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146 Ando, Morava and Sadofsky

1 Introduction

Preliminaries and notation

We x a prime p, and an integer n. We use t to denote Mahowald’s inverse
limit construction tE = limy (P—x ™ E), where P_y stands for either RP_:'R or
its analogue for BZ=(p) when p is odd; see [20] or [26]. This is an abbreviation
for the xed points of the Greenlees{May Tate cohomology functor; we write
tE for what would be denoted in [7] by tz-(i E)Z*®. In particular if E is a
ring spectrum, then so is tE.

The starting point of this paper is a calculation on coe cients, which is by now
well known (see Lemma 2.1). If E is a complex oriented ring spectrum in which
the series [p](x) is not a zero divisor in E [x] = E CP 1, then

- (te) = E (x)=([pl(x)):

where jxj = 2 and EK = _(E). Here we use the awkward grading to em-
phasize that the ring is related to E CP1 and E BZ=(p). Graded more
conventionally, we have

(te) = E (x)=([p1(x))
where jxj = —2.

Throughout this paper we will use R((x)) to denote the ring of formal Laurent
series over R that are allowed to be in nite series in x, but only nite in x71.
If E is a ring spectrum and x an indetermWate in degree —d < 0, we write
E(X)) for the ring spectrum given by lim; ji 4E. The multiplication is
de ned by the inverse limit of the obvious maps
(— 9y~ %p)ya T WE: (1.1)
j ig k i1 I ip+ip
This gives [E(X))] = E (x)). (Note that the theoretical possibility of phan-
tom maps in (1.1) means the multiplicative structure there may not be unique,
but we are content to use whichever multiplicative structure might occur. Ac-
tually work of Hovey and Strickland shows that there are no phantom maps in

this situation [14], so the multiplication is de ned uniquely.) Note also that if
E is connective,

. Y o
lim dE = dE: (1.2)
iJ 2z
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Tate cohomology spectra 147

In the succeeding, if we refer to a multiplication on szz 9E it will be the
one coming from the equivalence (1.2), and the ring structure on j2z dR
for a connective graded ring R will be understood to be the one given by the
additive isomorphism with R((X)).

If M is a flat module over E , we write M [Elfor the spectrum representing
the homology theory

X A M EIE (X):

This is a module spectrum over E (again, it will not matter for us that the
module structure is well-de ned only up to phantom maps). We also use [p](x)
for the p{series of the formal group law over E given by the orientation. When
necessary we will decorate [p] with a subscript indicating the formal group law.

We will work with a number of di erent spectra E, all closely related. The
cohomology theory closest to BP is BPhni, the version of BP with singular-

The Johnson{Wilson theory E(n) = v, 'BPhni has the obvious coe cient ring
obtained from inverting v, 2 BPhni

We will also need to consider some simple variants of E(n). We list the theories
below and their coe cient rings. They are all flat over E(n) and are thus
determined by their coe cients:

E™(n) = LxmE(M)  so

(En) =E"(n) [ul=@u"" " —vy)
and in later sections
E(mw] =E(n) Wl=wP" = vp):

The \" is meant to suggest \complete.” The reader should note that our

convention that E, denote the same theory extended by the Witt vectors of
Fon. We make no use of that theory in this paper, so this should cause no
confusion. The multiplicative structure on E”(n) is given by the composite

LkEM) N LkmEM) ¥ Lxny(LkmEM) N LxnyEM)) =
Lkmy(E(M)NEM)) ¥ LxrmE(M):

The other two spectra are nite extensions of E™(n), so the multiplicative
structure is determined in the obvious way from the coe cients.
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148 Ando, Morava and Sadofsky

History

Perhaps a few words of history are relevant here. Lin’s theorem [18, 9] shows
that for any nite CW{spectrum X, the map

X TlimPn X)=tX
K
is p{completion. This is not true [3, 2] for E = BP or various other BP {
module spectra, though there is some predictable behavior, which is quite dif-
ferent from that of nite complexes. In particular, tX is quite large in these
cases.

By a lovely but simple argument involving the thick subcategory theorem, Ma-
howald and Shick [22] showed (for p = 2) that if X is a type n nite complex,
and v is a v, {self map, then t(v=1X) * . This is the starting point for a series
of observations. For example, it turns out that tkK(n) * ; indeed [8] proves
that tgK(n) > for any nite group G. Hopkins has shown that if X is of
type n then t(L,X) * if X is type n (this is proved in [12]). Calculations of
Hopkins and Mahowald (including a proof when n = 1) lead them to conjecture
that if X is type n—1, then

t(LnX) = Ln—1Xp_  “‘Ln—1Xf: (1.3)
This is related to the chromatic splitting conjecture [11].

In light of (1.3), it seems worthwhile to investigate tE(n). In [8] it is shown
that tE(n) is vh—1{periodic in an appropriate sense. Using this, one sees in
[12] that when X is nite, the Bous eld class of t(L,X) is compatible with the
conjecture (1.3) (for p = 2, this is also proved by di erent techniques in [17]).
The goal of the present paper is to give as precise a description as possible
of tE(n) in terms of familiar v,—i{periodic spectra like E(n — 1). We hope
that with the results of this paper in hand, it may be possible to make further
headway on (1.3).

