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At most 27 length inequalities de ne Maskit’s
fundamental domain for the modular group
In genus 2

David Griffiths

Abstract

In recently published work Maskit constructs a fundamental domain Dy
for the Teichmiiller modular group of a closed surface S of genus g

2. Maskit’s technique is to demand that a certain set of 2g non-dividing
geodesics Cog on S satis es certain shortness criteria. This gives an a priori
in nite set of length inequalities that the geodesics in Coy must satisfy.
Maskit shows that this set of inequalities is nite and that for genus g = 2
there are at most 45. In this paper we improve this number to 27. Each
of these inequalities: compares distances between Weierstrass points in the
fundamental domain SnC4 for S; and is realised (as an equality) on one
or other of two special surfaces.

AMS Classi cation 57M50; 14H55, 30F60

Keywords Fundamental domain, non-dividing geodesic, Teichmiiller
modular group, hyperelliptic involution, Weierstrass point

O Introduction and preliminaries

In this paper we consider a fundamental domain de ned by Maskit in [8] for the
action of the Teichmiiller modular group on the Teichmiiller space of a closed
surface of genus g 2 in the special case of genus g = 2. McCarthy and
Papadopoulos [9] have also de ned such a fundamental domain, modelled on a
Dirichlet region; for punctured surfaces there is the celebrated cell decomposi-
tion and associated fundamental domain due to Penner [10]. For genus g = 2
Semmler [11] has de ned a fundamental domain based on locating the shortest
dividing geodesic. Also for low signature surfaces the reader is referred to the
papers of Keen [3] and of Maskit [7], [8].

Throughout S will denote a closed orientable surface of genus g = 2, with
some xed hyperbolic metric. We say that a simple closed geodesic y on S
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is: dividing if S ny has two components; or non-dividing if S ny has one
component. By non-dividing geodesic we shall always mean simple closed non-
dividing geodesic. We denote the length of y with respect to the hyperbolic
metric on S by I(y). Let j \ ] denote the number of intersection points of
two distinct geodesics

We de neachain Ch, =vyi;:::;Yn to bean ordered set of non-dividing geodesics
such that: jyi \vi+1j=1for1 i n—1and yj\yjp = ; otherwise. We
say that a chain C, has length n, where 1 n 5. Likewise we de ne a
bracelet B, = yi1;:::;Yn to be an ordered set of non-dividing geodesics such
that: jyi\vi+yj=1for1l 1 n—1; jya\y =1 and yj\yjp = ; otherwise.
Again we say that B, has length n, where 3 n 6. Following Maskit, we
call a bracelet of length 6 a necklace.

For n 4 a chain of length n can be always be extended to a chain of length
n+ 1. For n = 4 this extension is unique. Likewise a chain of length 5
extends uniquely to a necklace. So chains of length 4 or 5 and necklaces can be
considered equivalent. We shall usually work with length 4 chains, which we
call standard. (Maskit, for genus g, usually works with chains of length 2g+1,
which he calls standard.)

As Maskit shows in [8] each surface, standard chain pair S;C4 gives a canon-
ical choice of generators for the Fuchsian group F such that H?=F = S and
hence a point in DF( 1(S); PSL(2;R)), the set of discrete faithful representa-
tions of 1(S) into PSL(2;R). Essentially this representation corresponds to
the fundamental domain S n C4 together with orientations for its side pairing
elements. As Maskit observes, it is well known that DF( 1(S); PSL(2;R)) is
real analytically equivalent to Teichmiiller space. So, we de ne the Teichmiiller
space of closed orientable genus g = 2 surfaces T, to be the set of pairs S;Cy4.

We say that a standard chain C4 = vyi;::: ;Y4 is minimal if for any chain
Cly=V1:: i¥m=1; m We have I(ym) I( m)forl m 4. We then de ne
the Maskit domain D, T, to be the set of surface, standard chain pairs S;Cy
with C4 minimal.

For C4 to be minimal the geodesics yi;::: ;Y4 must satisfy an a priori in nite
set of length inequalities. For genus g, Maskit gives an algorithm using cut-
and-paste to show that only a nite number Ny of length inequalities need to be
satis ed. Applying his algorithm to genus g = 2, Maskit showed that N,  45.
We establish an independent proof that N,  27. We could have shown that
18 of Maskit’s 45 inequalities follow from the other 27. However, by tayloring
all our techniques to the special case of genus 2, we are able to produce a much
shorter proof.
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The fact that 18 of Maskit’s 45 inequalities follow from the other 27 follows
from applications of Theorem 2.2 (which appeared as Theorem 1.1 in [4]) and
of Corollary 2.5. The latter follows immediately from Theorem 2.4, for which
we give a proof in this paper. This is a characterisation of the octahedral surface
Oct (the well known genus two surface of maximal symmetry group) in terms
of a nite set of length inequalities.

