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970 Kiyoshi Igusa and Michael Kleber

Introduction

This is the last of three papers on the relationship between the adjusted Miller—
Morita-Mumford (MMM) classes ky,, also known as tautological classes (times
(—1)"*1), in the integral cohomology of the mapping class group and certain
combinatorial classes defined by Witten and Kontsevich. In the first paper [4]
we showed that these combinatorial classes [WWy], are polynomials in the MMM
classes and we computed the leading coefficient:
T ((=92)kit1 (9L, 1)\
] = H ((=2)% 1 (2k; + 1)
i=1
if X\ =KkJ"ky? -k is a partition of ) n;k; into > n; parts. Here we use the
notation of our second paper [6]

Kx + lower terms (1)

T
iy =7
=1

The formula ([Il) was conjectured by Arbarello and Cornalba [I] and answers
questions posed by Witten and Kontsevich [§]. The introduction of [] gives a
more detailed history of the problem.

In the next paper [6] we rephrased the theorem ([l) above in terms of graph
cohomology using an integral version of Kontsevich’s theorem that the coho-
mology of the mapping class group is rationally isomorphic to the double dual of
the graph homology of connected ribbon graphs. We also computed aZjl which
is the next case of a coefficient in the polynomial () and the dual coefficient
b1 The notation is:

n,1
Wil=) di&u  &y=) buWi] (2)
o A

where aﬁ and bf; are rational numbers.
The formula proved in [6] is

nt1 _ —12an — (2n + 5)ant1 nt1 _ 2n+5 1
n,1 Sym(n, 1) ’ n,1 12a,, Ani1

3)

)

where a, = (—2)"*!(2n + 1)!! and Sym(n,1) = 1 + §,1 is the number of
symmetries of (n,1) (equal to 2 if n =1 and 1 otherwise).

The purpose of the present paper is to complete this project by giving an algo-
rithm for computing all of the coefficients aéf , béf and, as an example, obtaining
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Increasing trees and Kontsevich cycles 971

the following generalization of @) conjectured in [6].

an+k:—(2n+2k+3)an+k—anak bn+k:2n+2k+3+ 1
n,k Sym(n, k) > n,k Ana P

(4)

In the meantime, Gabriele Mondello has also obtained the same result [I0].

The contents of this paper are as follows. The first section summarizes the
definitions and results of the previous two papers. In section 2 we study the
degenerate case corresponding to degree 0 MMM class ko which is equal to the
Euler characteristic considered as a function (0—cocycle) on the space of ribbon
graphs. This is related in a simple way to the degenerate dual Witten cycle Wy
which counts the number of trivalent vertices of a ribbon graph. The formula
involves Stirling numbers of the first and second kind.

In the third section we show that the determination of the numbers af and
b‘)f is equivalent to the determination of the cup product structure of the dual
Kontsevich cycles. This is more or less obvious. The coefficients in the product
are not all integers since the dual Kontsevich cycles are not integral generators.

The coefficients a are determined by the coefficients of the inverse matrix b
which, by the sum of products formula, are determined by the special cases bY .
Section 4 gives a formula for these coefficients b} in terms of the category of
ribbon graphs. In the next section this is reduced to a formula involving tree
polynomials. As an example we show in Corollary that

[W,] = 288R3 4 4176Fok1 + 2073673 (5)
This formula, together with () and (@), verifies all values of the coefficients al
conjectured by Arbarello and Cornalba in [IJ.

In Section 6 we compute the tree polynomial in the case when almost all of the
variables are equal to 1. The main application is Section 7, where we prove the
formula @) for b:;k . The problem becomes one of finding the closed form for
a double sum of a hypergeometric term.

In Section 8 we obtain the following description of the what we call the reduced

tree polynomial. Suppose that T' is an increasing tree with vertices 0,1,--- ,2k
in the sense that, for every 0 < j < 2k the vertices 0,1,--- ,j span a connected
subgraph of T'. Then we associate to T' the monomial

where n; is the number of components of 7' — {j} with an even number of
vertices. The reduced tree polynomial is defined to be

Ti(wo, -+ aop) = » @’ (6)
T
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972 Kiyoshi Igusa and Michael Kleber

where the sum is over all increasing trees with vertices 0, --- ,2k. We also show
that the reduced tree polynomial T}, is related to the tree polynomial T} of the
previous section by the formula

Tk = $0Tk.

This tells us several things that were not obvious before. For example, T}, is a
homogeneous polynomial of degree 2k + 1 with nonnegative integer coefficients
adding up to (2k)!. In Section 9 we give a recursive formula for the reduced
tree polynomial. By Theorem this gives a recursive formula for b}. By the
sum of products rule (Lemma [[F) this gives a formula for b4 and thus for the
a’;. Examples are given in the last section.

The authors would like to thank Danny Ruberman for his support and encour-
agement during this project. The first author is supported by NSF Grants
DMS-0204386, 0309480.

The section titles are:

Preliminaries

Sterling numbers and the degenerate case
Cup product structure of Kontsevich cycles
Formula for b%

Reduction to the tree polynomial

First formula for T}

A double sum

Reduced tree polynomial

© 0 N O Ot s W N

Recursion for T},

FExamples of Tvk

—_
=)

1 Preliminaries

We work in the category of ribbon graphs. These are defined to be graphs with a
designated cyclic ordering of the half edges incident to each vertex. We consider
only finite connected ribbon graphs. We use the Conant—Vogtmann defnition
B] for the Kontsevich orientation of a connected graph. This is an ordering up
to even permutation of the set consisting of the vertices and half-edges of the
graph.
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Increasing trees and Kontsevich cycles 973

Suppose that I' is an oriented ribbon graph and e is an edge of I' which is
not a loop (ie, the half-edges e1, ey of e are incident to distinct vertices vy, vy .
Then the graph I'/e obtained from T' by collapsing e to a point v, has the
structure of a ribbon graph and also has an induced orientation which is given
by v.(ete.) if the orientation of I' is written as vivgejea(ete.). If ' is obtained
from a trivalent graph by collapsing n edges we say that I' has codimension n.

The category of connected ribbon graphs is denoted Fat. The morphisms of
this category are compositions of collapsing maps I' — I'/e and isomorphisms.
The main property of this category is that its geometric realization is integrally
homotopy equivalent to the disjoint union of all mapping class groups My of
punctured surfaces (with s > 1 punctures and genus ¢) except for the once and
twice punctured sphere:

|Fat| ~ H BM,
s>1, (s>3 if g=0)

This theorem is usually attributed to Strebel [I4]. A topological proof using
Outer Space (from [2]) can be found in [B].

By a theorem of Kontsevich proved in [3] and refined in [6], the cohomology
of Fat (or equivalently, M, ;) is rationally isomorphic to the cohomology of the
associative graph cohomology complex. We work in the integer subcomplex of
the rational associative graph cohomology complex generated by the cochains

([) == |Aut(D)|[IT*
This is a Z—augmented complex of free abelian groups which can be described

as follows.

Definition 1.1 For all n > 0 let GZ be the free abelian group generated by all
isomorphism classes (I') of oriented connected ribbon graphs I' of codimension
n without orientation reversing automorphisms modulo the relation (—I') =
—(T). For n > 1 let d: GZ — GZ_, be given by

d(T') = Z (')

where the sum is over all isomorphism classes of oriented ribbon graphs I'; over
I’ with one extra edge e; so that I' =2 T'/e; with the induced orientation.

Theorem 1.2 (Kontsevich [3]) H*([[ BM;;Q) = H*(GZ; Q).

The refinement of this theorem proved in [6] is:
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974 Kiyoshi Igusa and Michael Kleber

Theorem 1.3 This rational equivalence is induced by an augmented integral
chain map
¢: C.(Fat) — GZ

where C,(Fat) is the cellular chain complex of the nerve of Fat.

If X\ =1"2"... is a partition of n = ) ir;, the dual Kontsevich cycles Wy
is the integral 2n cocycle on the integral cohomology complex GZ given as
follows:

W) = o(') = £1

if I' is an oriented ribbon graph of codimension 2n having exactly r; vertices of
valence 2i 4+ 3 and no even valence vertices. The sign is + if [ has the natural
orientation (given by taking each vertex followed by the incident half edges in
cyclic order) and — is not. This set of ribbon graphs is denoted W) and called
the Kontsevich cycle. If T' is not in W) then W3 ((I')) = 0.

Recall that the Miller-Morita-Mumford class k, € H?*"(BM,,Z) is defined
topologically ([9], [I1]) as the image under the transfer

pe: H™2(E) — H*™(BM,)

of the n — 15% power €™ of the Euler class e € H2(E) of the vertical tangent
bundle of the universal surface bundle over BM,, with fiber an oriented surface
¥, of genus g. If we pull this surface bundle back to the space B = BMj
which maps to BM,, we get s points in each fiber forming an s—fold covering
space B over B. The adjusted or punctured Miller—-Morita—Mumford class is
given by

Rn = Kp — p*(Cn)

where ¢ € H?(B) is the Euler class of the vertical tangent bundle of E pulled
back to B. (See [7] for more details about this construction and its relationship
to higher Franz—Reidemeister torsion.) Arbarello and Cornalba [I] showed that
these are the correct versions of the MMM classes which should be compared
to the combinatorial classes of Witten and Kontsevich.

