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Presentations for the punctured mapping
class groups in terms of Artin groups
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Abstract Consider an oriented compact surface F' of positive genus, pos-
sibly with boundary, and a finite set P of punctures in the interior of F',
and define the punctured mapping class group of F' relatively to P to
be the group of isotopy classes of orientation-preserving homeomorphisms
h : F — F which pointwise fix the boundary of F' and such that h(P) = P.
In this paper, we calculate presentations for all punctured mapping class
groups. More precisely, we show that these groups are isomorphic with quo-
tients of Artin groups by some relations involving fundamental elements of
parabolic subgroups.
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1 Introduction

Throughout the paper I = F,, will denote a compact oriented surface of
genus g with r boundary components, and P = P, = {Py,...,P,} a finite
set of points in the interior of F', called punctures. We denote by H(F,P) the
group of orientation-preserving homeomorphisms h : F — F' that pointwise
fix the boundary of F' and such that h(P) = P. The punctured mapping
class group M(F,P) of F relatively to P is defined to be the group of isotopy
classes of elements of H(F,P). Note that the group M(F,P) only depends up
to isomorphism on the genus g, on the number r of boundary components, and
on the cardinality n of P. If P is empty, then we write M(F) = M(F, (), and
call M(F') the mapping class group of F.

The pure mapping class group of F relatively to P is defined to be the subgroup
PM(F,P) of isotopy classes of elements of H(F,P) that pointwise fix P. Let
Y, denote the symmetric group of {1,...,n}. Then the punctured mapping
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class group and the pure mapping class group are related by the following exact
sequence.

1— PM(F,P,) - M(F,P,) =%, —1.

A Cozeter matriz is a matrix M = (m; ;); j=1,.; satisfying:
e mi;=1foralli=1,...,[;
° mm-:mj,¢€{2,3,4,...,oo},forz';éj.

A Coxeter matrix M = (m;;) is usually represented by its Coxeter graph T".
This is defined by the following data:

e [ has [ vertices: z1,...,x;;
e two vertices z; and x; are joined by an edge if m; ; > 3;
e the edge joining two vertices x; and x; is labelled by m; ; if m;; > 4.

For i,5 € {1,...,1}, we write:

(i) /2

vod(z1, ;. mi ;) = if m; ; is even,
p iy Lj, M 5) = (xixj)(mi,j—l)/Qxi

if m; ; is odd.
The Artin group A(T) associated with I' (or with M) is the group given by the
presentation:

A(l) = (x1,..., 21| prod(zi, xj, m; j) =prod(xj, x;, m, ;) if i # jand m; ; < 00).

The Cozxeter group W(I') associated with I' is the quotient of A(I') by the
relations 22 =1, i = 1,...,l. We say that T or A(T) is of finite type if W (T')
is finite.

For a subset X of the set {x1,...,z;} of vertices of T, we denote by I'x
the Coxeter subgraph of T' generated by X, by Wy the subgroup of W(I')
generated by X, and by Ax the subgroup of A(I') generated by X. It is
a non-trivial but well known fact that Wy is the Coxeter group associated
with I'x (see [3]), and Ax is the Artin group associated with I'x (see [16],
[19]). Both Wx and Ax are called parabolic subgroups of W (I') and of A(T"),
respectively.

Define the quasi-center of an Artin group A(I") to be the subgroup of elements «
in A(T) satisfying aXa ™! = X, where X is the natural generating set of A(T).
If T is of finite type and connected, then the quasi-center is an infinite cyclic
group generated by a special element of A(T"), called fundamental element, and
denoted by A(I') (see [8], [4]).
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The most significant work on presentations for mapping class groups is certainly
the paper [10] of Hatcher and Thurston. In this paper, the authors introduced
a simply connected complex on which the mapping class group M(Fy ) acts,
and, using this action and following a method due to Brown [5], they obtained
a presentation for M(Fy o). However, as pointed out by Wajnryb [25], this
presentation is rather complicated and requires many generators and relations.
Wajnryb [25] used this presentation of Hatcher and Thurston to calculate new
presentations for M(F, ) and for M(F,o). He actually presented M(Fy1)
as the quotient of an Artin group by two relations, and presented M(Fy () as
the quotient of the same Artin group by the same two relations plus another
one. In [18], Matsumoto showed that these three relations are nothing else
than equalities among powers of fundamental elements of parabolic subgroups.
Moreover, he showed how to interpret these powers of fundamental elements
inside the mapping class group. Once this interpretation is known, the relations
in Matsumoto’s presentations become trivial. At this point, one has “good”
presentations for M(Fy 1) and for M(Fy ), in the sence that one can remember
them. Of course, the definition of a “good” presentation depends on the memory
of the reader and on the time he spends working on the presentation.