The 27 length inequalities have the properties that: each is realised on one
or other of two special surfaces (for all but 2 this special surface is Oct); and
each compares distances between Weierstrass points in the fundamental domain
SnC, for S.

The author would like to thank Bill Harvey, Bernie Maskit, Peter Buser, Klaus-
Dieter Semmler and Christophe Bavard for hospitality and helpful discussions.
The author was supported for this work by the Swiss National Science Founda-
tion on a Royal Society Exchange Fellowship at EPFL, Lausanne, Switzerland
and is currently supported by the French Government as a boursier on a Sejour
Scienti que.

1 The hyperelliptic involution and the main result

It is well known that every closed genus two surface without boundary S admits
a uniquely determined hyperelliptic involution, an isometry of order two with
six xed points, which we denote by J. The xed points of J are known as
Weierstrass points. Every simple closed geodesic y S is setwise xed by
J, and the restriction of J to y has no xed points if y is dividing and two

xed points if y is non-dividing (see Haas{Susskind [2]). So every non-dividing
geodesic on S passes through two Weierstrass points. It is a simple consequence
that sequential geodesics in a chain intersect at Weierstrass points. We say that
two non-dividing geodesics ; crossif & and \ contains a point that
is not a Weierstrass point.

The quotient orbifold O = S=J is a sphere with six order two cone points,
endowed with a xed hyperbolic metric. Each cone point on O is the image
of a Weierstrass point under the projection J: S ¥ O and each non-dividing
geodesic on S projects to a simple geodesic between distinct cone points on O
{ what we shall call an arc. De nitions of chains, bracelets and crossing all pass
naturally to the quotient.

Let C4 be a standard chain on S, which extends to a necklace N. We number
Weierstrass pointson N so that !'; =vyj—1\yjfor2 i 6and !'; =vys\vVy;.
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Choose an orientation upon S and project to the quotient orbifold O = S=J {
for the rest of the paper we shall work on the quotient orbifold O. We label the
components of OnN by H;H so that y;;::: ;ye lie anticlockwise around H.
Label by %'>"'" (respectively ;}""'") the arc between the cone points
Vi Y (J < k) crossing the sequence of arcs vi,;Vi,;:::;Yi, and having the
subarc between 1j;vi, lying in H (respectively H).

Our main result is then the following. (We abuse notation so that 16 = 16 =

Yo and 23 = 23 = y2. We then have repetitions, I(y2) I(ys) twice, and
redundancies, 1(y2) 1(y2) also twice.)

Theorem 1.1 The standard chain C4 is minimal if the following are satis ed:

@ 1v1)  1(vi);i 2 £2;3;4;5g
@ 1v2) 1) 1CigilC Se)i1( 85), i 2 F1;2g, j 2 £3;4;5; 69
() Iya) 1 35)i1Cag)i1C §4):1( §40). § 2 F5; 69

@ 1(va) 1 26):1(Ca0)-

Each length I(yi) or I( jx) (respectively I( j.x)) is a distance between cone
points in H (respectively H). Likewise each length I( P,), I( £,) is a distance
between cone points in O nCs. So each length inequality in Theorem 1.1 com-
pares distances between cone points in O n Cs (and hence distances between
Weierstrass points in S nCy).

I, L} L} .
LA
1 1 1
Is Tg !
Is 5 Is
13 =3 =2
=3
1> 1 =1

Figure 1: How the length inequalities in Theorem 1.1 are realized on Oct and E

Theorem 1.1 gives a su cient list of inequalities. As to the necessity each
inequality, we make the following observation. Each inequality is realised (as an
equality) on either Oct or E { cf Theorem 1.1 in [5]. The octahedral orbifold
Oct is the well known orbifold of maximal conformal symmetry group. Any
minimal standard chain on Oct lies in its set of shortest arcs. This arc set has
the combinatorial edge pattern of the Platonic solid. The exceptional orbifold E,
which was constructed in [5], has conformal symmetry group Z, Z,. However
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it is not de ned by the action of its symmetry group alone, it also requires a
certain length inequality to be satis ed. Any minimal standard chain on E lies
in its set of shortest and second shortest arcs.