Results

The rst step, in section 2, is a series of calculations of tE in terms of more
familiar objects for various E. It turns out to be useful to complete with respect

to localizing with respect to K(n — 1). This completion is in some sense not

very dramatic; in particular if X is type n—1 as in (1.3), the completion leaves
t(L,X) unchanged. The main result, for the case of E(n), is:
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Theorem A (Proposition 2.11) There is an isomorphism of rings
] N N
tE(Nn) ey = E(n—1) ((x)),n_l: (1.9)

Section 3 gives splittings of the spectra v;'tBPhni and tE(n) in the manner
suggested by Theorem A. For tE(n) the result is:

Theorem B (Theorem 3.10) There is a map of spectra

lim —  ZE(n—1) ¥ tE(n);,_,;

i2N] i
which after completion at 1,—; (or equivalently after localization with respect
to K(n — 1)) induces the isomorphism of Theorem A on homotopy groups.

We emphasize that the map in Theorem B is not multiplicative, even though
the left hand side can be given a multiplication as in equation (1.1) and the
right hand side is a ring spectrum by [7], and Theorem A gives an isomorphism
of rings. Now the homotopy calculation in section 2 also shows that the obvious
formal group law over tE(n) has height n— 1, so one might view the map

E(n) ¥ tE(n)

as a sort of Chern character, the classical Chern character being the case n = 1.
To make sense of this, one ought to use the calculations of section 2 to construct
a map of ring spectra.

To do this, we give an isomorphism between the natural formal group law over
tE(n) and the Honda formal group law of height n—1. This can be done after
a dramatic base extension, but in section 4 we show that it can then be done in
a canonical way. Section 5 uses section 4 and the Lubin{Tate theory of lifts to
construct an isomorphism of ring spectra between an extended version of tE(n)
and an extended version of E(n —1).

Theorem C (Corollary 5.11) These is a canonical equivalence of complex
oriented ring spectra

CFp((y))sepC T TE 1 CFp((y))sep g:a_l:
Fp) P

The objects discussed in Theorem C are de ned precisely in sections 4 and
5. Briefly, the ring Cg_(yy is isomorphic to the p{adic completion of Z,((y)
(see Lemma 5.5). The ring Cg (yyser is @ complete discrete valuation ring with
maximal ideal (p) and residue eld Fp((y)**?. TE isa nite extension of tE(n)
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150 Ando, Morava and Sadofsky

completed at 1,—1 and de ned in equation (4.3), and E,—1 is de ned as usual
to be a completed 2{periodic extension of E(n—1) as usual so that (4.1) holds.

The authors thank Johns Hopkins University, at which the conversations leading
to this paper took place, and Max-Planck-Institut flir Mathematik, at which the
last fragments were committed to paper. The authors were partially supported
by the NSF.

2 Calculations on homotopy groups

The homotopy of tE for E complex oriented

We assume that E is complex oriented, and that [p](x) is not a 0 divisor
in E [x]. In [7, x16] it is shown that tE is an inverse limit of E smashed
with Thom spectra over BZ=(p). In particular, [7, 16.3] shows that _ tE =
E (<)=([pl(x)) as a module over E [x]=([p](x)) = E (BZ=(p)+).

Now [7, 3.5] proves that the map
E (BZ=(p)+) ¥ - tE

is a map of rings. It follows that the element \x 1" in _ tE = E (X))=([p](X))
satis es x x~ 1 =1 inthering tE, so really is the inverse of x. From this
one concludes that

Lemma 2.1 There is an isomorphism of rings

- (tE) = E ()=([pI(x)): (2.2)

An isomorphism after completion

Recall R(X)) is STIR[x] where S is the multiplicatively closed subset gener-
ated by 0) If R is graded connected, and x has degree —2, then additively
R(X) = oz kR, As rema&ed in the introduction, wherever this notation
occurs, we will also consider ~,,, 2R to have the ring structure given by
this isomorphism. Similarly, vgljen E is a conneWive ring spectrum, we will
consider the ring structure on ~,,>, *E =Ilim;j |, ; 2E asin (1.1).

The following observation motivates Conjecture 1.6 of [3] (which was corrected
as Conjecture 1.2 of [2]).
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Proposition 2.3
(tBPhni) = BRhni ()=([p]())
> 2BPhn — 1if (2.4)
k2Z
> BPhn—1ig (X):
Proof The rstline is equation (2.2). We wish to simplify the right hand side.
For convenience, we introduce degree 0 elements
w; = vixP' L
Then the ideal in the quotient above is generated by the relation
pX +E WX +g WoX +g +EwWpXx =0

where F is the formal group law over BPhni induced by the orientation from
BP . Expanding the formal sums and dividing by X, we can write the relation
in the form

wn = —(p + a formal series in wa;:::; wp);

and this equation implies

wn —(p+wy+::+wy—1) (mod decomposables): (2.5)
By iterating this relation some nite number of times (depending on the multi-
index (ip;:::;in—1)), we produce a polynomial Wy, so that
Wn = Wn(Wi; it Wneg) 2 Z=(p10) Wy 1ot Waog =Wt oo win):
We thus produce a power series Wp 2 Zp[[w1;:::;Wnh—1]] so that
Wn = Wn(W1; 5 Wn—1) 2 Zp[[wa; o5 Wn—a]l Zplva; i s va—a]IX]:

Thus the map
(tBPhni) ¥ BPhn —1i5 (X))

which sends v; to v; (i <n), x to x and v, to x P " ~DW,(wy;:: wne1) is a
well de ned ring map. There is a map

BPhn—1i (x) ¥ (tBPhni)

de ned in the obvious way, that becomes an inverse map upon extending it to
BPhn — 1ig (X)). This extension exists, because the relation

[PI(x) =0
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152 Ando, Morava and Sadofsky

together with Araki’s formula for the p{series [24, A2.2.4] allows us to write
px = [-1](VixP +£  +¢ vpx™') (2.6)

where F is the formal group law on BP hni induced by the complex orientation
from BP. Now dividing (2.6) by x lets us to write any p{adic integer as a
power series in X. O

The conjecture of [3, 2] is that the isomorphism (2.4) is the e ect on homotopy
groups of an equivalence of spectra

Y
tBPhni ~ 2kBPhn — 1if:
k2zZ

This is proved for n = 1 in [3] and for n = 2 in [2] using the Adams spectral
sequence. Of course in general an isomorphism in homotopy doesn’t give an
isomorphism of spectra, but it does if it is an isomorphism of MU {modules
satisfying Landweber exactness. This suggests inverting v, to produce an iso-
morphism of spectra. We shall show that there is an isomorphism of the ex-
pected form after an appropriate completion, taking as our starting point the
spectra v, 1(tBPhni) and tE(n). The rst point is that these spectra are not
the same.

