SY +

b4S; = 0. The self financing condition reads
b SiodWy + ¢ (Li—dmy + mydLy) = dX¢ = Lydmi* +mSdL,
;From the choice of ¢, this equality reduces to
b S;0dW, + ¢ Li_dmy = Ldm;S

Hence the form of b given in the theorem.

It is difficult to make explicit the hedging, since it requires the hedging of claims of the form
T

exp( ~vsds) where 7 is a random process. However, in the very particular case where v and r are
0
deterministic we get

TAT
X% :h+/ ePS,udeS—i—/ RTEQ(le:S)dﬁS.
0 10

JTAT]
4.6.2 Rebate part

We compute the quantity Eg+(h,1,<7R-|G;), which corresponds to the price of the rebate, when the

compensation is payed at hit.

Proposition 4 Let CI' be the value of the rebate, i.e.

T
CPRi = heRollcy + Nicre™ Eg / RuhydFy|Fy) =,
t

The hedging strategy before default time of the rebate part, paid at hit, consists of
(i) ¢t = —(CP — hy) defaultable zero-coupon

t
(ii) a position on savings account and risky asset such that

atS? + tht = ht

and the strategy (at, by, ct) is self financing.
More precisely the hedging strategy of the rebate part is made of (before the default time)

(i) ———(CI — hy) defaultable zero-coupon
mibe 1
(ii) et [up — — s CP) + — pshy shares of the asset
me ™me

h

1 1
(#ii) a cash amount of St[ﬁ,utht — el [y + NtOZlH + hy,
t

me
T
where C = (Rt)*lEQ(/ ho Ry fudulFy).
t

PRrOOF: We denote by CJ! the price of the rebate

_ T

Cgl = EQ* (hT]lTSTRT|gt) = hTRT]lTSt + ﬂt<TeFtEQ(/ RuhudFu|ft) )

t

and by p the hedging strategy for the discounted claim fOT R, h,dF, in the default-free world, i.e.,

t T
mh + / yhdS, = E( / RuhdF,| 7).
0 0



12

The representation theorem states that

tAT
Eo+ (hyRell,<7|Gy) = Cl + / e uhds, +/ (huRu — Ju_)dM, .
0 [0,tAT]

Now, on the set t < T,

T
Ji = Ege (he Rel<1|Gy) = eFtEQ(/ huRydF,|F,) = CI'.
t

Hence, introducing m;, the discounted price of G

1
Ly,my,

tAT
Eg- (hy R ,<7|Gs) = Cf + / el phds, — / (hyR, — C™) [dpy — Lydin,)
0 [0,tAT]

which leads to

( ‘ ) h T r h h :uh H h o ( h) 1
Eg- h’TRT]17'< g = mg+ / |:6 “ (Mu - Cu—u> + &] dSu - / hu - Cu dﬁu
? =T 0 0 My My, [0,tAT] Lymy,

A

Corollary 3 Under (H), if F' is continuous, the defaultable-market is complete as soon as a defaultable

zero-coupon is traded.
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Appendix

Proof of theorem

As usual, G¢ is the martingale continuous part of the semi-martingale G. We recall that d[G]; =

d[G); + (AG4)%. Then, Itd’s formula leads to

d(ert) = d(G;l) = —ﬁth + @d[Gc]t + (ert — 6Ft7 + @AG&)

1 1 1
= —(Gt7)2 <th + ad[Gc]t) + e G2 (AG)?

The quadratic variation of the processes

t t
Ytszg—/ hudFu:mf+/ h.dG,
0 0
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and el is
diet, Y], = dle’,m"); + hedle", Gl
= (th_)z {—d[C{mh]t + G%(AGt)QAm? — hyd[G)s + Z_Z(AGt>3]
- (th_)z {‘d[vahh + G%@Gt)%m,’? ~ hd[GCl — he(AG)? + g—i(mm]

;From integration by part formula, the dynamics of J; = Y;el't are

dJy = ' =dY; +Y,_de't +dle", Y],
1
j AP c 2
= —e ' (Jio — h)dGi + ——5 (Ji= — he)d|G ] + Ji— — h)(AG
Ui = )G+ g (e = hdIG + g (i = ) (AG)
1 1
I d h A 2A h)| _ d h
we (ol g (AG)PAmE )~ s diGm
1
= 6Ft7 (Jt_ — hf) <de + Brtfd[Gc]t + E(AGt)z)
t
4ol (dmh 4 — (AGy)?Am! — Ld[a m");
L GGy e ’
The decomposition of F' in the filtration G is
N tAT 1
Finr = Zipr + At/\‘r = Zipnr — G_d[Z]s + At/\T
0 s

Then, on the set {7 > ¢}

dJP = "= [(J1 = hy)dZ; + dim} + (I — hy)dCy + K]

where
1 2 I c 1
dC; = S (AGy)? + M -d[GY) + dA, — —d[Z),
Gt Gt
1 o1 1
th = Gth_ (AGt)QAmi - G—t_d[G,mh]t + ad[G7mh}t

If G has no jump at time ¢, dK; = 0, if G has a jump

1
dK,; = —(AG,) (AmM) e (-AG + G, —Gy—) =0.
tYt—
The first term is equal to
1 1
dCy = —(AG))? +ed[G); + dA; — —d[Z),
Gt Gt
1 1
= —d[G); +dA;, — =-d|Z
G, [G]: + dA, G, 2]
1 1
= —d[A], +dA, = —(AA,)? + dA,
Gt t
= BAFtdAt

where we have used that, in the case where F martingales are continuous AA = AF and that A is
continuous in the case P(7 = ) = 0 (See Jeulin [15] page 65). It remains to compensate the jump at

time 7 in order to obtain the result. A