In [] it was shown that the adjusted MMM classes are represented by the cyclic
set cocycle c'y,, adjusted by a factor of —2:

~ 1

Kn = _5[6.771-'@]'
Therefore, k,, is represented by the adjusted cyclic set cocycle

- 1
Cn = _§C%at'
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Increasing trees and Kontsevich cycles 975

This cocycle can be defined as follows. Take any 2n—simplex
Fv:To—=T1—--- =Ty

in the category of ribbon graphs. Then

_ 1 sgn(ag, at, -+ ,azy)
n F* = -3
cn () 5 > m©)) 1Col - |C1[ -+ [Can]

v

where the first sum is over all vertices v of I'g, m(v) is the valence of v minus
2, and the second sum is over all choices of angles a; of the vertex v; which is
the image of v in I';. The denominator has the sizes |C;| are the sets C; of
angles about v; (so a; € C; for each i). The sign is the sign of the permutation
of the images of a; in the final set Cy,. When these angles are not distinct, the
sign is zero and, more generally, the sign sum is equal to the partial sum given
by choosing each a; in the complement of the image of C;_1 in C;. For more
details, see .

The relationship between the adjusted MMM classes &, and the dual Witten
cycles [W}] is given ([4]) by

[Wal = anFn, K = by [Wy]
where 1
an =3 = (=2)" L (2n + 1)1

To compute the other coefficients in () we need the following formula proved
in [6], Lemma 3.15.

Lemma 1.4 (Sum of products rule) If X\ = (¢;,---,¢,) is a partition of n
into r parts and p = (mq,--- ,mg) is a partition of the same number n into s
parts then the coefficient b in equation (@) is equal to the sum

=211 bijm

;=1
over all epimorphisms
f: {17... 77=}_» {17... 73}
having the property that the sum of the numbers ¢; over all i € 7(j) = f~1(4)

is equal to m; of the product over all 1 < j < s of the coefficient b;nj ) where

T

Ar(j) Is the partition of m; given by the numbers ¢; for i € 7(j).

By this formula it suffices to compute the numbers bY".
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976 Kiyoshi Igusa and Michael Kleber

2 Sterling numbers and the degenerate case

We start with an examination of the degenerate case W.. These are polyno-
mials in the 0" adjusted cyclic set cocycle ¢y, equal to the 0 (topological)
Miller—-Morita—Mumford class kg, which is the Euler characteristic. If T' is
trivalent with the natural orientation, then

() =x()=—

where v is the number of vertices of I'. (In general we need to count the number
of vertices with multiplicity, ie, valence minus 2.)

We interpret the 0’s in W, as counting the number of vertices with multiplicity:

w0 = (1) = (07) = 3 st d2y )

where S1(n, i) is the Stirling number of the first kind. This can be solved for
the ¢} to give:

-m 1 % *
o = =) Z n!Sa(m, n) W (8)
n=0

where Sy(m,n) are the Stirling numbers of the second kind.

In the notation of [6], this is
m
EgL == Z b8::L W(;kn
n=0

where
pon _ Sa(m,n)
o (—=2)m

This is consistent with the formula
n n
n 1
0 0
bom = Z H bomi = Z H (—=2)mi
foJ=1 =1
where the sum is taken over all surjective mappings

foAL2,--- ,m} - {1,2,--- ,n}

with m; being the number of elements in m(j) = f~1(j). Since there are
n!Se(m,n) such mappings f, this agrees with (@).

Assume for a moment that the sum of products formula (Lemma [[4]) holds
more generally for all partitions with 0’s. Thus, if © = (u1, 2, -, ur) and
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Increasing trees and Kontsevich cycles 977

A = (A1, A\,-+, \s) are partitions of the same number n then we have the
following which we take as a definition. (It agrees with the previously defined
terms by when p=¢=0.)

- proopte 0 A
b)\OP T Z b)\ﬂ'(l) b)\ﬂ(f') b>“n‘(r+1) b)‘rr(qu) (10)
f

where the sum is over all surjective mappings

f: {1727 ,s—l—p}—»{l,?,"- 7T+Q}

having the property that the sum of the parts \; of A for j € m(i) = f1(4) is

equal to p;:
mi= )N
jem(i)
where \; = 0 for 4 > s and p; = 0 for ¢ > r. When the superscript of b is 0
the subscript must be 0™ for some m > 1 and we have
1
(=2)m
If the superscript is p; # 0 then the subscript is a partition of u;, say v, plus
any number of 0’s. We define

bom ==

This makes sense since it is supposed to be the contribution of a vertex of
valence 2u; + 3 to the cup product

EVO"L = EV 756”

But each kg is given by
v 2Ni +1
-2 =2
Putting these together in () we get the following.

Proposition 2.1

P 2n +r)™
how = <m> q'S2(p — m&)%bﬁ
m=0

We claim that these are the coefficients which convert monomials in the adjusted
Miller—Morita—Mumford classes into linear combinations of dual Kontsevich
cycles with 0’s.
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978 Kiyoshi Igusa and Michael Kleber

Definition 2.2 Let A =1™2"2... be a partition of n =) in; into r =>_ n;
parts. We define the degenerate Kontsevich cycles Wy, to be the integer
cocycle of degree 2n on the integer subcomplex of associative graph cohomology
given by

m

Wi () = o) (")

provided that I' is a connected oriented ribbon graph having exactly n; vertices
of valence 2i + 1 for all ¢ > 0 and no vertices of even valence. The orientation
o(T") is £1 depending on whether or not the orientation of I" is the natural one.

It is easy to express Wy, in terms of the Euler characteristic

and the nondegenerate Kontsevich cycle Wy:
1 «— .
Wiom = —; > Si(m, §)(—28 — 2n — )Wy
=0

- Ll Z Sl(mvj) <i> (—277, — T)j_i(_zgo)iws\k

T 0<i<j<m

Passing to cohomology classes, this can be written as follows.

Theorem 2.3 The degenerate Kontsevich cycles are related to the adjusted
Miller—Morita—Mumford classes by

* _ w0t~ ~
[(Wiom] = E :a,\om“u’fo
Myt

and
~ ~p _ HOT ryr
RaRy = E b)\op[ uoq]
/”/7q
where

T R NG i e
ot = > Sulmag) (1) (-2 = (-2
j=i
and bf\‘gz, defined by (I{l), is given by Proposition [Zl

Proof Using the duality between the first and second Stirling numbers it is
q
easy to see that the matrices with coefficients b’;gp, a/’lgg are inverse to each

other. O
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Increasing trees and Kontsevich cycles 979

3 Cup product structure of Kontsevich cycles

Using Kontsevich’s theorem (C2) the rational cohomology of GZ inherits a ring
structure.

Theorem 3.1 The determination of the conversion coefficients aﬁ and bf; is
equivalent to finding the coefficients my,, giving the cup product of the Kont-
sevich cocycles:

WRTU W=D m5, W] € H(Gy; Q)

Remark 3.2 Note that rational numbers mj, are well-defined since [W]
are linearly independent over Q and span the same vector subspace as the
monomials in the adjusted Miller—-Morita—Mumford classes k). We also note
that these numbers are not all integers. The simplest example is
* * 29
WU Wi =2[Wia] + E[Wz]
which follows from the equations:

[Wl*] = alEl = 127{1

AT = 2(b1)°[Wi4] + b1 4 (W3]
2 . 71 .
= m[Wm] + (m - m) (W3]

Proof In one direction this is clear. If we know the numbers a’j\ and bf; then

we can convert [W3] = Y alk, and [W]] = Zaﬁfég, multiply and convert
back. Thus,

my, =Y aSahbis. (11)
a?/B

The other direction is also easy. Suppose we know the numbers mKu and we
want to find a’;, bﬁ. We proceed by induction on the number of parts of A.
When A =n is a partition of n with one part, then p must also be equal to n
since p cannot have more parts than A. But we know these numbers:
a’ = 1 (=2)" T (2n + )N
by

Suppose by induction that we know aéf , béf for all partitions A with r or fewer
parts. Then setting p = n in ([Il) there will be only one term on the right hand
side (when a = X\ and 3 = p = n) which is unknown. This gives 0%, . Taking
the inverse matrix we also get all a¥,, . O

Geometry € Topology, Volume 8 (2004)



980 Kiyoshi Igusa and Michael Kleber

4 Formula for 0Y

Using the sum of products rule (Lemma [[4]), the calculation of the numbers
b is reduced to the case when p = n is a partition of n with one part. If
A = (A,---, ;) is a partition of n into r parts then the number b} is given
by

A= (1" D) = (=1)"(ex, U Uey,)D(D)

where I' is a ribbon graph with natural orientation having one vertex of valence
2n + 3 and all other vertices trivalent and D(T") is any dual cell of T".

D) =) oT.)(To— - — Ty =T)
Ty

where the sum is over all sequences of morphisms over I' between representatives
I'; of the isomorphism classes of ribbon graphs over I' and o(I'y) = +1 is
positive iff the natural orientations of I' = I'y,, agrees with the orientation
induced from the natural orientation of the trivalent graph I'y by the collapsing
morphisms in the sequence I'y = (I'g — --- — I'y, = I') which we abbreviate
as (PO, cee ,an).

Combining these we get

bS\L = (_1)TL Z O(F*)E)\l (F(]v e 7F2)\1) e E)\T (F2n—2)\7n7 o 7F2TL)
g

We use the notation
A=A+ X4+ N

(with A[0] = 0 and A[r] = n). Then the i*! factor in the expression for b} is
ex (Caxi—1s Dapi—1y415 - s Tax) (12)

We will factor the sign terms (—1)" and o(T's) into r factors and associate each
factor to one of the factors ().

