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Numerical Quadrature
Numerical quadrature
Tt } Ry,
Approximate evaluation of / f(x)dx, integration domain 2 C RY
Q
Continuous function f : Q) C R? —» R only available as function y = f(x) (point
evaluation) v v
) Gradiman | ntegrating power P = U1 over period [0, T yields heat production per period: €T
Specialcase d=1: Q= [a,b] (interval) o DAL
O Numerical quadrature methods are key building blocks for methods for the numerical treat- Wiherm = /J Ult , where [=1[(U).
e function I = current (U involves solving non-linear system of equations, see Ex. 1.0.1!
O
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s —_—m wnener. 10.1 Quadrature Formulas o)
Methods Methods
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251 |
il | Numerical quadrature methods
approximate n-point quadrature formula on [a, b]: / ft)dt = Qu(f Z wj f(cf) . (10.1.1)
1sf B ) (n-point quadrature rule)
. ? | / ft)de
a u]” : quadrature weights € R (ger.: Quadraturgewichte)
ol | cJ’,? : quadrature nodes € [a,b]  (ger.: Quadraturknoten)
Siadinars REMark 10.1.1 (Transformation of quadrature rules). e
0 L L D-ITET, D-ITET
0 05 1 15 2 25 3 35 a D-MATL D-MAT!
! Given: quadrature formula (¢;, @; ) !_, on reference interval [—1, 1]
Example 10.0.1 (Heating production in electrical circuits).
Idea: transformation formula for integrals
b 1 L N 1 1
/ f@t)dt =5(b—a) /1 (r)ydr, f(r)=fG(1—=7)a+5(r+1)b).
Ja J —
(10.1.2)
10.0 10.1
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Example 10.1.2 (Newton-Cotes formulas).
Numerical Numeric
Methods Methods
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_— - TS ¢ e n =1: Trapezoidal rule

N\ —a
—1 1 a b
S —7a+ir+1b
(10.1.3)
P quadrature formula for general interval [a, b], a,b € R:
b n _ 1 1 ~
) c-,_(1 ) +—(1+c-)b,
/ f(t)de %b—a ijf cj) = Zw]-f(cj) with 7 21 z J
a j=1 Z(b )
V. V.
B A 1D quadrature formula on arbitrary intervals can be specified by providing its weights @, Gradinaru Chedli
Inodes C; for integration domain [—1, 1]. Then the above transformation is assumed. DNATL il DMAT
Other common choice of reference interval: [0, 1] N
A 05
10.1 10.1
Inevitable for generic integrand: p. 485 A T (N7 p. 48
o ® T 2:  Simpson rule _—
quadrature error t)at — Qu(f) Methods" ) Ao
h " b—a a+b
S (ro+1rd+rm) ( / Fitydt ~ 2 (f(a,) +4f (T) + f(b)) ) @o1g
Given families of quadrature rules {Qy, }, with quadrature weights {w}l., j=1,..., n} N and !
ne
quadrature nodes {c’-l, ji=1,... ,n} we
J neN o
should be aware of the asymptotic behavior of quadrature error ~ F(n) forn — oo Remark 10.1.3 (Error estimates for polynomial quadrature).
> algebraic convergence  E(n)=O0(n"P),p>0
Qualitative distinction: ’
> exponential convergence F(n)= 0(¢"),0<qg< 1 . Quadrature error estimates directly from L°°-interpolation error estimates for Lagrangian interpolation
Gradinaru i i n — 1 Gradina
Note that the number n of nodes agrees with the number of f-evaluations required for evaluation of p.rer, itlzelielialiclE ROl Sluial D-ITET
D-MATL D-MAT!
the quadrature formula. This is usually used as a measure for the cost of computing Q,(f).
! F e C™(a,b)) / FO)dt — Qn(f) < ( — gyt H ™ (10.1.5)
! L®([a,b])
Therefore we consider the quadrature error as a function of n. VAN
. i - s b=a -
Idea: Equidistant quadrature nodes 1; := a +hj, h:= 35,7 =0,...,n: choose Idea: Gaussian quadrature: Choose the n weights and the n points such that the

the n weights such that the error FX(n) = 0 for all polynomials f of degree 10.1 error E(n) = 0 for all polynomials f of degree 2 — 1 101

n—1 p. 486 p. 48



Example 10.1.4 (2-point quadrature rule of order 4).