The map BPhni ¥ E(n) gives a map tBPhni ¥ tE(n), and since v, is a unit
on the right, this gives a map v, tBPhni ¥ tE(n). On homotopy we get

(Vp H(tBPhNi)) = v [BPINi (X)=([p](X))]
A EM) O)=([p1(x))
= (tE(n)) = t(v,'BPhni):

To see that the inclusion is proper, set r = jvuj=jv1j + 1 and notice that the
series

1+ v tvixP™t 4+ v 2v2n D 4

is an element of E(n) (x)=([p](x)) but not of vyBPhni (x)=([p](x)). This
reflects the fact that t need not commute with direct limits (nor in fact does it
generally commute with inverse limits).

We treat the case v, 1(tBPhni) rst.
We would like to extend the isomorphism of (2.4) to an isomorphism

v 1tBPhni ¥ v 1, BPhn — Lig (X)): (2.7)
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For the map to exist we need the image of wy, under the isomorphism in (2.4) to
be a unit after inverting vy—1 on the range of that map. This is false for n > 1.
We can see this by checking that the image of wy, after inverting vh—1 is not
a unit even modulo (v1;:::;va—2). The range of (2.7) in dimension 0, modulo
(V1;::7;Vp=2), is Zp|[wn_1]|[wrﬂ1]. We have im (Xwp) = —(pX +g Wp—1X), SO

im (Wn) = —(p+Wn—1) (mod pwn—1Zp[wn—1]):
Since wp—1 is a unit in the range, the image of wy is a unit if and only if

the image of wy divided by w,—1, which we will abuse notation by writing

P

n—1

Wn=Wn—1 = —(1 + ) (mod pZp[wn-1]):

Now if we examine the inclusion of rings

L ZolWn—a Wity (ZpIwn—adwo L DR

we see that since wp=wp—1 = —1 + p", wy=wp—1 IS a unit in the completion,
with inverse given by —(1 + p" + p?"? +:::). If we write this element as a
power series in wh—1 plus a power series in w_2,, we see that (Wn=wn—1)"1 is

n—1-
the sum of a power series in wy—1 with
a a a
1, 22 + 33 .
Wn-1  Wp_1 Wh

where aj = (—1)'p' (mod p'*1). The power series in wn—1 is neccessarily in

the image of , but 21— + 82— + 82+ ::: is clearly not. It follows that
n—1 Wh—1 Wh—1

(Wn=Wn—1)"1 is not in the image of , and hence wn=w,—1 is not a unit in
Zp[wWn-1]w, 141,

Similarly, if the map existed, it could be an isomorphism only if v,—1 were a
unit in the domain after inverting v,,. This also is not the case for n > 1, for
similar reasons. When n = 1 both of these conditions are met, the map above
exists, and is an isomorphism.

Proposition 2.8 If the map from (2.4) is completed at the ideal
In—1=(P;V1;:i1 ;Vn—2)
then there is an isomorphism

( vp'tBPhni); ¥ (vi1,[BPhn—1if ()Dy,_,: (2.9)
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Proof We follow the isomorphism of (2.4)

(tBPhni) = BPhni (X)=([p](x))
> BPhn—1ig (X))
by the inclusion
BPhn —1ig (X) ¥ (v;fl[BPhn —1ip ((x))])fn_1

into the module obtained by inverting vh—1 and then completing. Now note
that wy, has image as in (2.5). So dividing by vr,_lxpn_l = Wp—1 We see the
image of wy, divided by wp—; is —1 plus terms in the ideal 1,—; and terms in
xBPhn —1if [x]. This is a unit, so since we have inverted vh—1, the image of

Wp, is a unit. This allows us to extend our map to the domain given by inverting
Vpp. Since the range is complete, we can also extend to the completion.

On the other hand, a similar argument allows us construct the inverse map
from the inverse map of (2.4). O

Now we shall show that the isomorphism in (2.9) is induced by a map of spectra
(v, 'tBPhni); X (vily  ZBPhn-—1i)
z
Both sides are ring spectra with obvious MU {module structures. They would
be isomorphic as MU {algebras by the Landweber exact functor theorem if we

could make them MU {algebras so that the coe cient isomorphism preserves
the map from MU .

Let R be the ring spectrum on the right. In order to construct a map of ring
spectra inducing the isomorphism in (2.9), it is necessary that the FGL induced
by

viltBPhni ' R 1 R =(p;:::;Vn-2)
be isomorphic to the \usual" FGL on R =(l4—1) (induced by BPhn —1i &
R ). We cannot demonstrate such an isomorphism, but we can exhibit an

isomorphism of spectra (that preserves neither the MU {module structure, nor
the multiplicative structure). We do this in section 3.