First, we note that the graphs I'y;; must all be odd valent in the sense that
they have no even valent vertices. If not then one of the ¢, factors () would
be zero. Consequently, the orientation term o(I'x) can be factored as:

o(l'y) = HO(F2,\[2‘—1}, o, Taxgg)-
i1

The sign (—1)" also factors:
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Increasing trees and Kontsevich cycles 981

So, b} is a sum of products. Each product has r factors where the ith factor
has the form

(—=1)%0(Tari—1 -+ » Dani)éx (Targi—gs -+ > Tanpg) (13)

which we abbreviate as (—1)*o(I')¢y,(I'".). But, the graphs Corji—1]4; for
1 <j < \; occur only in the i*" factor ([[3). Thus, we have the following.

Lemma 4.1 b} can be expressed as a sum of products of sums:

by = > [I>_(no(ri)e rs) (14)

(F07F2A[1] LA 7F2A[7‘]) i=1 F}k

The first summation is over all sequences U'gy[;, 1 =0,--+ ,r of (representatives
of) isomorphism classes of odd valent graphs over I' = T'y;, = T'yy;) and the
second sum is over all sequences of morphisms

I, = (Toxg—1) = Dorji1j41 — -+ = Do)

where each I'; is from a fixed set of representatives from the set of isomorphism
classes of oriented ribbon graphs over I'.

Now we examine the possibilities for the graphs I'sy[;. Since I'g has codimen-
sion 0 it must be trivalent. In order for the first factor in ([Id]) to be nonzero,
we must have that I'pyjy) is trivalent except at one vertex of valence 2A; + 3.
More generally, we have the following.

Lemma 4.2 Suppose that the nontrivalent vertices of I'yy;;) have valences
2ni1 + 3, ,2n4,, + 3. Then, in order for the corresponding terms in ([Id) to
be nonzero we must have the following.

(1) A() =ni + -+ na,

(2) For each i > 1 and each j < k; there is an index ¢(j) so that n;_y 4(;) =
—n;; and ¢ is an injective function.

Proof In order for the term ¢y, (I'azji—1) — -+ — I'25p)) to be nonzero, the
inverse images in I'py;;_1) of the vertices of T'yy;) must all be vertices (necessarily
with the same valence) with only one exception. The exceptional vertex must
have valence at least 2A; + 3 and its inverse image must be a tree in I'gy;_q
with that many leaves. |
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982 Kiyoshi Igusa and Michael Kleber

Next, we look at the factors in ([[d]) for ¢ = 1,--- ,r. The first factor is easy to
compute:

_ 1
;(—1)A10(F1)%(ri) = by, = EE T

The last factor (i = r) is more difficult. It is also universal in the sense that, if
we can compute the last factor, we can compute all the factors. We make this
statement more precise using the tree polynomial.

5 Reduction to the tree polynomial

Suppose that ng,ni,--- ,ng, are positive odd integers. Then we will define
an integer Ti(ng,- -+ ,nox). We will then show that this integer is given by a
homogeneous polynomial in the variables ng, - - - , ngr with nonnegative integer
coefficients. We call this the tree polynomial. We will also give a formula for
the numbers b} in terms of these polynomials.

Definition 5.1 Let Shy(ng, -+ ,n9;) be the set of permutations o of the
numbers 1,2,--- ,n, where n = ) n,;, so that
(1) o(1)=1,

(2) oni+1) <o(n;+2) < - <o) for i = —1,--- 2k — 1 where
n_1 =0 and
(3) o(ni+1)<o(j) <o(niy1) only when j > n;.

We call these permutations cyclic shuffles.

Cyclic shuffles can be described as follows. Take the letters aj,ag, - ,an, in
that order. Then insert the letters by, ba,--- ,b,, in one block between two of
the a’s or after the last a. There are ng ways to do this. Next, insert the
letters ci,ca,- - ,cp, in one block between two letters in the sequence so far or
after the last letter. There are ng + n; ways to do this. Thus the number of
elements in this set is

|Shi(no, -, nok)| = no(no +n1)(no +n1 +n2) -+ (no+ -+ - + nak—1).

Cyclic shuffles have several signs associated to them. The ordinary sign of o will
be called its orientation. We also have the selected sign denoted sgn,(a;,bj,---)
which are the sign of ¢ restricted to a subset given by selecting one letter of
each kind. For example, take the cyclic shuffle

g = a1a2b161626364b2a3.
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Increasing trees and Kontsevich cycles 983

The orientation is sgn(c) = —1 and there are 3 -2 -4 selected signs

Sgng(ai7 bj7 Ck) = (_1)(j:2)7

ie, the selected sign is negative iff by is selected.

The sum of all selected signs will be called the sign sum of o. By the oriented
stgn sum we mean the product of the sign sum with the orientation of o:

sgn(o ngn a;,bj,---) =sgn(o ngn a(no+7), ) (15)

This has [[n; terms. (The sum is for i = 1,--- ,ng,j = 1,--- ,nq, etc.) It is
easy to see that the oriented sign sum is divisible by ng since the selected sign
sgn,(a;, bj,--- ,yp) is independent of the last index p. (Note that the English
language has an even number of letters so the 2k + 15 letter cannot be z.)

Definition 5.2 Let Ty(no,--- ,n9) be the sum over all cyclic shuffles o of
the oriented sign sum of o:

T (no, - -+ ,nok) = > sgn(o) Y _ sgn,, (ai, by, )
o€Shy(no, k)

Let T )
k\ng, -+, N2k
n ’... /”L
Qx(mo %) = |5hk(no, ;o) |

be the average (expected value) of the oriented sign sum over all cyclic shuffles
.

We call T (ng,- - ,nox) the tree polynomial since it is a homogeneous polyno-
mial in ng, - -+, nox with nonnegative integer coefficients. (Theorem B0 below).
In Section 8 we will show that this polynomial is in fact the generating func-
tion for a statistic on the set of increasing trees with labels 0, ..., 2k. First we
record some obvious properties of the tree polynomial.

Proposition 5.3 For all positive odd integers ng,--- ,noi we have:
(1) Tx(ng,--- ,n9r) Is an integer.
(2) Ti(no,--- ,nor) = naTr(no, - -+ ,nog—1,1).
(3) Tk(ng,--- ,nox) is divisible by ng and the quotient Ty (ng,--- ,n2x)/No
is the sum of sgn(o) ) sgn,(a;,bj,---) over all cyclic shuffles ¢ which

insert the b’s after the a’s.

This allows us to compute the first nontrivial tree polynomial. (The trivial case
is To(no) = Qo(no) = no-)
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Corollary 5.4 Ti(ng,n1,n2) = no(ng + n1)na, so Q1(ng,n1,n2) = na.

Proof Since Tj(ng,ni,n2) = noTi(ng,n1,1) it suffices to show that

Ti(no,m, 1) _ n
no 0 1-
By Proposition B3{(3), this is given by
Ti(ng,m1,1) 1
—_ = 1)"(ng — 2i)ny + DI ng(2j —ny) =ny +np. D
TR § - )

The following theorem tells us that the numbers b} (and thus all by and af))
are determined by the tree polynomials.

Theorem 5.5 0Y, is equal to the sum

no_ Z bu(2m0—|—1)Qk(2m0+3,2m1 —l—l,"' ,2m2k+1)
Ak A (2mg + 3)(—2)F+1(2k — 1)!!

(mo,-+-,mag)

where the sum is over all 2k 4+ 1 tuples of nonnegative integers (mg,- -+ ,may)
which add up to n—k and p is the partition of n — k given by the nonzero m;.

Example 5.6 When k =1 this formula becomes

apbd (20 +1)(2c + 1)
= plo-bel 1
Al > (2a + 3)4 (16)
a+b+c=n—1
a,b,c>0

where [a, b, c] denotes the multiset {a, b, ¢} with the zero’s deleted. For example,
if A =1 there are three terms with [a,b,c] = [1,0,0] = {1} and (T4 is

b2 bl __|_1_|_§ —@b—ﬁ
M= \57373) 760" 720

Proof The number b} , is given by evaluating the cup product Ky UKy on a
dual cell of any graph I'y, (with natural orientation) in the Kontsevich cycle
Wy, . This is given by

Z 01026A (Lo, -+, I (T, -+, Tay)

where 01 = o(Tg,--- ,T), 0o = o(I",--- ,T'9,) are the orientations of the front
and back face of the 2n—simplex (T'g, - ,['9;,). The sum over all sequences
(To,- -+ ,I") times o7 is the dual cell of T":

> o1(To, -+ ,I) = D(I).
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Consequently,
> oien(To, -, T) =) (17)
if I lies in the Kontsevich cycle W),.

For the other factor, we note that the adjusted cyclic set cocycle ¢ is a sum
of two terms, one for each of the two vertices of IV = I'y,_9; which collapse
to a point in the next graph I's,_or. Each of these vertices gives a pointed
2k—simplex. For each such pointed 2k—simplex, let vy, v; be the two vertices
which collapse at the first step and let v, -+ ,vg; be the other vertices of I,
indexed according the order in which they merge with vg.