Idea: Clenshaw-Curtis quadrature:

1 i T ) B Qak
[1f(x)dx—./J f(cos @) sinfdf = Z T2 (10.1.8)

evenk
with ay, the Fourier coefficients of F(0) = f(cos0) = > 77 ay cos(k0).
Advantage for the Clenshaw-Curtis is the speed and stability of the fast Fourier

transform.

Code 10.1.7: tracking errors on quadrature rules

function | = cc(f,n) %clenshaw curtis
X = cos(pi*(0:n) ’'/n);
fx = feval (f,x)/(2%n);

g = real (fft (fx([1:n+1 n:—1:2])));

a = [g(1); g(2:n) + g(2%xn:—1:n+2) ;g(n+1)];
w = 0Oxa’'; w(l:2:end) = 2./(1—(0:2:n).72);

|

wxa ;

Example 10.1.8 (Error of (non-composite) quadratures).

Numerical
Methods
-0654
Necessary & sufficient conditions for order 4 (first wrong integral is j(f’ :L'J‘d;(;):
b 1
Qnlp) = / pt)dtVpe Py & Qutf) = ?(bq+1 — aqﬂ) , ¢q=0,1,2,3.
a q
—~
4 equations for weights w; and nodes ¢j, j = 1,2 (a = —1,b = 1), cf. Rem. ?? .
1 1 2
/ 1dt =2 = 1wy + 1wy / tdt =0 = cjwy + cows 3
Tt - (10.1.6) S 4
t21t*2*2 2. ti‘)’lt*O*S' 3, DITET, 5
) dt = 3 =quwi +cwy . dt =0 = cjwy + cows . DMATL .
Solve using MAPLE: Y
> eqns : = seq(int(x*k, x=-1..1) = w 1] *xi [ 1] "k+wf 2] »xi [ 2] ~k, k=0. . 3);
> sols : = solve(egns, indets(eqns, nane)):
> convert(sols, radical); .
101 2
p. 489 °
Numerical 4
Methods
O weights & nodes: {wg =Lw =1, =1/3V3,c0=—1/3 \/5} 010651 g
6
7
B> quadrature formul /lf()l f<1>+f< 1) (10.1.7) °
uadrature formula: ) dr ~ — —— 1.
! .t )T g
Lo
& 1

Remark 10.1.5 (Computing Gauss nodes and weights).

Compute nodes/weights  of Code 10.1.6: Golub-Welsch algorithm 0 o 1@
Gaussian quadrature by solv- 1 |function [x,w]=gaussquad(n) DATET. |
ing an eigenvalue problem!  2|b = zeros(n—1,1); Y g
(Golub-Welsch algorithm [18, 2 fOr 1=1:(n=1), b()=i/sqrt(4xixi~1); end o
Sect. 3.5.4]) 4|J=diag (b,—1)+diag (b,1); [ev,ew]=eig (J); 0
T 5 /for i=1:n, ev(:,i) = ev(:,i)./norm(ev(:,i)); end o
Incodes: c¢j,w; fromtables! 6|x=diag (ew); w=(2x(ev(l,:) *xev(1l,:))); »
23

24

25]

10.1

Code 10.1.9: important polynomial quadrature rules

function res = numquad(f,a,b,N,mode)
% Numerical quadrature on [a, b] by polynomial quadrature formula
%f -> function to be integrated (handle), must support vector arguments

