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12. Two types of complete discrete valuation fields

Masato Kurihara

In this section we discuss results of a paper [Kul] which is an attempt to understand
the structure of the Milnor K -groups of complete discrete valuation fields of mixed
characteristicsin the case of an arbitrary residuefield.

12.0. Definitions

Let K beacompletediscretevaluation field of mixed characteristics (0, p) withthering

of integers O . We consider the p-adic completion QF  of Q. /2 8sinsection 9.
Note that

(@ If K isafinite extension of Q,, then

Qy, = (Ox/Dkg,)dn

where D, isthedifferentof K/Q,, and 7 isaprime element of K.
() If K =k{t1}} ... {tn_1}} with |k : Q,| < oo (for the definition see subsec-
tion 1.1), then

§<19K = (Ok/Dyyg,)dr ® Oxdty & - & Ogdt,_1

where 7 isaprime element of Oy.

But in general, the structure of ﬁ(ng is alittle more complicated. Let F' be the
residuefield of K, and consider a natural map

.0l 1
01 Q. — QF.

Definition. Let TorsQ}  be the torsion part of Q} . If (TorsQ} ) =0, K is
said to be of type |, and said to be of type |l otherwise.

Soif K isafieldin (a) or (b) asabove, K isof typel.
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Let 7 beaprimeelement and {¢;} bealifting of a p-baseof F. Then, thereisa
relation

adm + Z bidt; =0

with a, b; € Og. Thefield K isof typel if and only if v (a) < min; vk (b;), where
v isthe normalized discrete valuation of K.

Examples.
(1) If vg(p) isprimeto p, orif F isperfect, then K isof typel.
(2) Thefield K = Q,{{t}}(m) with =P = pt isof typell. In this case we have

62-91{ ~ OK/p69 OK.

The torsion part is generated by dt — n?~1dr (we have pdt — pr?~1dr = 0), s0
o(dt — P~ tdr) = dt # 0.

12.1. TheMilnor K-groups

Let 7 beaprimeelement, and put e = v (p). Section 4 contains the definition of the
homomorphism

P Q‘f;l @ Q‘f;z — gr, K, (K).

Theorem. Put ¢ = IengthoK(Torsﬁ%)K).
(@ If K isof typel,thenfor m > ¢+1+2¢/(p —1)
plga-1: Q5 — gr Ko (K)
F
IS surjective.
(b) If K isof typell,thenfor m > ¢+2¢/(p — 1) andfor ¢ > 2
pm’Q?ziQ%_z — g Ky (K)
IS surjective.

For the proof we used the exponential homomorphism for the Milnor K -groups
defined in section 9.

Corollary. Define the subgroup U, K,(K) of K,(K) asin section 4, and define the

subgroup V; K, (K) asgenerated by {1+ M, O%, ..., 0%} where Mg isthe max-

imal ideal of Of.

(@ If K isof typel, then for sufficiently large m we have U,, K,(K) = V,, K,(K).

(b) If K isof typell, thenfor sufficiently large m, wehave V,,, K,(K) = U,,+1K4(K).
Especially, gr,, K, (k) =0 for sufficiently large m primeto p.
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Example. Let K = Q,{{t}}(7) where =P = pt asin Example (2) of subsection 12.0,
and assume p > 2. Then, we can determine the structures of gr,,, K,(K) as follows
([Ku2]).

For m < p+1, gr,K,(K) is determined by Bloch and Kato ([BK]). We have
an isomorphism groK>(K) = K(K)/U1Ka(K) ~ Ky(F) @ F*, and gr, K, (K) is
a certain quotient of QL. /dF @ F (cf. [BK]). The homomorphism p,, induces an
isomorphism from

Q}; ifil<m<p—-lorm=p+1
0 ifi >p+2andiisprimetop
F/F? ifm=2p
(x — {1+ prPzx, 7w} induces thisisomorphism)
P if m =npwithn >3
\ (x — {1+ p"z, 7} induces thisisomorphism)

onto gr,,, K2(K).

12.2. Cyclic extensions

For cyclic extensions of K, by the argument using higher local class field theory and
the theorem of 12.1 we have (cf. [Kul])

Theorem. Let ¢ beasin the theoremof 12.1.

(@ If K isoftypeland i > 1+/+2¢/(p—1), then K doesnot haveferociously ram-
ified cyclic extensions of degree p’. Here, we call an extension L/K ferociously
ramified if |L : K| = |kr : kilins Where kp, (resp. ki ) istheresidue field of L
(resp. K).

(b) If K isof typell and i > ¢+ 2¢/(p — 1), then K does not have totally ramified
cyclic extensions of degree p’.

The bounds in the theorem are not so sharp. By some consideration, we can make
them more precise. For example, using this method we can give a new proof of the
following result of Miki.

Theorem (Miki, [M]). If e < p—1 and L/K isa cyclic extension, the extension of
the residue fields is separable.

For K = Q,{{t}}(¢/pt) with p > 2, we can show that it has no cyclic extensions
of degree pS.

Miki also showed that for any K, thereisaconstant ¢ depending only on K such
that K has no ferociously ramified cyclic extensions of degree p* with i > c.
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For totally ramified extensions, we guess the following. Let F?™ be the maximal
perfect subfield of F, namely FP™~ = (| FP". We regard the ring of Witt vectors
W(FP™) asasubring of O, and write kg for the quotient field of W (F?™), and
write k for the algebraic closure of ko in K. Then, k isafinite extension of kg, and
is a complete discrete valuation field of mixed characteristics (0, p) with residue field
FP~
Conjecture. Suppose that e(K|k) > 1, i.e. a prime element of O, is not a prime
element of Ok . Thenthereisa constant ¢ depending only on K such that K hasno
totally ramified cyclic extension of degree p* with i > c.

References

[BK] S.Blochand K. Kato, p-adic etale cohomology, Publ. Math. IHES, 63(1986), 107-152.

[Kul] M. Kurihara, Ontwo typesof complete discrete valuation fields, Comp. Math., 63(1987),
237-257.

[Ku2] M. Kurihara, On the structure of the Milnor K -group of a certain complete discrete
valuation fields, preprint.

[M] H. Miki, On Zj,-extensions of complete p-adic power series fields and function fields,
J. Fac. Sci. Univ. Tokyo, Sect. 1A Math., 21(1974), 377-393.

Department of Mathematics Tokyo Metropolitan University
Minami-Osawa 1-1, Hachioji, Tokyo 192-03, Japan
E-mail: m-kuri@comp.metro-u.ac.jp

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