Since I must lie in a Kontsevich cycle W), its vertices v; must have codi-
mensions 2m; with m; > 0 so that the nonzero m; make up the parts of the
partition p. For each such sequence (myg,--- ,mox) we get a subtotal

ZOlEk(T'7”' Top) =
2n + 3 (2mo + 1)1k (2mo +3,2m1 + 1,- -+, 2mo + 1)
<2m0 + 3) <(—2)k+1(2k‘ — DN(2mo + 3)(2mo +2my +4) -+ (2n + 3))
B <2m0 + 1) <Qk(2m0 +3,2mq +1,--+ ,2mog + 1))
2mgy + 3 (—2)k+1(2k — 1)
since there is a (2n + 3)-to-(2mg + 3) correspondence between pointed 2k-—

simplices and cyclic shuffles. Combine this with (') and sum over all sequences
(mg, -+ ,mok) to get the result. O

Example allows us to obtain a recursive formula for b7, .

Corollary 5.7 For all positive n we have
T =47"nlh(n)

where h(n) is given recursively by h(0) =1 and

hin+1)= 3 ha)hb)h(e) ((2221?)((2;:11)) .
a+b+c=n

a,b,c>0

Proof In the recursion (@) we note that, by the sum of products formula for
by, we have

[a,bc] n!
byw f(a)f(®)f(c)

~alblc!
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where f(n) = by, for n > 1 and f(0) = 1. Then (I8) becomes

n! (2a+1)(2¢+1)
1) = _
fo+ )= Y e @00 =
a+b+c=n
a,b,c>0
Substitute f(n) =4""n!h(n) to get the recursion for h(n). O
Example 5.8
1 1
h(1) = = bl = —
29 29
h(2) = — b = —
263 3 263
(4) = 23479 4 23479
37800 L 403200

The value of b3;; allows us to compute the expansion of [W;] as conjectured
by Arbarello and Cornalba [I] and promised in [6].

Corollary 5.9 [W;;] = 288k3 + 4176kK2F1 + 20736k3

Proof By the sum of products formula we have
29 1 29

720 12~ 2880
1 1

—120-12 ~ 1440
By Equation (@) in the introduction which was proved in [6] but which also
follows from Example B8 above, we have
b3, = Y
3360
Therefore, the coefficients of the expansion

b%l = 3b%1b% =3

bat = boby =

% 1 111~3 |, 21 = ~ 3 ~
(Wii1] = a111R7 + ajjRek + afy k3

are given by
3

12
aijl] = —— = 288

3!
11121
21 . %110111
aj = — o = 4176
21

21 13 11173
aji1b51 + a777b
ai’ll _a11199 0 11°111 _ 90736. 0
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6 First formula for 7;

We will compute the tree polynomial in the case when most of the entries are
equal to 1.

Theorem 6.1

Ti(n,1,...,1,m) = 2k — D!'mn(n + 1)(n + 3)...(n + 2k — 1)

Proof Dividing by n(n+1)(n+2)--- (n+ 2k — 1) and restricting to the case
m = 1, it suffices to show that

(2k — 1)!nl!
1,.,1,1)= ————— 18
But Qx(n,1,---,1) is the expected value of the oriented sign sum

Sgn(a) Z Sgna(ai7 b17 b27 Ty b2k)

for a random cyclic shuffle 0. Since any change in the order of the b; leaves
this sum invariant, we may assume that the b’s are in correct cyclic order.
By Proposition BE3(3), we may also assume that by, comes after all the a’s.
Cyclic shuffles of this kind are in 1-1 correspondence with ordinary shuffles of
ai,- -+ ,an with bq,--- ,bop_1 whose oriented sign sums have expectation values
tabulated in the lemma below:

(25 — N2k — 1!

25-1,1,---,1) =E9(25 — 1,2k - 1) =
Qk( J L) ) ) 0( J 2k ) (2j+2k’—3)”

This gives ([8) proving the theorem. O

Lemma 6.2 Consider all shuffles o of a1,--- ,a, with by,--- , b, where n,m
are nonnegative integers. Then the sum of the oriented sign sum

Xo(n,m) = ngn(a) ngna(ai,bl,--- y o)
o i=1

and its expected value
XO (’I’L, m)

EO (n’ m) - (n+m)
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depend on the parity of n,m and are given in the following table.

n m Xo(n,m) Ey(n,m)
s m yey)  @gec
2 2%—1 0 0
2j—1 2k (25 +2k—1)(T 7(2{;]22,?_%}!)”
2j—1 2k—1 2k (A1) 7(2{;].22}5_’3}!)”

Proof Shuffles o are in 1-1 correspondence with the ways of writing m as the
sum of an n + 1-tuple of nonnegative integers:

m=mgy+my+--+my,.

(The corresponding shuffle is b0 a1b™'ag - - - a,b™™.) The terms in the oriented
sign sum are the product of

Sgn(U) — (_ 1)mn71+mn73+mn75+"'

Sgno—(ai, b17 b27 [P 7bm) — (_1)m0+m1++m171

Note that there are j = {%] terms m; in the exponent for sgn(o). And, when
i is even, sgn(o)sgn,(a;, by, - ,by) has the same form. Thus

E(sgn(0)) = E(sgn(o) sguy(azi, br, -~ ,bin)).

Similarly, sgn(o)sgn,(aedq, b1, - ,bm) is equal to —1 to the power a sum of
Jj+ (=1)" terms m; so its expected value is independent of the subscript of a
which can have [%] different values. The expected value of the oriented sign
sum is thus given by:

Ey(n,m) = LgJ E(sgn(o)) + {gw E(sgn(o)sgn,(ai, b1, - ,bm))

= ﬁ QSJ > sgn(o) + {gw > sgn(o) sgn, (a1, by, - - ,bm)) :
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The lemma now follows from the following eight computations.

n m_ yosgn(o) 3 sgn(o)sgng(ar, by, -, bp)

2 2%k (7 (5"

2j 2%k -1 (J'“;—l) —(j'H;__l) (19)
2j -1 2% () 2019 = 57D
2 —1 2k—1 0 20745

We verify the entries in this table starting at the bottom left. When both n,m
are odd there is a fixed point free involution on the set of shuffles given by
switching mg; <> mg;_1. This always changes the sign of o so ) sgn(c) = 0.

When n =25 — 1,m = 2k we have

Sgn(a) = (_1)mo+m2+...+m2j72.

Take the involution on the set of shuffles given as follows. Take the largest i so
that mo; + me;11 is odd and switch mo; <> mo;11. If these sums are all even
then take the largest ¢ so that msy; is nonzero. If it is even, subtract 1 from
meo; and add 1 to me;11. If my; is odd, add 1 to it and subtract 1 from mo;4.
This sign reversing involution does not contain all shuffles. The remaining ones
have Meyen, = 0 and myqq are all even. These shuffles have positive sign and
there are (jHZ_l) of them.

The other term on the third line is the sum of

sgn(a) Sgna(al, b17 L. 7bm) — (_1)m2+m4+~~+m2j72
Here we apply the involution above to mg,--- ,msgj_1. The remaining terms
are all positive and have my = m4 = --- = 0 and mg, ms,--- all even and

mg, mp are arbitrary (with even sum). There are (j J]gk) such terms where both
mg, my are even. If they are unequal we can subtract 1 from the larger and add
1 to the smaller, making them both odd. This however overcounts the terms

where mg, mq1 are odd and equal. Thus there are

j+k B i+k—-1
k k
terms where both mg, m; are odd. The term (jH]z_l) counts shuffles where

mo = my are odd or even, both kinds being overcounted once.
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By symmetry (switch n < m and j < k) we get > sgn(o) for n = 2j,m =
2k — 1. Since m = 2k — 1 is odd,

Sgn(o') = (_1)m1+m3+n.+m2j71 — _(_1)m0+m2+-..+m2j‘

This accounts for the —(jH;._l) in the chart. The remaining three terms are
similar. m|

Lemma 6.3 Consider all shuffles o of ag,--- ,a, with by,--- ,b,, so that ag

stays on the left (ie, mg = 0). Then the sum Xi(n,m) and average Fi(n,m)
of the oriented sign sum

sgn(U) Z Sgno’(aia b17 Ty bm)
i=0

are given by

n m X1(n,m) Ei(n,m)
. . +k 2j+ D)1 (2k—1)!!
2j 2k (25 +1)(") S AT
. +k—1 2j—DI(2k—1)!!
2 2k-—1 (]+j ) ( J(2j4221(f—1)!!)

2j—1 2% (2j+2k)(ThY) GomE DGk D

. ik —1)1(2k—1)!!
2j-1 2%—1  2k(E O e

Remark 6.4 Note that Proposition (3) can be rephrased as:
Qr(2j +1,1,-- 1) = B1(2j,2k) = Eo(2j + 1,2k — 1).

Proof The shuffles in this lemma are the same as those in Lemma The
only difference is that the oriented sign sum has one more term. The extra term
is

SgH(O') Sgna(a07 b17 ) bm) = sgn(cr).

Therefore
Ei(n,m) = E(n,m) + E(sgn(o)).

The first term is given by Lemma The second term is given by the first
column of ([[T) divided by ("*™). O
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Lemma 6.5 Consider all shuffles o of ag,--- ,an+1 with by,--- by, so that
ag is the first letter and an41 is the last. Let Xo(n,m) and Es(n,m) be the
sum and average value of the oriented sign sum

n+1
sgn(o) Z sgng (ai, by, -+ bm).
=0

Then
n m Xo(n,m) Es(n,m)
, : +k (25+2) (25— 1) (2k—1)!
2j 2k (27 +2)("%7) S (sl
2/ 2% —1 0 0
, , th—1\  (2j42k+1)(2j—1)!I(2k—1)1!
2j—1 2%k (2 +2k+1)(HTY) GEAELGLIE)
: j+k—1 2j—1)!1(2k—1)!
2j—1 2k—1 =2k("7) -t j(2j4221(f—3)!!)