%a,b -> integration interval [a, b] (endpoints included)
%N -> Maximal degree of polynomial
% mode: equidistant, Chebychev, Gauss

if (nargin < 5), mode = 'equidistant’; end
res = [];

if strcmp(mode, 'Gauss’)
for deg=1:N
[gx,w] = gaussQuad(deg) ;
X = 0.5%x(b—a)*gx+0.5%(atb);
y = feval (f,x);
res = [res; deg, 0.5x(b—a)xdot(w,y)];
end
else
p = (N+1:—-1:1);
w = (b."p — a."p)./p;
for deg=1:N
if strcmp(mode, 'Chebychev )
X = 0.5%(b—a)*cos((2x(0:deg)+1)/(2*xdeg+2)*xpi)+0.5x(a+b);
else

X = (a:(b—a)/deg:b);
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7 end

8 y = feval (f,x);

9 poly = polyfit(x,y,deg);

30 res = [res; deg, dot(w(N+l—deg:N+1),poly)];
| end

12 [end

Numerical quadrature of function 1/(1+(5t)%) Numerical quadrature of function sqrt(t)

—— Equidistant Newton-Cotes quadrature]
—+— Chebyshev quadrature
—+— Gauss quadrature

8 B
510" ™ &
@ R ©
g \ h 5107
R S N ©
g - [
R % R E
X \ - S
& \ =
" \ 10
10
«
\ -
107 N 10
—+— Equidistant Newton-Cotes quadratur
—+— Chebyshev quadrature
—+— Gauss quadrature
™
10 10 .
2 4 6 16 18 20 5 -
Number of quadrature nodes 10

10
Number of quadrature nodes

quadrature error, fi(t) := 5 on [0, 1]

1
1+(5¢) quadrature error, fo(t) := v/t on [0, 1]

Asymptotic behavior of quadrature error ¢, := ’ful f@&)dt — Qn(f)| for "n — oo™

O exponential convergence ¢, =~ O(q"), 0 < ¢ < 1, for C°°-integrand f; ~> : Newton-Cotes
quadrature : ¢ =~ 0.61, Clenshaw-Curtis quadrature : ¢ ~ (.40, Gauss-Legendre quadrature :
q=~0.27

algebraic convergence e, ~ O(n~%), a > 0, for integrand fs with singularity at ¢t = 0 ~»
Newton-Cotes quadrature : « ~ 1.8, Clenshaw-Curtis quadrature : o ~ 2.5, Gauss-Legendre
quadrature : o &~ 2.7

Code 10.1.10: tracking errors on quadrature rules

1|function numquaderrs ()

2 % Numerical quadrature on [0,1]

3N = 20;

4

s5|figure('Name’, '1/(1+(5t)"2)");

6|exact = atan(5)/5;

7|eqdres = numquad(inline ("1./(1+(5%x).”~2)"),0,1,N, "equidistant’);
g8 |chbres = numquad(inline ("1./(1+(5%x).”~2)"),0,1,N, 'Chebychev’);
9|gaures = numquad(inline ("1./(1+(5*x).”2)"),0,1,N, 'Gauss’);
o|semilogy(eqdres(:,1) ,abs(eqdres(:,2)—exact), ’b+—" ...

Numerical
Methods !

chbres (:,1) ,abs(chbres(:,2)—exact), ' m—",...
gaures(:,1) ,abs(gaures(:,2)—exact),’'r+=");

13|set(gca, 'fontsize ',12);

4|title ("Numerical_quadrature_of_function__1/(1+(5t)"2)");

5 |xlabel (" {\ bf_Number_of_quadrature_nodes}’, 'fontsize’, 14);
6 |ylabel (" {\bf_|quadrature_error|}’, fontsize’ 6 14);

17 |legend (" Equidistant_Newton—Cotes_quadrature’ ,...

18 "Clenshaw—Curtis _,quadrature’ ,...