One can find in [17] another presentation for M(Fy ;) as the quotient of an
Artin group by relations involving fundamental elements of parabolic subgroups.
Recently, Gervais [9] found another “good” presentation for M(F} ) with many
generators but simple relations.

In the present paper, starting from Matsumoto’s presentations, we calculate pre-
sentations for all punctured mapping class groups M(Fy,,P,) as quotients of
Artin groups by some relations which involve fundamental elements of parabolic
subgroups. In particular, M(F,,P,) is presented as the quotient of an Artin
group by five relations, all of them being equalities among powers of fundamen-
tal elements of parabolic subgroups.

The generators in our presentations are Dehn twists and braid twists. We define
them in Subsection 2.1, and we show that they verify some “braid” relations that
allow us to define homomorphisms from Artin groups to punctured mapping
class groups. The main algebraic tool we use is Lemma 2.5, stated in Subsection
2.2, which says how to find a presentation for a group G from an exact sequence
1— K — G — H — 1 and from presentations of K and H. We also state in
Subsection 2.2 some exact sequences involving punctured mapping class groups
on which Lemma 2.5 will be applied. In order to find our presentations, we
first need to investigate some homomorphisms from finite type Artin groups
to punctured mapping class groups, and to calculate the images under these
homomorphisms of some powers of fundamental elements. This is the object
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of Subsection 2.3. Once these images are known, one can easily verify that the
relations in our presentations hold. Of course, it remains to prove that no other
relation is needed. We state our presentation for M(Fj ,11,P,) (where g > 1,
and 7,n > 0) in Theorem 3.1, and we state our presentation for M(Fy o, Pp)
(where g,n > 1) in Theorem 3.2. Then, Subsection 3.1 is dedicated to the
proof of Theorem 3.1, and Subsection 3.2 is dedicated to the proof of Theorem
3.2.

2 Preliminaries

2.1 Dehn twists and braid twists

We introduce in this subsection some elements of the punctured mapping class
group, the Dehn twists and the braid twists, which will play a prominent réle
throughout the paper. In particular, the generators for the punctured mapping
class group will be chosen among them.

By an essential circle in F'\ P we mean an embedding s : S' — F\ P of the
circle whose image is in the interior of F'\’P and does not bound a disk in F'\P.
Two essential circles s, s’ are called isotopic if there exists h € H(F,P) which
represents the identity in M(F,P) and such that hos = s'. Isotopy of circles
is an equivalence relation which we denote by s ~ s’. Let s: S' — F\ P be an
essential circle. We choose an embedding A : [0,1] x S — F\ P of the annulus
such that A(%, z) = s(z) for all z € S*, and we consider the homeomorphism
T € H(F,P) defined by

(T o A)(t,z) = A(t,e*™2), t€]0,1], z € S,

and T is the identity on the exterior of the image of A (see Figure 1). The
Dehn twist along s is defined to be the element o € M(F,P) represented by
T. Note that:

e the definition of o does not depend on the choice of A;
e the element o does not depend on the orientation of s;
e if s and s’ are isotopic, then their corresponding Dehn twists are equal;

e if s bounds a disk in F which contains exactly one puncture,then o = 1;
otherwise, o is of infinite order;

o if £ € M(F,P) is represented by f € H(F,P), then é0&~! is the Dehn
twist along f(s).
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Figure 1: Dehn twist along s

By an arc we mean an embedding a : [0,1] — F of the segment whose image is
in the interior of F', such that a((0,1)) NP =0, and such that both a(0) and
a(1) are punctures. Two arcs a,a’ are called isotopic if there exists h € H(F, P)
which represents the identity in M(F,P) and such that hoa = a’. Note that
a(0) = d’(0) and a(1) = @/(1) if a and o’ are isotopic. Isotopy of arcs is an
equivalence relation which we denote by a ~ a/. Let a be an arc. We choose
an embedding A : D?> — F of the unit disk satisfying:

o a(t)=A(t—3) forall t €[0,1],

e ADH)NP ={a(0),a(l)},

and we consider the homeomorphism 7' € H(F,P) defined by
(T o A)(z) = A(*™l2), 2 e D?