Proof The shuffles in this lemma are the same as those in Lemma with ag
added on the left and a,41 added on the right. The a, 1 on the right changes
the sign by (—1)™ and there are two extra terms in the oriented sign sum given
by

sgn (o) (sgn, (a0, br, - -+, bim) + 880, (@11, b1, b)) = (14 (=1)™) sgn(0).
Therefore
Ey(n,m) = (=1)"E(n,m) + (1 + (=1)")E(sgn(0)).
The first term is given by Lemma The second term is given by the first
column of ([T) times 1+ (—1)™ divided by ("™). D

Theorem 6.6 If p+q=2k—1 and n=2r +1 we get:

/2] q! r—1+s
Tk(3,1p,n,1q): Z m( s >(2k—28)'3(k—3+1)
s=0 ’

[(g—2s+1)(2r + 25+ 1) — 25(2k — 25 + 3)]

where we use the notation

p q
—
Te(3,17,n,19) = T:(3,1, ..., ,n, 1, ..., D).
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Proof Take cyclic shuffles o of
a1a2a3b1b2 e bPey - '-cndl oo dd

Then

3 n
T (3,17,n,19) = Z sgn(o) Z Z sgn, (a;b - WPe;dt - d7)
o =1 j=1
The cyclic shuffle 0 permutes the b’s and shuffles them with the a’s, inserts
c1 -+ ¢y as one block, then permutes the d’s and shuffles them in.

However, any permutation of the b’s will not change the oriented sign sum since
it changes both the orientation and the sign sum by the same sign. Therefore,
it suffices to consider those o which do not permute the b's and multiply the
result by p!.

Similarly, we may assume that the ¢ are in a fixed order, so that ¢',--- ,q°
are shuffled between the ¢’s and d*!, .-, d9 are shuffled into the a’s and b’s.
The resulting sum should be multiplied by ¢!. The oriented sign sum for the
shuffles of the d’s between the ¢’s is Xo(n — 2,¢). The value of this terms and
the remaining factrors depends on the parity of £.

Case 1 ¢ =2siseven In this case there are an odd number of letters and an
odd number of kinds of letters in the set

S: {cla"' 7cn7d17"' 7dé}’

So, S behaves like a single letter and we have p+ 14 ¢ — £ = 2k — 2s letters
shuffled together in (2k —2s)!/(p!(¢—¥)!) ways and then shuffled with aq, as, a3
keeping a; first. The contribution to the tree polynomial given by these shuffles
is then

(2k — 2s)!
lgl——=X4(2,2k — 25) Xo(2r — 1, 25). 2
q p'(q—g)' 1( Y S) 2( r ? S) ( 0)
By Lemmas and this is equal to
q!(2k — 2s)! r+s—1
—3(k — 1)(2 2 1 21
(g —25)] 3k—s+1)(2r+2s+1) . (21)

Case 2 /=2s—1 isodd In this case the set S has an even number of letters
and an even number of kinds of letters. Therefore, S can be placed anywhere
with the same effect. Since there are 3+p+qg—¢ = 2k —2s+ 3 remaining letters
we multiply by this factor. There are p b’s and g — £ d’s shuffled together in

<p+q—€> (2k — 2s)!

P " plg—20)!
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ways. So the contribution to the tree polynomial of these shuffles is

(2% — 25+ 3)2E 22 5 9 9 — 29)Xo(2r — 1,25 — 1) (22)
plg!(2k — 25 4 3)-——— 2 X1 (2, 2k — 28) Xp(2r — 1,25 — 1).

pl(g —0)!
By Lemmas and this is equal to

—(2k—2s+3)%3(1€—3+1)28<r+2_1> (23)

Therefore, T} (3,17, 2r + 1,19) is equal to the sum of ) for s =0--- 2] and

&) for s =1- { |. Since @) and @3) are so similar we can snnphfy the
sum by adding them together to get

[4/2] .
s=0 :

[(g—2s+1)(2r +2s+ 1) — 25(2k — 2s + 3)] .

The polynomial on the second line consists of the places where the £ = 2s and
¢ = 2s — 1 terms differ. The sum now runs from s = 0 to s = [¢/2], which
means we have introduced the extra terms corresponding to £ = —1 and, when
q is odd, £ = g+ 1, but both of these are zero. O

7 A double sum

Using the formula (24)) for the tree polynomial T (3,17,2r + 1,19) we are now
in a position to compute the coefficient br+k for any r,k > 0. This section
benefitted greatly from the advice of Chrlstlan Krattenthaler, who pointed out
that the techniques of summation in an earlier version were unnecessarily com-
plicated.

By Theorem we have:

bH—k Zb (2mg + 1)Qr(2mo + 3,2mq1 + 1, , 2moi + 1)
(2mo + 3)(=2)F 1 (2% — 1)1

(27’ + 1D)Qr(2r +3,1,---,1) Z Qr(3,1P,2r +1,19)

= o+ B (kD)1 Say(—2)F+1 (2 — D

p+q=2k—1
where a, = 1/b, = (=2)"T1(2r + 1)!!. By Theorem Bl we know that

(2k — 1)11(2r + 3)!
2r + 2k + 1)

Qr(2r+1,1,---,1) =
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so the first term in (ZH) above is equal to

2r+1 2k —DNE2r+1)It 2r+1
ar(=2)F1(2k — DI (2r +2k + 1)1V (=2)rtR2(2r 4 2k + DI

Lemma 7.1

(2k +2r +3) (2r +3)11 (2k — )N
17,20 +1,19) = -
p+q§k_le(3’ L) = T e

Suppose for a moment that this is true. Then the second term of ([ZH) is equal
to

Z Qr(3,17,2r +1,19)  2r + 2k +3 2r +3
i 3a,(—2)F+1(2k — 1! arag, (=2)rtk+2(2r + 2k + 1)1
Putting these together we get

2 2k + 3 1

Qrag Qr+k
which can be simplified to
by tF = bebg(2r + 2k + 3) + by
In terms of the adjusted Miller-Morita—Mumford classes this says
Krfg = (brbg(2r + 2k + 3) + b)) W] + Sym(r, k)b, by [W7 ] (26)
where Sym(r, k) is 2 for r = k and 1 for r # k. Solving the equation
al bk + al R =0
r+k

in which a:’]]z = aray/ Sym(r, k) we see that the inverse coefficient a/ " is given
by:

vk Grag(brbg(2r + 2k + 3) + bryk)

a o apap + (2r + 2k + 3)ar g
rk T -

Sym(r, k)b, 1k N Sym(r, k)

(_2)r+k+1

~ Sym(r, k)

The Kontsevich cycle W:k is related to the adjusted MMM classes by the
formula

(2(2r + D)2k + 1) — (2r + 2k + 3)!1)

* 1 _ r+k> rk~ ~
[ r,k] = Q. Rtk + A, pFrkk-

This gives the following equation as conjectured in [6].
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Theorem 7.2
(_2)r+k+1

Proof of Lemma [Tl Tt remains to calculate the sum
D Qu(3.172r +1,1%),
prq=2k—1
where in this case
2(p+2r+3)!
(p+3)(p+q+2r+3)!
By Theorem the tree polynomial T} is given by
Tx(3,17,2r +1,19) =
[q/2]
q r—1+s
—_— 2k — 2s)!13 (k — 1)- 28
SZ:;)(q—Qs—i-l)!( s >( )3k —s+1) (28)

[(g—25+1)(2r + 25+ 1) — 2s(2k — 25 + 3)] .

We combine equations (7)) and (28)), eliminating the variable p = 2k — 1 — ¢
and expressing everything in terms of factorials. We seek the double sum:

Qr(3,17,2r +1,19) =

T(3,17,2r +1,19).  (27)

2k—1 [q/2]

ZZ (k,r, s,q), where

q=0 s=0
62k +2r —q+2)g! (r +5— 1) (2k —2s)! (k — s+ 1)
Fk,rs.0) = = Tk — g 9T = 25 7 Dlsl (- = 1)1
[(q—25+1)(2r + 25+ 1) — (25)(2k — 2s + 3)] .

The summand F(k,r,s,q) is a hypergeometric term in each of its variables, so
sophisticated summation techniques are available; see [I2] for an introduction.
We are grateful to Christian Krattenthaler for suggesting the following path.

- (29)

The summand F'(k,r,s,q) is more manageable as a sum over ¢, so we will
switch the order of the double summation. The result is almost

2k—1
Z Z F(k,r,s,q) (30)
s=0 ¢q=2s—1
except that this introduces one new term where s = 0 and ¢ = —1. Here F

would need delicate handling owing to the ¢! in its numerator. We proceed by
first calculating the sum in (B0) formally, and then dealing with the error term
that arises when s = 0.