19 'Gauss_quadrature ' ,3);

0|eqdpl = polyfit(eqdres(:,1),log (abs(eqdres(:,2)—exact)) ,1)
1 |chbpl polyfit(chbres(:,1),log (abs(chbres(:,2)—exact)) ,1)
) »|gaupl = polyfit(gaures(:,1),log (abs(gaures(:,2)—exact)),1)
Siadinaru 23 print —depsc2 ’../PICTURES/numquaderrl.eps’;

DMATE
s |figure ('Name’, "sqrt(t)’);
% (exact = 2/3;
7 |eqdres = numquad(inline ('sqrt(x)'),0,1,N, "equidistant’);
8 (chbres = numquad(inline (’'sqrt(x)'),0,1,N, 'Chebychev’);
9 |gaures = numquad(inline ('sqrt(x)'),0,1,N, 'Gauss’);
0 loglog (eqdres(:,1) ,abs(eqdres(:,2)—exact), 'b+-" ,...
31 chbres (:,1) ,abs(chbres(:,2)—exact), ' m—"' ,...
32 gaures(:,1) ,abs(gaures(:,2)—exact),’'r+=");

101 33|set(gca, 'fontsize’,12);
p. 493

Numerical 34 | axjs ([1 25 0.000001 1]);

Methods

0064 s title (" Numerical_quadrature_of_function_sqrt(t)’);
16 | xlabel (" {\ bf_Number_of_quadrature_nodes}’, 'fontsize ',14);
7 |ylabel (" {\bf_|quadrature_error |}, fontsize’,14);
18 |legend ('Equidistant_Newton—Cotes_quadrature’ ,...
39 'Clenshaw—Curtis_quadrature’ ,...
10 'Gauss_quadrature ' ,1);
1nleqdp2 = polyfit(log (eqdres(:,1)),log (abs(eqdres(:,2)—exact)) ,1)
2 |chbp2 = polyfit(log (chbres(:,1)),log (abs(chbres(:,2)—exact)) ,1)
1B|gaup2 = polyfit(log (gaures(:,1)),log (abs(gaures(:,2)—exact)),1)
u|print —depsc2 ' ../PICTURES/numquaderr2.eps’;
Ei‘adinam
D-ITET,
D-MATL
Equal spacing is a disaster for high-order interpolation and integration ! \
=-Divide the integration domain in small pieces and use low-order rule on each piece (composite
quadrature)
101 BTake into account the eventual non-smoothness of f when dividing the integration domain
p. 494
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10.2 Composite Quadrature

With € Pipy—il € Gy =

/f dz‘—z Y rwyat.
$/1

Recall (10.1.5): for polynomial quadrature rule (’??) and f € C"([a,b]) quadrature error shrinks
with n + 1st power of length of integration interval.

a=x)<x] <---

(10.2.1)

B Reduction of quadrature error can be achieved by
s splitting of the integration interval according to (10.2.1),
» using the intended quadrature formula on each sub-interval [xj,l, xj}.

Note: Increasse in total no. of f-evaluations incurred, which has to be balanced with the gain in
accuracy to achieve optimal efficiency,

Idea: » Partition integration domain [a, b] by mesh (grid, — Sect.??) M = {a =

o <a1<...<xpm=0>0}
s Apply quadrature formulas on sub-intervals [ := [v;_1, 2], j = 1,...,m,
and sum up.

composite quadrature rule

[

Note: Here we only consider one and the same quadrature formula (local quadrature formula) applied

on all sub-intervals.

Example 10.2.1 (Simple composite polynomial quadrature rules).

Composite trapezoidal rule, cf. (11.6.2) I
b) 25t
[ #ere = Yar o))+ 1
a m—1

1

3(@ja1 — xj_1) f @)+
j=1 Bl
%(1 m — Tm—1)f(b) . ost

(10.2.2)

Composite Simpson rule, cf. (10.1.4)