The situation for tE(n) is very similar. We can attempt to construct a map

tE(n) ¥ E(n—1); (X) (2.10)
as in (2.4), but we immediately run into the problem that w,, and hence vy,
does not go to a unit for n > 1. Also as before, vh—1 is not a unit on the left.
The solution is the same; after completing both sides at 1,—1 we can construct
an isomorphism.
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Proposition 2.11 The map of (2.4) extends to an isomorphism
E(n) G)=PIIT,_, =EM—1) O, (2.12)
where
(tvy 'BPNi);, , = tE(N);,_, = E() ()1, ,

and

E(n—1) (), = (vp2,BPIn = 1))y, :

In the next section, we use this calculation to construct an isomorphism of
spectra. We are able to do this without showing the corresponding formal
group laws are isomorphic, so we do not get an isomorphism of MU {modules.
In section 5, we extend scalars suitably to construct an isomorphism of formal
group laws, yielding isomorphisms of MU {algebra spectra.

3 Structure of E(n) as an E(n—1){module spectrum

We begin with an algebraic observation.

Lemma 3.1 Let (A;m) be a complete local ring, kK = A=m. Let M be an
A{module such that the map m [XJ® mx induces isomorphisms
(m"=m") GM=mM) = m"M=m"*M:

llft I be an index set for a vector space basis of M=mM, so that M=mM ~
; K. Then there is a map

A M
1

which is an isomorphism when completed at m.

Proof We construct a map as follows. Let fx g; 2 | be a basis for M=mM
as a A=m{vector space. Let fx g be liftsto M. Thenwe map A to M by
"1)=x.

Our hypotheses imply that this map gives an isomorphism on the associated
graded with respect to the Itration induced by powers of m. This implies that
the completion of the map is an isomorphism. O
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Note that if the index set I in Lemma 3.1 is in nite, M will not generally be
isomorphic to a free A{module. For example if A = Z, and M = ( nZp)p
then M is not a free Z,{module. To see this, observe that no free Z,{module
of in nite rank can be p{complete.

Next we recall the result proved in [13, Theorem 4.1]. The identi cation
BP BP = BP [t3;t;:::] gives a splitting
: BP~ABP »~ IRigp (3.2)
R
where R ranges over multi-indices of non-negative integers (with only nitely
many positive coordinates) R = (ry;rp;rs;:::), tR =t*t)?::: and
JRI=jtRj=2(ri(p— 1) + ra(p? — 1) + ra(p® — 1) +:00):

To build a map from right to left of (3.2), take IRIBP to BP ~BP by using
the homotopy class tR 2 irj(BP ~ BP), smashing on the left with BP and
then multiplying the left pair of BP ’s:

A ntR N
BP ~siRi 122"ty gp Agp Agp 184 Bp ABP: (3.3)
The wedge over all R of these maps is an isomorphism on homotopy groups, so
is invertible, and is that inverse.

Theorem 4.1 of [13] states that the composite

BP -1 BpABPp 4~ Rigpa 7 IJRigpa 7 IRiBphji (3.4)
R R2R R2R
is a homotopy equivalence after smashing with a type j spectrum and inverting
vj. The map is induced by leaving out wedge summands, and by the usual
reduction of ring spectra BP ¥ BPhji. We use the notation of [13], derived
from [15]: R is the set of multi-indices with the rst j —1 indices 0, and
R=(ej;plej+1;::1).
We shall use the following facts about MU {module spectra M :

MALZ=v;'MAZ=M~" v 'Z (3.5)
when Z is a nite type j spectrum (which follows from [25, Theorem 1]);
M _, =limM~Z (3.6)
z

where Z runs through nite type j spectra under S°. Use of the nilpotence
theorem, [4], is required to produce a su cient supply of such Z and to ensure
there are enough maps between them, as in [21, Proposition 3.7]. For our
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purposes equation (3.6) can be taken to be a de nition, but see the remark
below. Inverting vj, we get

LM = lim (M AvitZ) = (v IM)y
y4

This last equality is by equation (3.5) combined with, say, the proof of [10,
Proposition 7.4] which veri es that Lk )X = limz (X ~LnZ) as Z runs over

nite type n spectra under S°.
So if vj is already a unit on M then
LkyM =My,

and we will generally use the rst notation rather than the second below.

Remark Although we use (3.6) as the de nition of M,’f_l, there are other
approaches that can be taken for speci ¢ M. For certain MU {modules M, one
can de ne aspectrum M with homotopy groups ( M)]}_l by using Landweber
exactness. In those cases, also by using Landweber exactness, one can prove
that M ~ M,’;_l as given in (3.6). If M has enough structure, one may also
be able to de ne a completion of M using either Baas{Sullivan bordism with
singularities [1], or structured ring spectra using the techniques of [5]. In either
case, one can use the nilpotence theorem to verify that the construction is
homotopy equivalent to the one in (3.6).

Each map in (3.4) except r is a map of left BP {modules. Recall I is the ideal
(p;:::;vj—1) BP . Since Ij isinvariant, r(lj) = ((lj), and thus each map
in (3.4) is compatible on homotopy with the Ij {adic Itration. Let Z bea nite
type j spectrum; then smashing (3.4) with L;Z gives an equivalence, and thus
an E(){module structure on BP’\vj_lz = BP”™L;Z or, by taking inverse lim-

its, a (possibly not unique) module structure on Lk )BP =limz BP ’\vj_lz.

We prove the following proposition as a warm-up to our additive splitting of the
Tate cohomology spectrum. The construction is a general method for splitting
Lk )F when F is a nice enough BP {module, given the splitting of L« ;)BP .
A theorem equivalent to Proposition 3.7 is proved as [13, Theorem 4.7].