In Figure 1 we have illustrated necklaces on Oct and E that are the extentions of
minimal standard chains. As with other gures in this paper, we use wire frame
diagrams to illustrate the orbifolds. Solid (respectively dashed) lines represent
arcs in front (respectively behind) the gure. Thick lines represent arcs in the
necklace N . The minimal standard chain on E in Figure 1 has: 1(y1) = I(ys);
I(y2) = 1C13) = 10 1:4) = 1( 24); 1(ys) = 1( §2) = 1(55) = 1(a); Mya) =
I( 4:6). Making such a list for all the orbifolds in Figure 1, together with their
mirror images, we see that all the inequalities in Therem 1.1 are realised as
equalities on either Oct or E.

2 Length inequalities for systems of arcs

In order to prove Theorem 1.1 we need a number of length inequality results
for systems of arcs. Let Ky = ¢.1;:::; 3.0 denote a length 4 bracelet such
that each component of O n K4 contains an interior cone point. Using mod
4 addition throughout, label cone points: on Ks by ¢k = k—1.k \ kk+1 for
k2f0;:::;3g;and o K, by ¢ for | 2 f4;5g. Label by O, the component of
On containing ¢; and label arcs in Oy so that . is between cy;c;. Let g
denote the arc between cq4;cs crossing only x+1 Ka.

The following two results appeared as Lemma 2.3 in [5] (in Maskit’s terminology
this is a cut-and-paste) and as Theorem 1.1 in [4] respectively.

Lemma 2.1 (i) 2I( 0;4) <I( o) +1( 3) (i) 2I( 30) <I( 0) +1( 2).

Theorem 2.2 If |( 3;4) |( 0;4), |( 3;5) |( 0;5), |( 0) |( 2) then
IC 3:4) = 1C 04), 1€ 35) = 1( 0;5), 1C 0) = 1( 2).

Corollary 2.3 If I( 34) 1( 0:4), 1C 35)  1C 05), 1( 1:4)  1( 2;4) then
IC 15) 1 255):

Proof of Corollary 2.3 Since I( 3.4) 1( 0:4), I( 35) 1( 0;5) Theorem 2.2
implies that I( o) I( 2). Moreover I( 1.4) I( 2:4) and so again, by Theo-
rem2.2, 1( 1;5) 1( 25). O
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Cs
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Figure 2: Arc sets for Lemma 2.1, for Theorem 2.2 and for Corollary 2.3

Theorem 2.4 Suppose I1( 2:3)  1( 21), 1( 30)  1( 12)  FIC o) 1C 121)9
and I( o.1)  FIC 0:1);1C 3:1)9 then I( k) = I( k:k+1) for each k;1 and O is the
octahedral orbifold.

Proof of Theorem 2.4 We postpone this until Section 3. O

Corollary 2.5 Suppose I( 2:3) I 21), 1( 1:2) FI( 0);1C ;)9 and
IC 1)  FIC 0:);1C 309 then 1( 30)  1( 1;2)-

Proof of Corollary 2.5 If I( 30) I( 1.2) then by Theorem 2.4 I( k1) =
I( kk+1) for each k;I. In particular 1( 3.0) =1( 1:2). So I( 30) I( 12). O

3 The proofs

Proof of Theorem 1.1 Let , denote an arc such that Cﬁn =VY1;000 5 Ym=1;
m isachain,forl m 4, 5 & ym. We will show that I(ym) 1( m)

for arcs of the form Ji.lliiz”:”'”. The same arguments work for arcs of the form

jeotn. Let X( ;) denote the number of crossing points of a distinct
pair of arcs ; { ie the number of intersection points of ; that are not
cone points. Let n = A, if X(ym; i) =0 for i 2 f1;:::;6g; otherwise, let
n= mini2fl;:::;6g such that X(yn; i) >0. We note that n m.

Let Pm:n;p be the proposition that I(ym) 1( m) for X( m;yn) = p. Clearly,
if n= 1 then p=0. For n 2 f5;6q it is not hard to show that p=1. For n 2
T1;::: ;49 we consider p =1 and p > 1. We order the propositions as follows:
Ps:1:0;:::; P1;2.0 which is followed by Pag:1;Pa:5:1;::: ; P1:6:1; P1:5:1 followed
by P4;4;1; P4;4;p>1 which is followed by P3;4;1; P3;4;p>1; P3;3;1; P3;3;p>1 followed by

P2:4:1; Poap=1; -1 s P2:2:1; P2:op=1 followed by P1:4:1; Prap=1; 10 s Pr11s Pritp>1.