Numeric

Numerical
Methods Methods
-0654 b 401-065¢
/ ftdt =
J
1 o
5(r1 —20) f(a)+ (10.2.3)
m—1 ol
1 -,
@i — zj—1)f(z))+ |
J=1
m o5
2 (1
3(zj — 2 f (52 + 2j-1))+ ‘
=1 o 0 : Z 3 0 s 5
Cradinaru %(l‘m - l‘m,fl)f (b) . Cradina
D-ITET, D-ITET
D-MATL i - i i i L . D-MAT!
Formulas (10.2.2), (10.2.3) directly suggest efficient implementation with minimal number of f-
evaluations.
&
Focus: asymptotic behavior of quadrature error for
10.2 ) 10.2
b, 497 mesh width ~ h = . nlm\ . |z; — 24| =0 b dc
Numerical Numeric
Methods Methods
401-0654 101-065
For fixed local n-point quadrature rule: O(mn) f-evaluations for composite quadrature (“total cost”)
O If mesh equidistant (|:rj ij,l\ = h for all j), then total cost for composite numerical quadrature
=Oo(hh.
Theorem 10.2.1 (Convergence of composite quadrature formulas).
Vs For a composite quadrature formula () based on a local quadrature formula of order p € N Vs
radinaru Tradina
D-ITET, holds D-ITET
D-MATL D-MAT!
3C > 0: ‘/f(t) dt — Q(f)’ < cone || f® pey Y € CHID, M.
1
Proof. Apply interpolation error estimate (??). O
Example 10.2.2 (Quadrature errors for composite quadrature rules).
10.2 10.2

Composite quadrature rules based on
p- 498 p. 5C



e trapezoidal rule (11.6.2) [ local order 2 (exact for linear functions),

e Simpson rule (10.1.4) [ local order 3 (exact for quadratic polynomials)

on equidistant mesh M := {jh}}_, h = 1/n,n € N.

S © ® N o g~ W N e

a o~ W NP

Code 10.2.3: composite trapezoidal rule (10.2.2)

function res = trapezoidal(fnct,a,b,N)

% Numerical quadrature based on trapezoidal rule

% fnct handle to y = f(x)

% a,b bounds of integration interval

% N+1 = number of equidistant integration points (can be a vector)
res = [];

for n
x = (a:h:b); w = [0.5 ones(1,n—1) 0.5];
[res; h, hxdot(w,feval (fnct,x))];

end

Code 10.2.4: composite Simpson rule (10.2.3)

function res = simpson(fnct,a,b,N)

% Numerical quadrature based on Simpson rule

% fnct handle to y = f(x)

% a,b bounds of integration interval

% N+1 = number of equidistant integration points (can be a vector)

6
7|res = [];

g|for n = N

9| h = (b-a)/n;

o| x = (a:h/2:b);

1 fv = feval(fnct,x);

12 val = sum(hx*(fv (1:2:end—2)+4xfv (2:2:end—1)+fv (3:2:end)))/6;
13 res = [res; h, val];

14 |end
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numerical quadrature of function 1/(1+(5t)2)

numerical quadrature of function sqrt(t)

10 T 10 T
:::uapezmdal rule| —+— trapezoidal rule|
- (S]v(r:zson rule _ _,[|——Simpson rule T
———omn . e g
- 10°
5 5
© 51070
s s
2 =
g g .
'§ '% 10
L) s
107
10
10 15 L L 10 7 N
102 10" 10° =3 =
meshwidth 10 meshwid&h10 10
g L 1
quadrature error, fi(t) := T2 O [0,1] quadrature error, fo(t) := v/t on [0, 1]

Asymptotic behavior of quadrature error E(n) := ‘fol f(t)dt — Qn(f)| for meshwidth "~ — 0”

O algebraic convergence E(n) = O(h®) of order & > 0, n = h ™!

O  Sufficiently smooth integrand fi: trapezoidal rule — « = 2, Simpson rule — « = 4 1?

[} singular integrand fo: « = 3/2 for trapezoidal rule & Simpson rule !

[(Iack of) smoothness of integrand limits convergence !]

Simpson rule: order=47? investigate with MAPLE

> rule := 1/ 3xhx(f (2xh) +4+f (h) +f (0))
> err :=taylor(rule - int(f(x),x=0..2xh), h=0,6);

err == <91—0 <D<J‘>) (/)(0)h>+ 0O (h(;) h, 6)

O Simpson rule is of order 4, indeed !