Proposition 3.7 If n> j, there is a map

s: — WVIEG) 4 LggEn) (3.8)
\
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equivalently, after localizing with respect to K(j). The index V runs through
the monomials in

LkgE(n) = lim (E(n) ~v;*2) (3.9)
Z
where Z runs through nite type j spectra,

Now since m is an invariant ideal m Lg)BP is well-de ned, whether we
think of m as an ideal in E(j) actingon M = Lg)E(n) via the E(){
module action on Ly ;yBP or as an ideal in BP acting via the associated
localization map to Lk BP.

We calculate that the associated graded to the m{adic Itration on M is

EoM = J'VJ'FpI[vo;:::;vj_1]|[vj 3

M satis es the hypotheses of Lemma 3.1 (for the left m{structure which comes
from the map BP ¥ E(n) ¥ Lk)E(Nn)), where

A= E"()= Zplvy;::: ;vj_1]|[vj h:
Now the splitting of Lk BP gives Lk )E(n) an E”(j){structure, and thus

an associated A{action; the m{adic Itration is the same, so M also satis es
the hypotheses of Lemma 3.1 for that m{adic Itration.

We can now make the usual homotopy theoretic argument: take generators of
M=mM and lift them to elements of M. Use the E(j) structure of Lk )E(n)
to make maps E(J) ¥ Lk)E(n) realizing these generators on the unit of the
ring spectrum E(j). This gives a map

WVIE(@) ¥ LggE(n):

Vv
By Lemma 3.1, this map induces an isomorphism on homotopy groups after

the right hand side unchanged. O
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We apply techniques similar to those used in Proposition 3.7 to prove the fol-
lowing.

Theorem 3.10 There is a map of spectra

lim™ ZE(h—1) ¥ tE(n);, _,

i2NJ i
that becomes an isomorphism on homotopy groups after completion at 1,—;
(or equivalently after localization with respect to K(n —1)).

Proof We proceed as in the proof of Proposition 3.7. We have given M =

tE(n)]‘n_l asa BP {module in Proposition 2.11. Itsatis es the hypotheses of
Lemma 3.1 with m = (p;:::;vn—2) BP , A=E"(n—1) . Since tE(n); =
Lk n-ntE(n), we have an Lk n-1)BP {action and hence an E(n — 1){action.

As above, the two available m{adic Itrations on tE(n)fn_1 (one from BP
the other from E(n—1) via the E(n — 1){structure on Lk n-1)BP) are the
same since m is an invariant ideal. We now proceed in a slightly di erent
manner. Note that

M
M=m =K(n—1) (X)) = K —-1) (3.11)
i21
for some indexing set I, since K(n —1) is a graded eld. We could apply
Lemma 3.1 and proceed as before, but we would actually like better control over
our expression for tE(n)’,‘n_l. In particular, the index set I in equation (3.11)
must be uncountable, but we would like to nd a countable set of topological
generators for tE(n)’,‘n_l. In fact, we would like these generators to correspond
to the (positive and negative) powers of X.

To accomplish this, we rst recall [7, Theorem 16.1] which states that tE =
limi [(BZ=(p))™" ~ E], where is the usual complex line bundle. Recall also

that the Thom class of (BZ=(p))™" is in dimension —2i, and is not torsion.
In fact the spectrum (BZ=(p))~' has a CW{structure with exactly one cell
in each dimension greater than or equal to —2i. Since the —2i{cell generates
a non-torsion element of homology, the attaching map of the —2i + 1 cell to
the —2i skeleton is null. So the cell in dimension —2i + 1 is spherical, and the
inclusion of that —2i + 1 cell, smashed with the unit of E when E is a ring
spectrum, gives

x 2 Linl(BZ=(p))' ~ El
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Now, we take xJ 2 ;tE(n); _, and use the E”(n —1){structure to construct
a sequence of maps

JE"(n—1) 4 tE(n), _: (3.12)

jo-i

We make a map —; by composing the map of (3.12) with the map
tE(N),, ¥ BZ=E) Y ~ Ef
given by [7, Theorem 16.1].
Taking inverse limits of the maps _; gives a map
lim(— FE"(n-1) 4 tEMn);

i 3
This map de nes an isomorphism on the associated graded modules with respect
to m. It follows that T is an equivalence after completion, that is

lim(— FE"(n-1),  =tE(M)
i Ji
By a very similar argument one can prove the analog to Proposition 2.8:

Proposition 3.13 There is an equivalence of spectra
Vil lim( ABPn—1i); , ¥ (v, 'tBPhni);
ioJi
We leave the proof to the interested reader.

Given all the completions that occur in this section and in section 2, one might
hope that by using some other, already complete theory like E™(n) or E,, we
could prove a theorem with a simpler statement. This is unfortunately not the
case. There are similar results for these theories, but even if E is complete

be completed again. There are variants of Theorem 3.10 for these other spectra
as well, but the statement is not simpler.

4 A Honda coordinate on the formal group over tE

In this section we shall take p to be an odd prime and n > 1 to be an integer. It
will ease the superabundance of superscripts to use the abbreviation q = p"~1.

We de ne a number of formal group laws in this section that are used in the
remainder of the paper. For reference, we list them here.
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G(n): a homogeneous formal group law of degree 2 on E(n) induced by
the usual orientation of E(n).

Gn: a twist of the pushforward of G(n) to  Ep by the element u. This
is homogeneous of degree 0.

F . a twist of the pushforward of G(n) to E(n)[w] of G(n) by w. This
is also homogeneous of degree 0.

Fo: the pushforward of F to the residue eld of (TE; TE is de ned in
equation (4.3).