Suppose n=1; | does notcross N. If m>1 then P40 is a hypothesis.
If m =1 then either P1.4.9 is a hypothesis, 1 =vy; for some i 2 £2;::: ;5g,
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or Pi.4.0 follows from the hypotheses, 1(y1) 1(yi); 1(yi) I( 1) for some
i 212;3;4g.

Suppose n 2 15;6g; m crosses N but does not cross Cg.

For m = 4, by inspection, 4 = 2;5. SO0 m;Ym Share endpoints, n > m+1
and we can apply the argument (i) below. So we have P4.n:1 for n 2 £5;69.

In Figures 3,4,5 we illustrate applications of length inequalities results to the
proof. As above we use wire frame gures of the octahedral orbifold, with the
necklace N in thick black. Other arcs are in thick grey. Figures have been
drawn so arcs in the application correspond to arcs in the length inequality
result.

Figure 3: Application (i) for 4= S5 3= 3, and 33 and of Theorem 2.2, (ii) for
3= 2;5

For m = 3. By inspection, 3 isoneof 34 S4 sa: S5 FOr 340 oar Sa:
Ym: m Share endpoints, n > m+1 and so we can apply either argument (i) or
(ii) below. For 3;5 we can apply Theorem 2.2 in conjunction with argument
(ii): by hypothesis I(ys) 1( 4:6) and by argument (ii) I(ys) I( 2;4) and so
I( §5)  1( 3;6). Again by hypothesis I(ys) 1( 3;6) and so I(ys) I( )
I( §5). This gives P31 for n 2 £5;6g.

— 9. i 5. 6 . 65 5.6 . 65 6. 5.5
For m =2; jisoneof 23; 73 z3 0roneof 3. 34 240 25 13 Ta-

By hypothesis I1(y2)  I( $5). For 33 Sg’ 5.5 We can again apply either
argument (i) or (ii). For 5’;4; 9;4; gfj; 5;3 we apply Theorem 2.2 in con-
junction with argument (ii). We give the argument for 3;4. By argument
(i), we have I(y2) < I( 5’;3). Also, by hypothesis, I(yz) I( 35) and so by
Theorem 2.2 1( 2:5) < I( '5;4). Again, by hypothesis, I1(y2) I( 2:5) and so
I(y2) 1( 25) <1( 3.0)-

For = 3, weargue as follows. By hypothesis we have I(ys) 1( 3:5);1( 3;6)

and 1(v2) 1 15):1(ve); 1( 255);1C 2:6) and I(y1)  1( 1;5);1(¥e): 1(va); 1( ;6).
By Corollary 2.5: I( {’;4) I1(y2). Hence P3.n.1 for n 2 15;69.
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Figure 4: Applications of (i) or (ii) for > = 33 85 and 33; of Theorem 2.2, (ii)

for 2= 34 %4 54 and 2g;and of Corollary 25for ,= %,

For m=1. If f]; kg & f1;2g or fj; kg & 15;6g then I(y1) I(vi); I(yi) I( 1)
are hypotheses, or preceding propositions, for some i 2 2;3;4g. If fj;kg =
f1;2g then, by inspection, 1 = f;z we can again apply argument (i). By
inspection there is no such 1 for fj;kg = f5;6g. This completes Ppy.n.1 for
n 2 f5; 69.

We now give the arguments for: ,;ym share endpoints and n > m+ 1. The
arcset I := 1 [ym divides O into two components. Either: (i) I' divides one
cone point (c) from three; or (ii) I divides two cone points from two. For (i)
we let O; OOC denote the components of OnT so that ¢ 2 O, and we let °m
(respectively L) denote the arc between !,;c (respectively between ¥,41;¢C)

in O¢.

First m =4, (i), n = 6. None of y1;Yy2;y3 crosses ' = 4[Ya, S0 C3 =V1;Y2;VY3
lies in one or other component of O nI". Now Cs contains three cone points
disjoint from I', so C3  OY. So ¢ = 15 and C} =vy1;y2;y3; 5 is a chain. We
observe { see Figure 3 { that 4 = 46 and hence I(y4) I( %) is a hypothesis.
By Lemma 2.1(i): 21( %) <I(ya) +1( 4) and so I(ys) 1( %) <I( 4).