Code 10.2.5: errors of composite trapezoidal and Simpson rule

1|function comruleerrs()

2 [% Numerical quadrature on [0,1]

S

4|figure(’'Name’,’'1/(1+(5t)"2)");

5|exact = atan(5)/5;

6|trres = trapezoidal(inline(’1./(1+(5%x).~2)"),0,1,1:200);
7|smres = simpson(inline(’'1./(1+(5%x).72)"),0,1,1:200);
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8|loglog (trres (:,1) ,abs(trres (:,2)—exact),’'r+=" ,...

9 smres(:,1) ,abs(smres(:,2)—exact), 'b+-" ...

0 trres(:,1) ,trres (:,1)."2x(trres(1,2)/trres(1,1)"2),'r—" ,...
1 smres(:,1) ,smres(:,1)."x(smres(1,2)/smres(1,1)"2),'b—");

set(gca, 'fontsize ’',12);
title ('numerical_quadrature_of_function_1/(1+(5t)”"2)’, 'fontsize’,14);
xlabel (' {\ bf_meshwidth} ', 'fontsize ',14);

5|ylabel ("{\bf_|quadrature_error|}’, 'fontsize ' ,14);
6 |legend ('trapezoidal_rule’,’'Simpson_rule’,'O(h”2)’,'O(h"4)’,2);
17 |axis ([1/300 1 107°(—15) 1]);

trpl
polyfit(log (trres (end—100:end,1)),log (abs(trres(end—100:end,2)—exact)),
smpl =

polyfit(log (smres(end—100:end,1)),log (abs(smres(end—100:end,2)—exact)),

0|print —dpsc2 ' ../PICTURES/compruleerrl.eps’;

4

2 |figure ('Name’, 'sqrt(t)’);

3 |exact = 2/3;

u|trres = trapezoidal(inline(’'sqrt(x)’),0,1,1:200);

5 smres = simpson(inline (’'sqrt(x)’),0,1,1:200);

%6 [loglog (trres (:,1) ,abs(trres (:,2)—exact),'r+" ,...

7 smres(:,1) ,abs(smres(:,2)—exact), 'b+-" ...

8 trres (:,1) ,trres (:,1) .~(1.5) %(trres(1,2)/trres(1,1)"2),'k—");

set(gca, 'fontsize ' ,14);
title ('numerical_quadrature_of_function_sqrt(t) ', 'fontsize’,14);
xlabel (' {\ bf_meshwidth} ', 'fontsize ' ,14);

2 |ylabel ("{\bf_|quadrature_error |}, 'fontsize’,14);
13|legend ("trapezoidal_rule’, 'Simpson_rule ', 'O(h”~{1.5})',2);
4 laxis ([1/300 1 107 (—7) 1]);

trp2 =

polyfit(log (trres(end—100:end,1)),log (abs(trres (end—100:end,2)—exact)),
smp2 =

polyfit(log (smres(end—100:end,1)),log (abs(smres(end—100:end,2)—exact)),
print —dpsc2 '../PICTURES/compruleerr2.eps’;

Remark 10.2.6 (Removing a singularity by transformation).
Ex. 10.2.2 [ lack of smoothness of integrand limits rate of algebraic convergence of composite

guadrature rule for meshwidth h — 0.

Idea: recover integral with smooth integrand by “analytic preprocessing”