Geometry € Topology, Volume 8 (2004)



996 Kiyoshi Igusa and Michael Kleber

The inner summation is now over ¢ with s fixed, and the summand is a g—free
part times an expression of the form

(Zquﬁ(_qq_)!é;! (¢—C)B+C+2)—(C+1)(A-0)],

where A =2k+2, B=2r, C =2s—1. Gosper’s summation algorithm quickly
points out that G has a discrete antiderivative: G(¢) = H(q+1)— H(q), where
Hg) = A DLk
(A=q)l(g—C—1)

a relation easily verified by hand. Any definite sum is now easily computed,
and in particular we want Z?:_g G(q) = H(A—2) — H(C). Now note that
H(C) =0 owing to the (—1)! in the denominator, and we find that the sum is
just

G(g) =

—(A=2)!1(B+3)!

2(A—-C -3)!
Returning to the original variables and replacing the g—free coefficient, we have
found that:

2] —3(2k)!(2r +3)!  (k+1-—s)(r—1+s)!

F(k = . 31
q:%;_l (ko) = Tk £ 2r £ 2) ! (31)

H(A-2) =

Gosper’s algorithm reveals that this too has a discrete antiderivative with re-
spect to s:

—3(2k)! (2r 4 3)! (kr —rs+2r+k+1)(r+s—1)!
(r—1!(2k +2r + 2)! r(r+1)(s—1)!
32k 2r+3)! (kr—rs+2r+k+1)(r+s—1)!
(r+ D2k +2r+2)!(s—1)!
The sum from s =0 to s = k is then H(k+ 1) — H(0), and again we find that

H(0) = 0. The full sum is therefore H(k + 1), and pulling factorials together,
we get:

H(s)

k 2k—1

=62k —1)!12r+3) (k+r+1)!
; ng:s—lF(hnS’q) B (k=1 (r+ 1)1 (2k + 2r 4 2)!

_ =3(2k — DI (2r + 3)!
N (2k +2r + 1) (32)

Now we compute the error term. At s = 0, the left-hand side of (BI) is prob-
lematic, but the right-hand side which we used for further computations is
=32k 2r+3)!(k+1)
(2k + 2r + 2)!
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The actual desired value can be easily computed since F(k,r,0,q) is a g—
independent factor times the binomial coefficient (2k+2;:2_q).

2k—1 6(k+1)(2k)! ((2k+2r+3)!  (2r+3)!
q;) F(k,r,0,q) = 2k +2r +2)! < 2k+2) 2 )

We subtract to find that the error introduced by using the formal answer at

s =0 was

3(3 + 2k + 2r)
O (2k+1) (33)

The final answer is the formal sum (BZ) minus the error term (B3]), which is
precisely the conjectured value:
(2k + 2r 4+ 3) (2r +3)!1 (2k — 1!

~3 O
2% + 1 (2k +2r + )l

8 Reduced tree polynomial

The second formula for the tree polynomial is based on the following lemma.

Lemma 8.1 The sum over all sequences of positive integers
1 < 21,72, 5 %s <n
of the quantity
(=177 (B(2) — A(2))

where A(z) is the number of positive integers j which are < z; for an odd
number of indices i and B(z) is the number of positive integers j < n so that
j < z; for an even number of i is equal to

(1) 1 if s,n are both odd,
(2) n if s> 0 is even and n is odd, and

(3) §(—2)% if n >0 is even.

Proof First note that this sum can be written as

n

Y FDEA(B(z) — A(2) = Y (-1)ZF Y (1) |Ly(2)] (34)

z z p=0
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where Ly(z) is the set of all j € {1,2,--- ,n} so that j < z; for exactly p values
of i, ie, so that z~![j,n] has p elements where [j, n] denotes the set of integers
from j through n. This can also be written as

ZZ Zzz | ]|
=§Z() DPIN (PN (- )P

where
Jj—1 Jj+1 .
Z 1)i _ —1 j even
0 7 odd.
2:1 =1

Case 1 n is odd Then either j or n — j is odd for each j. So the summand
is nonzero only for p =0 or s:

> (S)0PNG NG = 3 = NG+ (DN = ) = (10

p=0 p
So the sum (B4) is equal to

i(_l)S(ﬂ-l) _ { 1 if sis odd

, n if s is even.
Jj=1

Case 2 n is even In this case it is possible for both j and n — j to be even.
But then we get

= ()P = ot oy = o

There are 5 such terms and the other terms, where j,n — j are both odd, are

all zero. 0O

Using this lemma we get another formula for the tree polynomial showing that
the monomials correspond to increasing trees. Recall that an increasing tree T’
with vertices 0,1,2,---,2k is a tree constructed by attaching the vertices in
order. In other words, 0 is the root and children are always larger than their
parents. (See [I3] for more details about increasing trees.) For each such T
take the monomial in the variables zg,x1,--- ,z9; given as follows.

For each vertex ¢ = 0,1,--- ,2k of T let n; be the number of trees in the forest
T — {i} with an even number of vertices. Associate to T the tree monomial

T _ no Nk
r = .’L’O 1’2k .

Geometry € Topology, Volume 8 (2004)



Increasing trees and Kontsevich cycles 999

Example 8.2 In the simplest case k = 1 there are are two increasing trees:
0—1—2 and 1 —0—2. The corresponding tree monomials are xgrs and xqxs.

Lemma 8.3 FEach tree monomial 7 has degree 2k.

Proof Since T has an odd number of vertices we can orient each edge so that
it points in the direction in which there are an even number of vertices. Then
n; is the number of outward pointing edges at vertex i. The sum of the n;
must the number of edges which is 2k. O

Theorem 8.4 The sum of the tree monomials z” is related to the tree poly-
nomial by:

2o » @’ = Tp(xo, o1, Tog).
T

Suppose for a moment that this is true.

Definition 8.5 We will call

~ 1
Tis(wo, -+, To) == Zng = x—OTk(ﬂfo,"' s T2k)
T

the reduced tree polynomial.

Since increasing trees are in 1-1 correspondence with permutations of 1,--- |2k
we get the following.

Corollary 8.6 The tree polynomial Ty (xg,- -+ ,xok) is a homogeneous poly-
nomial of degree 2k + 1 with nonnegative integer coefficients which add up to
(2k)!, ie, Tp(1,1,--- ,1) = (2k)!.

Calculations of the reduced tree polynomial tell us something about permuta-
tion. For example, we have the following.

Corollary 8.7 In the special case x1 = x9 = --- = w9, = 1 the reduced tree
polynomial is the generating function

k
Tp(2,1,1,..,1) = 2k — D)z + D)(z +3)..(x + 2k — 1) = Y _pia’
=0

where p; is the number of permutations of 2k with i even cycles.
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Proof For every increasing tree T the coefficient of xy in the monomial z” is
equal to the number of even cycles in the permutation of 2k corresponding to
T. O

By the following proposition the first variable z in the reduced tree polynomial
T;. is superfluous.

Proposition 8.8 The reduced tree polynomial Tk(xo, -++ o) Is a polynomial
in the variables xy + x1,x2, 23, - ,Zor. In other words,
Ti(wo, 71, -+ ,w2r) = Ti(0, 00 + w1, 2, -, Tag).

Remark 8.9 This means that it suffices to compute Tk in the case when
xo = 0 since we can recover the general polynomial by substituting g+ x1 for
xIq.

Proof Any increasing tree T contains vertices 0,1 connected by an edge to-
gether with a certain number of trees a1, - - - ,a, with an odd number of vertices
and other trees by,--- ,bs with an even number of vertices. These trees can be
attached to either 0 or 1 giving 2"+* different increasing trees. Let S be this
set of increasing trees.

Each b; gives a factor of either zo or z; for 27 depending on whether it is
attached to 0 or 1. Therefore the b;’s altogether give a factor of

(zo + 21)*
to the sum of z” for all increasing trees in S.

The number r must be odd in order for the total number of vertices to be equal
to 2k + 1. Exactly half of the time an odd number of a; will be attached to
0 and the other half of the time an odd number of a; will be attached to 1.
Consequently, the a; give a factor of

(zo + 1)

to the sum of 27 for all increasing trees in S. Thus, the sum of z” for all
T € S is equal to (2o + z1)""*! times a polynomial in the other variables
L2y 3 X2k - D

Proof of Theorem Suppose that o is a cyclic shuffle of the letters

0 0 1 1 2k 2k
al’... ’axo’al’... ’axl’... ’al g ’ax2k‘
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Then we associate to ¢ an increasing tree T'(o) as follows.

To each letter a’ we associate the vertex i. We start with Tp(o) being just
the root 0 which is associated to af - -- ago. We attach to Ty(o) the vertex 1
corresponding to a'. This gives Ty(c). There are two possibilities for Tx(c) as
in Example We get 0—1—2 if a? is inserted after (on the right of) an a;.
We get 1 —0—2 is a? is inserted after an a”. Proceeding by induction suppose
that we have constructed the increasing tree T),(c) with vertices 0,1, -+ ,n.
Then T,41(c) is obtained from T;,(c) by attaching the new vertex n + 1 to
vertex j if o inserts a”t! after some al.

Since there are x; letters a , the number of cyclic shuffles ¢ giving the same
increasing tree T is equal to

where m; is the number of children that vertex j has.

Claim The sum

Z Sgn Z SgH 20 7,1 o 222]2) (35)

T(o)=T
of the oriented sign sum of o for all o with T'(oc) = T is equal to the tree
monomial z7 times xg.
Since the tree polynomial is the sum of (BH) over all increasing trees T, this

claim will prove the theorem.

To prove the claim we first consider the unique shuffle oy with T'(og) = T
having the property that each letter is inserted in the last allowed slot (after
the last letter corresponding to its parent in the increasing tree T'). The oriented
sign sum of og is equal to the product

sgn 00 ngn - ?Zkk) = T " T2k (36)

since every summand is equal to 1.