Second m = 3, (i), n 2 f5;6g. Neither y; nor y, crosses ' = 3 [ y3, SO
Co = vy1;Y2 lies in one or other component of O nI". Now C, contains two
cone points disjoint from ', so C;  OL; ¢ = 5 or Vg and C} = yi;y2; % is
a chain. We observe { see Figure 3 { that } = 35 or %= 34 and hence
I(ys) 1( %) is hypothesis. Again, by Lemma 2.1(i): 2I( %) < I(ys)+I( 3) and
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so I(ys) 1( %) <I( 3). For (ii) we have that 3= 3§, and I(ys) 1( $,) is
a hypothesis.

Next m = 2, (i), n 2 f4;5;6g. The arc y; does not cross ' = 5 [ Y2,
soyr O! and ¢ 2 fly; 15; ¥6g (respectively y; O and ¢ = ;). For
n 2 5,69 { see Figure 4 { we have that % = .4 (respectively % = 13).
For n = 4 { see Figure 5 { we have that °2 = 9.4 0r 25 (respectively there is
no such ). So I(y2) 1( %) (respectively I(y2) I( ¥)) is a hypothesis. By
Lemma 2.1(i): 21( %) or 21 ©) < I(y2) +1( 2) and so I(y2) I( ) < I( 2)
(respectively I(y2) 1( 3) <I( 2)).

For (ii), again, y; lies in one component of OnT. Let % denote the unique
arc disjoint from I in this component of OnTl. For n 2 f5;6g { again see
Figure 4{ we have that % = vyg. For n = 4 { again see Figure 5 { we have

W= 140r 15 Sol(y2) I( % is a hypothesis. By Lemma 2.1(ii):
2( ) <I(y2) +1( 2 andso I(y2) 1( P)<I( 2).

Finally, m =1, (i), n 2 3;:::;6g9. For n 2 5,69 : | = .6 and I(y2)

I( %) isahypothesis. For n 2 £3;4g: I(y2) 1( %) is a proceeding proposition.
Since 1(y1)  I(y2) is a hypothesis, we have that I(y;) I(y2) I( }). By
Lemma 2.1(i): 21( §) <I(y1)) +1( 1) andso I(y1) 1( ) <I( ).

For (ii), n 2 f5;6g, there is no such ;. For n 2 f3;4g, we let % denote
the unique arc disjoint from I in the same component of On Tl as y,. Here
C} = yi;y2; % is a chain and so I(ys) I( %) is a proceeding proposition.
Since I(y1)  I(ys) is a hypothesis, we have that I1(y;) I(ys) I( %) . By
Lemma 2.1(ii): 21( %) <I(y1) +1( 1) and so I(yy) 1( %) <I( 1).

Now suppose n 2 f1;:::;4g9; m crosses Cq.

Lemma 3.1 Suppose that either X( m;yn) = 1 or m;yn share an end-
point. Then there exist arcs {,;y!, between the same respective endpoints

as m;Yn such that I( %) < 1( m) or I(y%) < I(yn); X( hivn)i X(Y4iyn) <

X( m;yn); and X( %yi) = X(yL;yi) = 0 for i n—1. In particular
Cl=viiYm=1; %:C%=vy1;::0yn—1;YY are both chains.

Proof This result is essentially Proposition 3.1 in [5], with additional obser-
vations upon the number of crossing points. However, upon going through the
proof, these observations become clear. ]

The following argument gives Pm:n;p>1: it uses induction on p, the rst induc-
tion step being the set of propositions that precede Pm;n;p>1.
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Let X( m;Yn) =p>1 and so by Lemma 3.1 there exist arcs ',;y!, as stated.
Let p’ = X( tniYn) <P P” = X(Yi:Yn) < p. We note that I(ym) 1( f,)
is either: Pmynpo> if p' > 1; or a preceding proposition if p° 1. Likewise,
I(yn)  I(y}) is either: Ppnpes1 if N = m and p” > 1; or a preceding
proposition if n > m or p® 1. Since I( &) < I( m) or I(y}) < I(yn) it
follows, by induction on p, that I(ym) 1( %) <I( m).

So, for the rest of the proof, we may suppose that X( m;yn) = 1.