1

1

=y

=y
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b
For f € C°([0, b]) compute / VL f(t) dt via quadrature rule (— Ex. 10.2.2)
0
b Vo —
substitution s = v/: / Vif(t)dt = / 252 f(s%) |ds . (10.2.4)
J0 JO
Then: Apply quadrature rule to smooth integrand
V.
Gradina
A D-ITET
D-MATI
Example 10.2.7 (Convergence of equidistant trapezoidal rule).
Sometimes there are surprises: convergence of a composite quadrature rule is much better than
predicted by the order of the local quadrature formula:
Equidistant trapezoidal rule (order 2), see (10.2.2)
b m—1 b—a
/ f(t)dt = T (f) = h (%f(a) + Y f(kh) + %f(b)) , = : (10.25) 10
a —1 m p. 5C
Numeric
Methods
01-065
Code 10.2.8: equidistant trapezoidal quadrature formula
1|function res = trapezoidal(fnct,a,b,N)
2 % Numerical quadrature based on trapezoidal rule
3 %fnct handle to y = f(x)
4 (% a,b bounds of integration interval
5 % N+1 = number of equidistant integration points (can be a vector)
6/res = [];
7[for n = N
8 h = (b—a)/n; x = (a:h:b); w = [0.5 ones(1,n—1) 0.5];
9| res = [res; h, hxdot(w,feval(fnct,x))];
o jend it
D-ITET
D-MAT!
1-periodic smooth (analytic) integrand
1
ft) = ————=, 0<a<1.
1 —asin(2rt — 1)
(“exact value of integral”: use T5) 0
L
p. 5
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Trapezoidal rule quadrature for 1./sqrt(1-a*sin(2*pix+1)) Trapezoidal rule quadrature for non-periodic function

N ———
—* e —t

|quadrature error|

|quadrature error|

w0 p
a=0.95
| =—a=099 s
10 L L L L L L L L 10 L
0 2 4 6 8 10 12 14 16 i P2V 10° 10" )
no. of. quadrature nodes no. of. quadrature nodes
quadrature error for Ty, (f) on [0, 1] quadrature error for T;,(f) on [0, 3]
— —
exponential convergence !! merely algebraic convergence

Code 10.2.9: tracking error of equidistant trapezoidal quadrature formula

function traperr ()

clear a;

global a;

| = 0; r = 0.5; %integration interval

N = 50;

a = 0.5; res05 = trapezoidal (@issin,|,r,1:N);

ex05 = trapezoidal(@issin,l,r,500); ex05 = ex05(1,2);
a = 0.9; res09 = trapezoidal(@issin,|,r,1:N);

ex09 = trapezoidal(@issin,|,r,500); ex09 = ex09(1,2);
a = 0.95; res95 = trapezoidal(@issin,|,r,1:N);

ex95 = trapezoidal(@issin,|,r,500); ex95 = ex95(1,2);
a = 0.99; res99 = trapezoidal (@issin,|,r,1:N);

ex99 = trapezoidal (@issin,|,r,500); ex99 = ex99(1,2);

figure(’'name’, 'trapezoidal_rule_for_non—periodic_function’);

loglog (1./res05(:,1) ,abs(res05(:,2)—ex05), 'r+",...
1./res09(:,1) ,abs(res09(:,2)—ex09), 'b+—" ,...
1./res95(:,1) ,abs(res95(:,2)—ex95),'c+—" ,...
1./res99(:,1) ,abs(res99(:,2)—ex99), 'm—");

set(gca, 'fontsize ' ,12);

legend ('a=0.5",'a=0.9", 'a=0.95",'a=0.99" ,3);

xlabel (' {\bf_no._of._quadrature_nodes}’,’'fontsize’,14);

ylabel (' {\ bf_|quadrature_error|}’, fontsize’,14);

title ("{\bf_Trapezoidal_rule_quadrature_for_non—periodic,,

function}’, 'fontsize ',12);

print —depsc2 '../PICTURES/traperr2.eps’;

Mol g | clear a; Nemer:
- olglobal a; U
0|1 = 0; r = 1; %integration interval
3 |N = 20;

22la = 0.5; res05 = trapezoidal(@issin,|,r,1:N);
3|ex05 = trapezoidal (@issin,|,r,500); ex05 = ex05(1,2);
ula = 0.9; res09 = trapezoidal(@issin,|,r,1:N);
15|ex09 = trapezoidal (@issin,|,r,500); ex09 = ex09(1,2);
36/a = 0.95; res95 = trapezoidal(@issin,|,r,1:N);
17|1ex95 = trapezoidal (@issin,|,r,500); ex95 = ex95(1,2);
i8la = 0.99; res99 = trapezoidal(@issin,|,r,1:N);
39 ex99 = trapezoidal (@issin,|,r,500); ex99 = ex99(1,2);