The statement (BE]) is the base case (j = 0) of the following induction hypoth-
esis:
ng—
E Sgn E Sgn ZO Zl... gi):xgoxjj_llx]x2k (37)

if the sum is taken over all o so that

(1) T(o)=0
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(2) for all 4 > j the children of ¢ are inserted in the last allowed slot (after
the last a?).

We recall that n; is the number of components of T'(0) — i having an even
number over vertices.

Suppose by induction that (B1) holds for j. To extend it to j + 1 we need to
allow the children of vertex j to be inserted at any of the x; allowed points.

Let b',0%,--- ,b" be the letters corresponding to the children of j with an
odd number of descendants. Then each b’ has the property that it, together
with all its descendants, can be moved to any other slot without changing the
oriented sign sum. This is because both the shuffle and the permutation of
selected letters changes by an even permutation. Consequently, the sum (B1) is
multiplied by z7} bringing the value of (E0) to

xp? - :L";-lfll:z:;“ e Tog. (38)
Let c¢!,---,c® be the other children of j, the ones with an even number of
descendants. Let zj,---,zs denote the indices of the letter a’/ after which

these letters are inserted, eg, ¢! is inserted after ail. Take the sum:
0 2k
Z Sgn(a) Z Sgno'(ai() e aigk) (39)
z

over all (x;)* insertion points z = (21, , 25) for all of the children ¢’ together
with their descendants. The question is: How do the terms in this sum compare
to the term in which all of the z; are maximal (equal to x;)?

Case 1l sisodd (Then there are an odd number of vertices in 7" minus j and
its descendants. So n; = r.) In this case we claim that the sum (B3) is equal

to xi times the summand in which each z; is maximal. This is the first case

of Lémma To see this consider what happens when we decrease by one the
insertion point z; of ¢ and its descendants. This will change the sign of o by
(—1)™*! where m is the number of other b, which are transposed with ¢‘. But
the selected sign sgn,, (a?o e a?i ) also changes by (—1)" so the net effect is to
change the sign of the oriented sign sum. Since z; is odd and the sign changes
x; — z; times, this gives a sign factor of

(_1)s+21+~--+zs — _(_1)Zl+"'+zs' (40)

For each value of the index 7; of a’ , the selected sign only changes when some
z; goes below i;. Taking the sum over all values of i; we get a factor of

A(z) - B(2)
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instead of x; where A(z),B(z) are as defined in Lemma This factor,
together with (#0), adds up to 1 by the lemma. This is instead of the factor
of x; which we get in the case when each z; is maximal. So, the sum (B) for
7+ 1 is equal to

no ., Ll
Ty Tl T

which is correct since r = n;.

Case 2 s is even (Then there are an even number of vertices in 7' minus j
and its descendants making n; = r +1.) In this case we claim that the sum
[B9) is equal to the term in which all the z; are maximal. The proof is the same
as in Case 1, using the second case of Lemma This leaves the product (B8]
unchanged. But this is correct since n; = r + 1. O

9 Recursion for T;

We will show that the reduced tree polynomial T, i (in variables xq,--- ,xoy)
satisfies a recursion which we can express in terms of an exponential generating
function. First we need to generalize the reduced tree polynomial.

Definition 9.1 For k,n > 0 let L} be the polynomial in generators g, - - - , ok,

given by
27
n
P=2

T L2k+1 " * L2k+2n

where the sum is taken over all increasing trees 1" with vertices 0 through
2k + 2n of which the last 2n are leaves. To simplify notation we write the

summand above as 27 (ie, this is 27 with @opq1,- - , Topron set equal to zero.
If we delete the last 2n vertices from T we get what we call the base tree Ty
which is an arbitrary increasing tree with vertices 0,--- ,2k.

We make some trivial observations about this polynomial.

Proposition 9.2 (1) LY = T}, is the reduced tree polynomial.
(2) Lg(xo) =1
(3) The polynomial L} has nonnegative integer coefficients adding up to

L1, ,1) = (2k)!(2k + 1),
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Let gx(t) be the exponential generating function:

& " t2n
ge(t) =Y L} )
n=0 '

Then g,(0) = LY = Tk So it suffices to compute gr(t) for all k. When k£ =0

we have Lj =1 so
2n

go(t) = Z @) = cosht.

Theorem 9.3 The generating function gy (t) which gives gi(0) = Ty is given
recursively as follows.

(1) go(t) = cosht

(2) gre1(t) = gi(t) (22k22142 SINh? ¢ + 20y2)

491 (t) 22541 (y1 + y2) sinh ¢ cosh t + g}/ (t)y1y2 cosh?

where we use the notation: z; = xo+ -+ xj,Y; = Tk -
We will obtain a recursive formula to compute the polynomials L7 and use the
recursion to show the theorem. We begin with the first nontrivial case k£ = 1.

For k =1 there are two possibilities for the base tree (consisting of the vertices
0,1,2). They are connected either as 1 —0 — 2 or 0 — 1 — 2. In each case we
attach 2n leaves in all 32" possible ways.

Let «, 3,7 be the number of leaves attached to 1,2,0 respectively. We note

that there are .
2 4

i=1

ways for a/(3/v to be odd/odd/even and similarly for the cases odd/even/odd
and even/odd/odd. This leaves

32" 4+ 3
4

ways for o, 3,7 to be all even. We determine the monomials Z7 in each case.

(1) Base 1 —0— 2 with «, 3, all even. In this case the monomial is T =

z129. So the contribution is
32" 4+ 3
T1T9.
1 172
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(2) Base 1 —0— 2 with o, both odd (and 7 even). Then the monomial is

#7 = 2. So the contribution is

2n_1
<3 ; >$g.

(3) Base 1 — 0 — 2 with v odd. Then the monomial is 27 = zox; where
i = 1,2 with equal probability. So the contribution is

3 —1
1 xo(ajl +x2).

Adding these three together we get
32n

1
— (@o(zo + 21+ @2) + 2122) + 732122 — wo(w0 + 21 + 272))

If the base tree is 0—1—2 then we just switch zg and x; in the above expression.
Adding these two cases gives

2n

3 1
? = T(mo + a:l)(2a:2 + 209 + 331) + Z(xo + xl)(2x2 — X9 — 331). (41)

Note that n occurs only in the exponent of 3. More generally, we have the
following.

Lemma 9.4

k
Lp =Y aF@s+1)prt!
s=0
where szsH is a polynomial in xg,--- ,xo, with integer coefficients depending

only on k,s.

Remark 9.5 This lemma can be rephrased in terms of the exponential gen-
erating function gx(t) as follows.
P]g C2nt2n _

k

752n 3

g(t) = Z LZW = T2l 24 kp2stl cosh((2s + 1)t).
n>0 n,c s=0

We will prove Lemma[LH and find a recursion for L} at the same time. Suppose
we know the polynomial L} for all n and we wish to compute Ly, ;. This is a
sum of monomials #7. There are again two cases for the base tree Ty. Either
2k + 1,2k + 2 are leaves of the base tree or 2k + 2 is attached to 2k + 1. In
both cases we attach 2n leaves to Ty, « on 2k + 1, § on 2k +2 and v on T_
where T_ is Ty with the vertices 2k + 1,2k 4+ 2 removed.

Case 1 2k + 1,2k + 2 are leaves of the base tree Tj.
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(1) «, (3,7 all even with v = 2m. In this case the vertices 2k + 1,2k + 2 act
like leaves and T looks like T_ with 2m + 2 leaves. The monomials in
this case add up to

LI 2op 129k 42.
We need to multiply this with the number of choices for the «, 3, leaves
which is

if 0 <m < n and 1 if m =n. This gives a contribution of

n—1
2n
Ln+1 Lm—‘rl 22n—2m—1 . 42
k 9€2k+1$2k+2+§ k 9 Tok4+1T2k+2 (42)

m=0
(2) «,f both odd with v = 2m. In this case the vertices 2k+1, 2k+2 simply
add a factor of x;x; to #T if they are attached to vertices 7,7 < 2k.
Taking the sum over all 4,5 we get a factor of 23, where

Zok = To + X1+ -+ Tk
The contribution to L} 41 18 thus

n—1

m 2n n—2m—
T;()Lk <2m>22 2m-1,2. (43)

(3) v =2m — 1. In this case one of «, is odd and the other is even. This
gives a factor of zop(zok11 + ogso) for a contribution of

n
2n _
MLy <2m B 1> 2212 2ok (Toky1 + Tokya)- (44)

m=1

Case 2 2k + 2 is attached on 2k + 1.

(1) «, B, all even with v = 2m. Then the tree consisting of vertices 2k +
1,2k +2 and a+ ( leaves has an even number of vertices and contributes
a factor of zopworio. As in Case 1(1) we get a contribution to Ly, of

n—1
2n o
L} zopworea + > LY <2m> 2212 ok Do pa. (45)

m=0
(2) «,( both odd with v = 2m. This time we get a factor of zopwori1 SO
the contribution is

n—1

2n Y
Z Ly <2 >22n 2L ok Tkt 1- (46)
m=0 m
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(3) v =2m—1. Thisis just like Case 1(3). The tree with vertices 2k+1, 2k+2
and a—+ (3 leaves acts like one leaf. We get a factor of :U%kH OT Top+1T2k+2
depending on whether o or § is even. Thus the contribution is

n
2n _
MLy <2m B 1> 222 ok 1 (T2k 1 + Tokra)- (47)

m=1

The value of L, is given by adding these six terms:

Liy = @2) + @3) + @4) + E5) + @) + ED).
To simplify the computation we need to use Lemma B4 and the following two
formulas.