H: the Honda formal group law of height n —1 over F,.

F: A formal group law introduced in the proof of Proposition 4.15 that
is shown in that proof to be the same as H.

We use the canonical orientation of E(n), which provides a coordinate so that
E(n) (CP1) =E(n) [XI;
and as usual, if is the multiplication on CP 1,

(x) 2E(n) [x;y]=E() [XITEM) [yI=E(n) (CPT CP™)

is a formal group law which we will denote G(n)(x;y).

Pacm)

This formal group law has the feature that its p{series is given by ;™ vixpi:

Recall that
En = Zplus; i1 un—a][u;u™ (4.1)
with ju;j =0 and juj = 2. There is an isomorphism
En(CP™) = oEqlt]
in terms of which the coproduct on E3(CP 1) is determined by the formula
t A Gu(s;t)

where Gy, is the group law

Gn(s:t) € uc(n)(uts;utt)

over oEn.

] N
Since vh—1 isaunitin tE(n) 1, We shall also consider the theory E(n)[w]
obtained by adjoining an element w of degree 2 such that

wi™t =y, (4.2)
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this choice to the usual parameter u = v,lf(pn_l) (which gives E) because the

functor t will emphasize height n — 1 behavior instead of height n, and the
normalization we choose to make things 2{periodic leads to simpler statements
in section 4 and this section.

Equation (2.2) shows that there is an isomorphism

tE(mw] = EMMWI)=[Plsn) (*):

Proposition 2.11 shows that v,—;, and so also w, is a unit in the homotopy of
the Ih—;{adic completion

N

def

TE = tE(n)[w] | (4.3)
n—1
which is thus 2{periodic. If F denotes the formal group law
F(sit) Ewe)ws;w ) (4.4)

(which implies [p]r (s) = w[plgn)(W™*s)) and we introduce elements
w; = vjw ¢ =D
y = wx

of degree zero, then the argument of Proposition 2.11 shows that there are
isomorphisms

h i~
oTE = Zplwy; 11 wnez; Wy 1(Y)=(PIF (¥)) |
h i~ "
= Zplwa; s wa=2](Y) | (4.5)
h i/\n—l
TE= Zpwiiiiiwe2() | wiw™:

n—1
The group law F is de ned over oE(n)[w] and hence over oTE; it is p{
typical, and its p{series satis es the functional equation

[PlE (©) = pt+witP + 1 + wpot®™ "~ + t% + w,tPd: (4.6)
F F O F FF

We denote by Fq the image of the group law F in the residue eld of (TE.

Proposition 4.7 The residue eld of oTE is Fp(y). The element wy of
oTE maps to —y@=PX in the residue eld. The formal group law Fg has coef-
cients in the subring Fp[y_l], and its p{series satis es the functional equation

[Pleo (0 =t = yd—Pagpa: (4.8)
0
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Proof The statement about the residue eld follows from equation (4.5).
Before we proceed further, recall that since Fq is p{typical and p is odd,
[-1]g,(t) = —t. Note that the image of equation (4.6) in the residue eld
is

[Plro (D) =t + wnt™;

Fo

so equation (4.8) follows from the assertion that wy, maps to —yd=P),
Since [p]g,(y) = 0 we have

Fo
and so

y9 = [—1]r (WnyPd) = —wpyPd
Wn = _y(l_p)q

Finally, Fp is de ned over the subring Fp[y_l] since F is actually de ned over
the polynomial ring in wy;:::;wp, and (1 — p)q is negative. O

So Fo is a p{typical formal group law over Fply~!], of height n—1 in the eld
Fo(y) or Fp((y). On the other hand, let H be the Honda law of height n —1
over Fp, characterized by the fact that it is p{typical with p{series
[p] (1) = t°:

Comparison with equation (4.8) shows that

Fo H mody™%: (4.9)
Now Lazard [16, 6] proves that over the separable closure Fp(y)*P, there is an
isomorphism of formal group laws

Fo = H;

which is in general not at all canonical. In this section we show that there is

a unique isomorphism . Fg = H which preserves equation (4.9) in a suitable
sense.

To make this precise, note that expanding a rational function as a power series
at in nity gives a map of elds

Fo(y)

Foy ™)

which extends to
Fo(y)™P ¥ Fp(y 1)
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Theorem 4.10 There is a unique isomorphism : Fg ¥ H of formal group
laws over Fp(y)*®P such that the image of  in Fp((y~1)%P has coe cients in
the image of

Foly ™1 ¥ Foy )™
gives an isomorphism over Fp|[y_1]| satisfying
(t) t mody %

We build up to the proof gradually; the proof itself appears after Proposition
4.15.

Lemma 4.11 There is a unique series (t) 2 Fp[y][t] such that

[Plro = [PIH

This power series has the properties that
(t) t mod t?
(t) t mody %

Proof The equation which  must satisfy is

[Plr () = (O

>x<
Fo(s;t) = bij s't!
itj
then the functional equation (4.8) becomes
< ) .
[Plro(®) = by ()" (—y P99
il
bij (_yl—P)J a¢(i+pi)a-
i
So we must show that bj; has a unique g root. If it does then
1= —pnj 4(i+Dj
® = bijq(—yl Pyl ¢(i+pi)
i
which shows that (t) t mod t2.