Ghainar 0| figure ('name’ , "trapezoidal_rule _for_periodic_function'); Y ndina
puel 1 semilogy (1./res05(:,1) ,abs(res05(:,2)—ex05), r+',... piner
2 1./res09(:,1) ,abs(res09(:,2)—ex09), b+’ ...
13 1./res95(:,1) ,abs(res95(:,2)—ex95), 'c+-" ,...
4 1./res99(:,1) ,abs(res99(:,2)—ex99), 'm—");

5 |set(gca, 'fontsize ' ,12);

6 |legend ('a=0.5",'a=0.9’,’a=0.95", 'a=0.99"’ ,3) ;

v |xlabel (" {\bf_no._of._quadrature_nodes}’, 'fontsize’, 14);
1 |ylabel (" {\bf_|quadrature_error |}, fontsize’,14);
w|title ("{\bf_Trapezoidal_rule_quadrature_for_

10.2 1./sqrt(l—a*xsin(2*pi*x+1))} ', 'fontsize’',12); 10.2
p. 509 p. 51
Vethogec! 50 Mo
WL Iprint —depsc2 ' ../PICTURES/traperrl.eps’; 101-065

Explanation:

Lo, JO LifkE#£0,
f“f(t)dt_{l Jifk=0.

m=1 omiy @22 [0 ,ifk &mZ,
Tl f) = % T 6m‘lk( 2.2) ¢

1=0 1 ,ifkemZ.
Cradinar - Sadi
N Equidistant trapezoidal rule 7T}, is exact for trigonometric polynomials of —
D-ITET, D-ITET
D-MATL degree < 2771 1 D-MAT!
It takes sophisticated tools from complex analysis to conclude exponential convergence for analytic
integrands from the above observation.
<
10.2 10.2

p. 510 p. 51



10.3 Essential Skills Learned in Chapter 10 e R—

Methods Methods
401-065 401-065¢

You should know: 1 1 Si ng le Step Method s

e several (compozite) polynomial quadrature formulas with their convergence order

11.1 Initial value problems (IVP) for ODEs

e what is special about the trapezoidal rule

e Gaussian quadrature rules
Some grasp of the meaning and theory of ordinary differential equations (ODES) is indispensable for

understanding the construction and properties of numerical methods. Relevant information can be

X V. ) V.
Gradinara found in [52, Sect. 5.6, 5.7, 6.5]. Gradina
DITET, DITET
D-MATL DMAT!

Example 11.1.1 (Growth with limited resources). [1, Sect. 1.1]
y:[0,7] — R: bacterial population density as a function of time

Model: autonomous logistic differential equations

10.3 y=fly) = (a=Pyy (11.1.1) 117
p. 513 p. 51
Numerical [] Notation (Newton): dot ° = (total) derivative with respect to time ¢ Numeri
101-0654 101-065¢

» y = population density, [y] = #

2
» growth rate v — By with growth coefficients a., 3 > 0, [o] = % [6] = &-: decreases due to
more fierce competition as population density increases.

Part I I I Note: we can only compute a solution of (11.1.3), when provided with an initial value y(0).

The logisitc differential equation arises in autocatalytic reactions (as in haloform reaction, tin pest, «.

Gradina

Dlla;;';“" binding of oxygen by hemoglobin or the spontaneous degradation of aspirin into salicylic acid and —
D-MIATL  gcetic acid, causing very old aspirin in sealed containers to smell mildly of vinegar): oA

Integration of Ordinary Differential Equations

A+ B — 2B withrater = kcgcp (11.1.2)

As ¢y = —randég = —r + 2r = r we have that ¢4 + cg = c4(0) + ¢g(0) = D is constant and
103 We gettwo decoupled equations 11

p. 514 cqg=—k(D —cyq)ey (11.1.3) p- 51