and T is the identity on the exterior of the image of A (see Figure 2). The
braid twist along a is defined to be the element 7 € M(F,P) represented by
T. Note that:

the definition of 7 does not depend on the choice of A;

if a and o’ are isotopic, then their corresponding braid twists are equal;

if ¢ € M(F,P) is represented by f € H(F,P), then {7671 is the braid twist
along f(a);

o if s:S' — F\ P is the essential circle defined by s(z) = A(z) (see Figure
2), then 72 is the Dehn twist along s.

We turn now to describe some relations among Dehn twists and braid twists
which will be essential to define homomorphisms from Artin groups to punc-
tured mapping class groups.

The first family of relations are known as “braid relations” for Dehn twists (see

2])-
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Figure 2: Braid twist along a

Lemma 2.1 Let s and s’ be two essential circles which intersect transversely,
and let o and o' be the Dehn twists along s and s’, respectively. Then:

oo’ =oo ifsns =10,
oo'oc =d'oo’ if|sns'| =1. ]

The next family of relations are simply the usual braid relations viewed inside
the punctured mapping class group.

Lemma 2.2 Let a and a' be two arcs, and let 7 and 7' be be the braid twists
along a and o', respectively. Then:

' =11 ifand =10,
't =17’ if a(0) = a/(1) and aNa’ = {a(0)}. =

To our knowledge, the last family of relations does not appear in the literature.
However, their proofs are easy and are left to the reader.

Lemma 2.3 Let s be an essential circle, and let a be an arc which intersects
s transversely. Let o be the Dehn twist along s, and let 7 be the braid twist
along a. Then:

oT =70 ifsNa=70,

OTOT = TOTO if |sNal =1. ]

We finish this subsection by recalling another relation called lantern relation
(see [13]) which is not used to define homomorphisms between Artin groups and
punctured mapping class groups, but which will be useful in the remainder.

We point out first that we use the convention in figures that a letter which
appears over a circle or an arc denotes the corresponding Dehn twist or braid
twist, and not the circle or the arc itself.
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Lemma 2.4 Consider an embedding of Fy4 in F'\ P and the Dehn twists
e1, €9, €3, €4,a,b, c represented in Figure 3. Then

e1esesey = abe. O

Figure 3: Lantern relation

2.2 Exact sequences

Now, we introduce in Lemma 2.5 our main tool to obtain presentations for
the punctured mapping class groups. Briefly, this lemma says how to find a
presentation for a group G from an exact sequence 1 - K - G - H — 1
and from presentations of H and K. This lemma will be applied to the exact
sequences (2.1), (2.2), and (2.3) given after Lemma 2.5.

Consider an exact sequence

1-K—-G2L H-1

and presentations H = (Sg|Rp), K = (Sk|Rk) for H and K, respectively.
For all z € Sy, we fix some & € G such that p(Z) = x, and we write

Sg={%; z €Sy}

Let r = 2'...2;' in Ry. Write 7 = 2'...Z;' € G. Since r is a relator of

H, we have p(7) = 1. Thus, Sk being a generating set of the kernel of p, one
may choose a word w, over Sk such that both ¥ and w, represent the same
element of G. Set

Ry = {fw.!; r € Ry}.

Algebraic € Geometric Topology, Volume 1 (2001)



80 Catherine Labruére and Luis Paris

Let # € Sy and y € Sk. Since K is a normal subgroup of G, Fyz ! is also

an element of K, thus one may choose a word v(z,y) over Sk such that both
Fyr~! and v(z,y) represent the same element of G. Set

1

Ro = {iyi tv(x,y)"'; # € Sy and y € Sk}

The proof of the following lemma is left to the reader.

Lemma 2.5 G admits the presentation

GZ<§HUSK|R1UR2URK>. |

The first exact sequence on which we will apply Lemma 2.5 is the one given in
the introduction:

(2.1) 1—PM(F,P,) - M(F,P,) — 3, — 1,
where ¥, denotes the symmetric group of {1,...,n}.