If
X

Gn)(s;H) = ayjs't
[H]

Geometry and Topology, Volume 2 (1998)



Tate cohomology spectra 165

then by de nition
F(s;t) = aijwl_'_l s't;
iij

with bjj = aijwl"‘j homogeneous of degree zero. The (p;vy;:::;Vn—2) reduc-
tion of ajj is of the form
aij =  CapvA_1VR 2 Fp[Vn—1;Vn] (4.12)
a;b

for coe cients cy, depending on 1;J. Substituting
Vg = wit
v = wPilw,
= —wPI~lyd-pa;
into equation (4.12), one has
Ij — Wl_i_j CabWa(q_l) (_qu_ly(l_p)q)b
a;b
As bjj is homogeneous of degree zero, the exponent of w in each term must add
to zero, and so
X L osb
bij = Cap(—y  P)™
1= _
b" = Can(=y'P)
a;b

since Cap 2 Fp so c;bq = Cap. Thus one has
X -
® =t with
ij
rj = Cap(—y*™?)"™
ab
(recall the cap depend on i and j), which shows that (t) t mody™! as
well. O

Proposition 4.13 There is a unique power series (t) 2 Fp|[y_1]||[t]| such that

(t) t mod t?
(t) t mody?!; and
Plh = [plro

in Fply 1It].
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Proof If £ in AJt] is a series with coe cients in a ring A of characteristic
p, let ¥ be the corresponding series with coe cients those of T, raised to the
qt™ power; thus

f ()= (FO)"
In this notation, the equation supposedly satis ed by  takes the form

where 2 Fp[y_l]l[t]l is the power series constructed in Lemma 4.11. If ~1 de-
notes the compositional inverse (not reciprocal) of , and similarly ~— denotes
( ~1) , then this equation can be rewritten in the form

If is to be of the form
(t) t mody

then as r grows,  will converge to the identity in the (y~1){adic topology,
and we must have
= lim
re
On the one hand, if the limit exists, then it certainly intertwines the p{series.
On the other hand, the limit exists: Lemma 4.11 asserts that

(t) 2 t+y Ry It

so ~ " converges to the identity in the (y~1){adic topology. The group of
formal power series under composition is complete with respect to the non-
archimedean norm de ned by the degree of the leading term, so the in nite
composite (4.14) converges because the sequence of composita converges to the
identity. It is easy to see in addition that inherits the property

(t) t mod t?

- (4.14)

from . D

Proposition 4.15 The power series is the unique strict isomorphism
Fo* H
of formal group laws over Fy[y~1] such that

(t) t mody %
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Proof Let us write F for the formal group law F, where
Fo 0Gy) = (Fo( ~'(0; M)
Since [p](t) = t9, the uniqueness of  follows from Proposition 4.13.
We need to show F = H: There is a canonical strict isomorphism
GF;

from a p{typical formal group law G, de ned over Fp|[y_1]|. Indeed s given
by the formula [24, A2.1.23]

r

> xXF

_ °F 1 Fois.
(1= [ NIlFle t; (4.16)
ptr 1 i=1
where
0 r is divisible by a square

(N=

(—1)% ris the product of k distinct primes

and is a primitive rth root of 1. We rst claim that G = H; then we shall
show that is the identity.

As G and H are both are p{typical, it su ces to show that [p]c = [p]n . Since
is a homomorphism of groups, one has

Pl = Irle (4.17)
Using equation (4.16), one has

I

XF @, °<F i
Pl ®= [+ [Ple( 1Y)

pir 1 i=1
r
G g
= [Pk
pir 1 i=1
= (t)

since g = p"~t and [p]=(t) = t% Thus
(Ple®) = ) = (pln(D):

Next we must show that is the identity. As
(t) t mody?
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we have

But Fq is p{typical, so

r

[%]Fo
i=1

for p{r > 1; it follows from equation (4.16) that

(t) t mody (4.18)
But equation (4.17) and [p]e(t) =t imply that
th= @O%
. P .
if =, ; it" then we must have

— q.
i

Together with equation (4.18) this implies ; = 1. For i > 1 we have ; 2
y 'Ry '], s0 i =0. 0

Proof of Theorem 4.10 If
< .
Y= ittt
i 0
is any isomorphism from the group law Fo to the group law H over Fy(y)*PF,
then it must satisfy the equation

Pln Y=Y [plr:
By Lemma 4.11, we must have
Y =y (4.19)
Because
(t) t mod t?

the intertwining equation (4.19) can be rewritten inductively as a sequence of
generalized Artin{Schreier equations

Wi — w; = a polynomial in Wj’s with j < i; (4.20)
beginning with
Wl — Wy =0:
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Because of (4.20), the W; are all algebraic, and the Galois group of the extension
they generate acts by translating the solutions by an element of the eld with
q elements.

The coe cients of  satisfy the same equations in Fp((y~1)). Starting with
Yo =1, we may adjust each W; by a Galois transformation so that its image in
Fo(y 1) is . The resulting power series W is an isomorphism of formal
group laws in Fp(y)*P, since it becomes one in F,((y1)%P.

The uniqueness of W satisfying the hypotheses is a trivial consequence of the
uniqueness of  in Proposition 4.13. ]

Itis the eld Fp((y) rather than Fp(y~1)) which appears in the Tate homology
calculations. Expanding a rational function as a power series at zero gives an
embedding Fp(y) ¥ Fp(y)), which extends to an embedding

Fo(y)*™® 1 Fp(y)**®:
Thus we have

Corollary 4.21 There is a unique strict isomorphism : Fo ¥ H, satisfying

(1) the coe cients of are in the sub eld Fyp(y)**P and

(2) theexpansionof aty = 1 isa power serieswith coe cientsin Fp[y '],
congruent to the identity modulo y~2.

5 A map of ring spectra

Lubin and Tate’s theory of lifts

We recall briefly the deformation theory of Lubin and Tate [19]. Suppose that
F is a eld of characteristic p.