2

-1

nz: <2n>c2m22n—2m — (C + 2)2n + (C — 2)2n _ 2
2m

m=0

- < 2n >c2m22n—2m — E <(C + 2)2n — (C — 2)2n>

2m —1 2 2

m=1

Proof of Lemma We know that the lemma holds for £ = 0,1 so suppose

that k > 1 and the lemma holds for k. Substituting the expression ¢*™ for L}
and letting y; = xor1; we get the following.

2 [(c+2)%" + (¢ —2)%n
S (G R I P

expression({Z]) = ¢ y1yo + B 5

C+22n_|_c_22n C2n
Y (CRETEL S P

(c+2)%" + (c — 2)*" 02"> 9

expression([{3) = < 1 -

) c+2)2 — (¢ —2)%"
expression(fd]) = ¢ <( ) 1 ( ) > 2ok (y1 + y2)
1 2 2n —9 2n
expression (@) = ¢*" zo1y2 + 3 <(C *2) —; =27 _ 62"> 22kY2
(C + 2)2n + (C _ 2)2n C2n
= 1 + 5 22kY2
2 2n -9 2n 2n
expression Ef) = <(C *2) Z =27 %) 22kY1
. c+2)2" — (¢ —2)2n
expression() = ¢ <( ) 1 ( ) ) y1(y1 + y2)
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Collect together the terms with ¢®*/4, (c £ 2)?"/4. Then, for every ¢*" term
which occurs in L} we get the following three terms in L ;.

C2n c2n

— (262y1y2 — 225 + 220y — 2z0kY1) = — (2621/11/2 — 2201, (22k41 — ¥2))
(48)

(c+2)n

1 (Pyrya + 23 + czor(y1 + ya) + zoky2 + 22ky1 + cy1 (1 + y2))

(c+2)%"

= (c2y1y2 + czont1(y1 +y2) + Z2kz2k+2) (49)

c—2 2n
% (Pyrys + 23, — czop(y1 + y2) + 226Y2 + 20ky1 — cy1 (Y1 + y2))
(C _ 2)2n

T — (Pyryz — czopi1 (Y1 + y2) + 2ok20k12)  (50)

If L} is a linear combination of /4% for ¢ = 1,3,--- ,2k + 1 then Ly, is
a linear combination of the above three expressions which in turn are linear
combinations of ¢?*/4*+1 for ¢ =1,3,---,2k 4 3. This proves the lemma. 0O

If we change the sign of ¢ then @), (B) are interchanged and ([{8) remains the
same. Consequently, these three expressions directly translate into the following
recursion for the coefficients Py .

Theorem 9.6 L} = ZI;:O 47k p2st1(25 + 1)?" where P¢ = P, is given for
all odd integers c as follows.

Pl =Pyl =1, P§=0if|c|>1

PEyy = PE(2¢y1y2 — 220k (22611 — ¥2))
+ P (e = 2%z + (= 2)22n1 (51 + y2) + 22120042)
+ P2 (e + 21y — (e + 2)zoe1 (Y1 + y2) + 22022042)

where z; = xg + -+ + x; and y; = Tog4-

Corollary 9.7 The reduced tree polynomial is given by

k
Ty =LY =) a7kptt,
s=0
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Proof of Theorem The exponential generating function for L} is

B o B
TOEDY ¢ @y > 7 coshet.

n,c c

Using the hypertrigonometric identity
cosh(ct £ 2t) = cosh ct cosh 2t & sinh ¢t sinh 2t

we get:

Pl
g cosh 2t = Z 4—£§(cosh(ct + 2t) + cosh(ct — 2t))

[

) P c
g, sinh 2t = EC: 4—g§(cosh(ct + 2t) — cosh(ct — 2t))
c .2

P
gy cosh 2t = Z Zz%(cosh(ct + 2t) + cosh(ct — 2t)).

4
So, the recursion in Theorem gives us:

!

_ 9 9k
Ge+1 = Y1y — ?Z%(Z%—I—l —2)

/! /

g 9k, . 9k
+ Tk(cosh 26)y1y2 + ?k(smh 2)zok11(y1 + y2) + ?(cosh 2t) 2ok 22k 12

Simplify this to get the theorem. ]

10 Examples of fk

We will use the following version of Theorem [LH to compute the reduced tree
polynomial T}, for small k. By Proposition it suffices to consider the case
when xy = 0. We use the following version of the recurrence.

Py = PE(2¢ 0ok i1 Taps2 — 220k (22k41 — T2k+42))
+ Py (zak + (¢ — 2)zapg1) (22k41 + (€ — 1)opya)
+ Pr (zor — (¢ 4 2)zapg1) (22k41 — (€ + 1)@opya)
P =1 Ty=F; =1
Since zg = xg = 0 we get:

P13 = P()ll‘l(:El + 23)2) = ZE% + 2x179
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Pll = Pol(Ql‘ll‘Q — :El(:El)) = —l‘% + 2x172
~ 1
Tl = Z(Pll +P13) = T1T2

When k = 2 the polynomials P{ and Tg are still manageable:
Py = P}(2 + 3w3) (23 + 414)

= x1(x1 + 2x2) (22 + 323) (23 + 424)
P = P}(18x314 — 229(23 — 4)) + P} (20 + x3) (23 + 224)

= x1(x1 + 2x9)(18x324 — 229(23 — x4)) + x1(—21 + 222) (22 + x3) (23 + 224)
P} = P} (2x3m4 — 229(23 — x4) + (22 — 3)23) + PP (22 — 323) (23 — 224)

= x1(—x1 + 2x9) (22314 — 229(23 — 1) + (22 — x3)23) + x1(21 + 222)

(22 — 3x3) (23 — 2x4)

~ 1
Ty = @(le + P} + PY) = 23xoxy + 212524 + 2030324 + ST 20T3Ty

For k > 3 both P{ and T}, become more complex (except for Pk%ﬂ):

Pg = xl(xl + 2x2)(22 + 3%3)(2’3 + 4x4) (24 + 525) (25 + 6x6)

~ 1
_ 1 3 5 7

13 = E(Ps + Py + P3 + Py)
— ]2 1622 3 97212 2.2
= 3x]T2x3x4%¢ + 10x]X2x305T6 + T|T2X4X6 + 221252426 + T1T2T4T6
—|—23x%x2:p4$5x6 + 6x1x%$3x4x6 + 12x1$§x3:175:176 + 2x:1)’x3:174:176 + 2x%x§x4:p6
+2x%x3xix6 + 28%%%3%4%5%6 + 5x1x2x§x4x6 + 10x1x2x§x5x6 + 2x:1)’x2x5a:6
+4x%x%x5x6 + 63:1{’3349553:6 + 4%%%%%5%6 + 5x1x2x3xix6 + 61lx1x0T324T5T6

2 2 2
—I—xlzngmxﬁ + x125T1%6 + 2x1x§’:175:176 + 4x:1)’x3:175:176 + 17z 25247576

The coefficients of Tk tell us something about increasing trees. For example,
61 (the coefficient of xjx9w3x42576) is the number of increasing trees in which
each node has an even number of children.

Summary of algorithm

First we obtain the reduced tree polynomial by substituting zo+z; for ;. For
example T5 is given by:

TQ(.Z'O, Tt 7x4) =

(zotx1)2momy + (2o + 1) w34 + 2(20 + 1) 20374 + 5(T0 + 1) 22374
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Next, we need to find ), which is given in general by

Ty(xo,- -, xok)
2122t Z2k—1

Qr(xo, -+ ,wop) =

For k = 2 this is

(x() +x1 + 29 + azg)xgx4 + 2(%0 +x1 + xg)x3x4 + 2291374
(mo—i—ﬂ?l +a:2)(a:o+x1+a:2+a:3) ’

Qk(%, to 7334) =

Take any partition p of m with at most 2k 4+ 1 parts. Write the parts in any
order and insert 0 at the end:

M:(m07m17"'7m2k)7 Zmzzm

The simplest example has only one part: u = m0%*. Let

_2m0+1

= m@k@mo +3,2my +1,--- ,2mg + 1).

Ri(p) :

Let Sk(u) be the symmetrized version of Ry:

1
Sk = o N Rk mMeg0), Ma(1) " s Mo )
(1) — 2{,: (Mg(0)s Ma(1) (2k))
where the sum is over all permutations o of the letters 0,--- ,2k and Sym(u)

is the number of o which leave u fixed. (Or equivalently, we take the sum over
all distinct permutations of the numbers m;.) For example:

Sa(m) = Ry(m,0%) + Ry(0,m,03) + Ry(0%,m,0%) + Ry(03,m,0) + Ry (0%, m)

_ 2m + 1Q2(2m+3 14) _‘_2%_:11@2(12]6—11_1 m 1‘1)
2m + 3 ’ = 3 Y
_2m+T7 6
5 (2m +5)(2m + 3)

If \ is any partition of m then Theorem BH says that

b Sk ()
m+k __ APk
b/\JJfr _Z(_Q)

w

k(2% — 1)
where the sum is over all partitions p of m with at most 2k + 1 parts. This

gives a recursive formula for bY". The coefficients b’j\ are then given by the sum
of products formula (Lemma [[4]).
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