Lemma 3.2 Suppose that ,;yn have distinct endpoints and that k > n+1.
Then there exist arcs ’,;yY between 1j; 1,41 and Vp; 1y such that I( %) <
I( m) or I(yL) < I(yn) and X( %;vi) = X(yL;yi) =0 for i n. In particular
Cl =V Ym=1; miC¥=vy1;::1;yn—1;Y}, are both chains.

Proof This is essentially Lemma 3.3 in [5], again with additional observations
upon the number of crossing points. Again, these observations are clear. O

We now give two general arguments using these two lemmas.

Suppose: (1) m;Yyn Share an endpoint. Again we can apply Lemma 3.1:
there exist arcs L,;yY as stated. In particular X( L,;vi) = X(yL;yi) = 0 for
i n.Solym) 1C%); lyn) 1(yY) are both preceding propositions. Since
IC %) <1( m) or I(yn) <I(yn), it follows that I(ym) 1( %) <I( m).

Suppose: (2) m;Yn have distinct endpoints and k > n+ 1. By Lemma 3.2
there exist arcs  %,;y!, as stated. Again I(ym) I( %);I1(yn) 1(Y}) are both
preceding propositions. As 1( L) < I( m) or I(y}) < I(yn), we have that
Itym) 1C &) <1( m).

For m=4:]J=4,k215;6g and n=4: 4;y4 share the endpoint 1, (1).

For m=3:j =3;k2f4;5;6g. For n =4 if k 2 f4;5g then 3;y4 share the
endpoint 1y (1); if k = 6 then 3;y4 have distinct endpoints and k > n+ 1
(2). For n=3: 3;y3 share the endpoint 13 (1).

Form=2:j2fl;29;k 2 £3;:::;69. For n =4 if k = 3 then, by inspection,

2 isoneof 43 25°% 23 23: o5, and we can apply argument (i) or (i),

or is one of f5; 15° 73, and we apply Theorem 2.2 in conjunction with
argument (ii) { see Figure 5. If k 2 4;59 (1); if k =6 (2). For n = 3 if

k 2 £3;4g (1); if k 2 15,6 (2). For n =2 if k =3 (L); if k 2 f4;5;6g (2).

Finally m = 1. Suppose n = 4. |If fj;kg & fl;2g9 or fj;kg & f5;6g
then I(y1) 1(yi); 1(yi) I( 1) are both preceding propositions for some
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6;5;4

25 & 54 and 55 applications of (i) or (ii); and for

applications of Theorem 2.2, (ii)

Figure 5: For , = 3.;
— 4 . 4586
2= 1z 13 and

i 2 12;3;49. If fj;kg = f1;2g we can apply (i) or (ii). There is no such
1 for fj; kg = 15; 69.

Now suppose n = 3. If fj;kg & f1;2g or fj;kg 6 T4;5;69 then I(y1)
I(yi); Iyi) I( 1) are both preceding propositions for some i 2 2;3g. Again,
if J; kg = T1;2g we can apply (i) or (ii). For fj; kg T4;5;69 either j =4 (1)
or j =5 (2).

Now suppose n = 2. If fj;kg & f1;2g or fj; kg6 f3;::: ;69 (ie J 2 fl;29;k 2
T3;:::;6g) then I(y1) I(y2);1(y2) I( 1) are both preceding propositions.
For fj; kg = f1;29 (1). For fj;kg 3;::: ;69 either j =3 (1); or j 2 f4;5;69
).

Finally n = 1. Either j or k 2 f1;2g (1); or fj;kg f3;::: ;69 (2). ]

Proof of Theorem 2.4 As |( 3;0) |( 0;5);|( 2;3) |( 2;5);|( 0;1) |( 0;4),
by Corollary 2.3, we have that I( 1.2) I( 2.4). Likewise, since I( 3:.0)

|( 0;4);|( 2;3) |( 2;4);|( 0;1) |( 0;5) we have that |( 1;2) |( 2;5). That is
IC12) 10 20).