De nition 5.1 A lift of F is a pair (A;i) consisting of
(1) a Noetherian complete local ring A with residue eld Ag;
(2) amapof eldsi: F ¥ Ap.
A map f: (A;i) ¥ (B;]) (or (A;i){algebra) is a local homomorphism
Al B
such that j =fy i, where fy: Ag ¥ By is induced by f.
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We shall abbreviate (A;i) to A when i is clear from context.

Suppose that I is a formal group law of nite height n over a eld F of
characteristic p, that (A;i) is a lift of F, and that (B;j) is an (A;i){algebra.
De nition 5.2 A deformation of I to (B;]) is a pair (G; ) consisting of

(1) a formal group law G over B;

(2) anisomorphismof group laws : j ' Gp, where Gy denotes the group
law over Bg induced by G.

Two deformations (G; ) and (G'; ") are ?{isomorphic if there is an isomor-
phism ¢: G ¥ G such that

"=¢y :jIr1G)

in Bg.

The set of ?{isomorphism classes of deformations to (B;j) is a functor from
(A;i){algebras to sets; Lubin and Tate show that this functor is representable.
Namely, let

Ci(x:y) = %[(x +y)P —xP =y,

and let (G; ) be any deformation of I to R such that

Go =r (5 3)
G(s;t)  s+t+uiC,i(X;y) mod ug;:::;uj—1; and degree p'+1 '
for aunitof Agpand1 1 n—1. Lubin and Tate show that such deforma-

tions exist; we shall call such a group law a Lubin-Tate lift of . Theorem 3.1
of [19] may be phrased as follows.

Theorem 5.4 If (G% ') is a deformation of I to an (A;i){algebra (B;j),
then there is a unique map of (A;i){algebras f: R ¥ (B;]) such that there is
a ?{isomorphism

(f G;fy )X (G O

Moreover the ?{isomorphism is unique.
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The map of ring theories

A classical theorem of | Cohen (see [27]) asserts that for any eld F of char-
acteristic p, there is an essentially unique complete discrete valuation ring Cg
with maximal ideal generated by p and residue eld F; in particular, Cg is
Noetherian. If F is perfect, then Cg is just the ring Wg of Witt vectors of F,
but in general it is a subring of the Witt vectors, and (although it is a functor)
it is not very easily described. However, when the degree [F : FP] is nite
(instead of 1 as in the perfect case), eg if F = Fp((y)), then the Cohen ring is
still relatively tractable. In this case, for example, we have

Lemma 5.5 The Cohen ring of Fy((y)) is isomorphic to the p{adic completion
of Z,((y). Any such isomorphism extends to an isomorphism

Cr.) [wi;::i:wn—2] = oTE:
Proof The p{adic completion of Z,((y)) is a complete discrete valuation ring
with maximal ideal generated by p and residue eld Fp((y)), so it is isomorphic

to the Cohen ring of Fp((y)). Indeed Schoeller [27, x8] shows that an isomor-
phism is given by a choice of p{base for Fp(y) and representatives of that

p{base in (Zp(y)); -

Equation (4.5) reduces the second part of the lemma to the observation that
the rings

are isomorphic. O

Proposition 5.6 The formal group law F over (TE is a Lubin{Tate lift of
the group law Fo of height n —1 over Fp((y) to Cg (y){algebras.

Proof It is a standard fact about G(n) that
G(s;t) s+t+VviCi(s;t) mod vi;i::;vi—1; and degree p'+1
for 1 i n—1. By the de nition (4.4) of F, one then has
F(s;t) s+t+wiCpi(s;t) modwy;:ii;wij—1; and degree pi +1
for 1 i n—2. Itfollows that F satis es equations (5.3) for the group law

M="Fg. O
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The formal group law Gp—1 over (oEn—1 has image H in F,, so by Corol-
lary 4.21 the pair (Cg(yyser TGJ_1; ) is a deformation of Fy to the Cr.n i
algebra

Croyy=r T 0En—1 = Cg (yyser[us;:::;un—2]:

Zp
Theorem 5.4 provides a ring homomorphism
oTE ¥ Cp yper T o1 G.7)
and an isomorphism of formal group laws
f F 3 Cg (s TG (5.8)
- p

such that cg =

Proposition 5.9 The map

Croy= T Cryyyee Lol oTE 8 CFp((y))’*epZ/I\p__gE "

is an isomorphism.

Proof The ring on the left represents deformations of Fp((y)**® TEgl to
Cr,(yysr {algebras, while the ring on the right represents deformations of
Fo(y)*** tHIto Cr,(yy=r {algebras. The isomorphism of Corollary 4.21
induces an isomorphism between these functors. O

There are isomorphisms
TEY(CP1) = TE"[t,]
En-1(CP™1) = Efy[te]

such that the formal group law F expresses the coproduct on TE?(CP 1),
and the formal group law Gn—1 expresses the coproduct on En—1. A standard
argument [23] using Landweber’s exact functor theorem gives:

Theorem 5.10 There is a canonical map of ring theories

TE ¥ Cr, gy T
p

whose value on coe cients is ¥, and whose value on TE?(CP 1) is determined
by the equation

(t1) = c(t2):

Here c is the isomorphism (5.8). O
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Corollary 5.11 Cpg (yysr T gives an equivalence of complex oriented ring
Zp

spectra

CFp((y))SeF’ T TE 1 CFp((y))sep m—l:
Cro Zp

Composing the map from Theorem 5.10 with the maps
E(n) ® E(n)[w] ¥ TE
gives a canonical map of ring theories

E(n) L| CFp((y))Sepéta—l;
p

our generalized Chern character.
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