The arc set K divides O into eight triangles. We label these as follows: let ty
(respectively Ty) denote the triangle with one edge k.x+1 and one vertex c4
(respectively cs). We shall use Zctx to denote the angle at the ¢ {vertex of t,
et cetera. Cut O openalong 30 o1 L 14L 12 [ 15 toobtain a domain
Q.
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We show that I( 2:3) 1 220;1C 30) 1€ 1:2)  FIC o) 1C 1095 1C 0:1)
I( 04) implies that min; I( 3.1) 1( o:1) with equality if and only if O is the
octahedral orbifold. First we show that: Zcot,  Zcatg or ZcTo ZesTy.
Now I( 1;2) I( 1;|), I( 3;0) I( 0:1 SO ZCotq ZCaty, ZCoTq ZcsTq,
/csty  Zcyts, Zc3T3 ZcsTs, which imply
LCoty + LCoT1 + Zesty + £e3 Ty ZCaty + LesT + Zeats + ZesTs
» (= 4oty — ZepTy) + (1 — ZLegtz—Zc3Ts)
( — Zeaty—Zeats) + ( — ZesTy — ZesTs)

- (ZLCoty + £CoTo) + (Lesty + Ze3Ty)  (Leaty + Zeaty) + (LesTr + Ze5To)
and I( 2:3) I( 21) so Zcstp ZCato; /C3TH /ZCsTo ) Loty + ZcoTo
ZLCatyg + ZcsTy ) ZCoty ZCatg or ZcoTy ZcsTo:

Co Co

0
C1 T3 C1

C1 CT)

[y

Figure 6: The triangles ty; Tk in the domain Q

Up to relabelling, we may suppose that Zcot,  Zcatg. We now show that
I( 3.4) 1( 0;1). There are two arguments. Firstly we show that if Zcst; -
then I( 0.4) < I( 3.0) { contradicting a hypothesis. So Zcst; < — and we
then show that I( 34) I( 0:1). The angle is given as follows. Let 1, be
an isoceles triangle with vertices vo;vs3;vs and edges "».3;"2.4; "'3:4 such that
1("2:3) = 1("2:4) = 1( 2:4) and Zvalp = Zeoty. Then = Zvzly = Ly,

Let C,;C4 denote circles of radius I( 2.4) about cp;cq respectively. As in
Figure 7 cz must lie inside C, since I( 2:3) I( 2.4). Likewise cg must lie
outside C4 since I( 04) 1( 1:2)  1( 2.4). Similarly c; must lie outside Cy4
since I( 1.4)  1( 1:2) 1( 2:4). Moreover since the angle sum at any cone point
is : Zcaty + Zestz < . In Figure 6 we have also constructed the point x as
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the intersection of the radius through 2.3 and C4. Let ty denote the triangle
spanning X;cs;Cs.

Now Zcstp — isequivalent to Zcat, . It follows that Zcaty  ZCaty.
By inspection Zcat3 > Zcatx and Zcgty > Zcstz. S0 Zeaty > Zeaty Zcesty >
Zcstz or equivalently 1( o:4) < I( 0:3).

So Zcztp < —  and we will compare ty; tg. Firstly, Zcat, < — implies that
I( 34) 1("3:4). (Recall that 3.4 is an edge of 1,.) Let Iy be an isoceles trian-
gle with vertices vop; v1;Vv4 and edges "o.1; "1:4; "0:4a such that 1("1.4) = 1("0:4) =
|( 2;4) and ZV4|Q = ZC4t0. Since |( 0;4);|( 1;4) |( 1;2) |( 2;4) we then
observe that I( o.1) 1("0:1). As Zcaty  Zcatp we have that 1(Mz.4)  1(M0:1).
Therefore 1( 0.1)  1("0;1)  1("3:4)  1( 3:4).

We have equality if and only if Zcoty = Zeatg and 1( 2:3) = 1( 2:4) = 1( 0.4) =
I( 1.4). From above Zcoty = Zceato if and only if 1( 1.2) = I( 1.1);1( 3:0) =
IC 01) and I( 2:3) = I( 2:1). So we have that I( ¢.1) = I( 3:4) and I( 1.2) =
1€ 2:3) = 1C 30) = 1C 0;) = 1C 1) = 1( 231)-

That is: tg; Ty are isometric equilateral triangles and ty; To; to; t3 (respectively
T,; T3) are isometric isoceles triangles. By considering angle sums at c4;Cs :
ZCaty = Zegtz = LesTo = ZesT3. So: tp; T1 are isometric equilateral triangles
and to; To; to; t3; To; T3 are isometric isoceles triangles. By the angle sum at
C3 . Lesty = Legty = ZegTyr = ZegTs = =4 and so ZLcotg = Zeitg = ZegTg =
/c1To = =4. Again, by considering angle sums at cg; ¢c; all the angles are =4,
all of the edges are of equal length. So O is the octahedral orbifold. O

C2

Figure 7: Arguments for Zcst; — and for Zeat, < —
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