The inclusion P,_1 C P, gives rise to a homomorphism ¢, : PM(F,P,) —
PM(F,Pn—1). By [1], if (g,7,n) # (1,0,1), then we have the following exact
sequence:

(2.2) 1 — 7 (F\Pn1,P,) 2 PM(F,P,) £ PM(F,Pyr_q) — 1.

We will need later a more precise description of the images by ¢, of certain
elements of m1(F \ P,,_1,P,). Consider an essential circle o : S — F \ P,_4
such that a(1) = P,,. Here, we assume that « is oriented. Let £ be the element
of 71 (F\Py_1, P,) represented by a.. We choose an embedding A : [0,1]x St —
F\P,_1 of the annulus such that A(},z) = a(z) for all z € S (see Figure 4).
Let sg,s1: St — F\ P, be the essential circles defined by

so(z) = A(0,2), si1(z) = A(1,2), zeSt,
and let o0g,01 be the Dehn twists along sy and s, respectively. Then the
following holds.

Lemma 2.6 We have 1,,(§) = 0y '0y. O

Now, consider a surface Fj ..., of genus g with r +m boundary components,
and a set P, = {P,...,P,} of n punctures in the interior of Fj, .. Choose
m boundary curves ci,...,¢, : ST — OFy r4m. Let Fy, be the surface of
genus g with r boundary components obtained from Fy,,,, by gluing a disk
D? along ¢;, for all i = 1,...,m, and let Pyipy = {P1,..., P0,Q1,...,Qm}
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Figure 4: Image of a simple circle by ¢,

be a set of punctures in the interior of F|,, where (); is chosen in the interior
of D?, for all i = 1,...,m. The proof of the following exact sequence can be
found in [21].

Lemma 2.7 Assume that (g,7,m) ¢ {(0,0,1),(0,0,2)}. Then we have the
exact sequence:
(2‘3) 1—=Z™— PM(Fg,r+m7Pn) - PM(Fg,r7Pn+m) — 1 )

where Z"" stands for the free abelian group of rank m generated by the Dehn
twists along the c;’s. O

2.3 Geometric representations of Artin groups

Define a geometric representation of an Artin group A(T') to be a homomor-
phism from A(I') to some punctured mapping class group. In this subpara-
graph, we describe some geometric representations of Artin groups whose prop-
erties will be used later in the paper.

The first family of geometric representations has been introduced by Perron
and Vannier for studying geometric monodromies of simple singularities [22].
A chord diagram in the disk D? is a family Sy,...,S; : [0,1] — D? of segments
satisfying:

e S;:[0,1] — D? is an embedding for all i =1,...,[;
e S;(0),S5;(1) € 9D?, and S;((0,1))NOD?* =0, forall i =1,...,[;

e cither S; and S; are disjoint, or they intersect transversely in a unique point
in the interior of D?, for i # j.

From this data, one can first define a Coxeter matrix M = (m;;); j=1,..1 by
seting m; ; = 2 if S; and S; are disjoint, and m;; = 3 if S; and S; intersect
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transversely in a point. The Coxeter graph I' associated with M is called
intersection diagram of the chord diagram. It is an “ordinary” graph in the
sence that none of the edges has a label. From the chord diagram we can also
define a surface F by attaching to D? a handle H; which joins both extremities
of S;, forall i =1,...,1 (see Figure 5). Let o; be the Dehn twist along the circle
made up with the segment S; together with the central curve of H;. By Lemma
2.1, one has a geometric representation A(I') — M (F') which sends z; on o;
for all ¢ =1,...,l. This geometric representation will be called Perron- Vannier
representation.

Figure 5: Chord diagram and associated surface and Dehn twists

If T' is connected, then the Perron-Vannier representation is injective if and
only if T is of type A; or D; [15], [26]. In the case where T' is of type A;, Dy,
Eg, or Er, the vertices of I' will be numbered according to Figure 6, and the

Dehn twists o1,...,0; are those represented in Figures 7, 8, 9.
A o—e—---—e B -l o o -
xr1 X9 Xy ry T2 I3 £y
x
--——
Dy T3 T4 x]
€2
Ty Ty X3 T4 Tp T1 T2 T3 T4 T Te
Es o ¢ I ° ° E;, e * . I ° °
X6 x7

Figure 6: Some finite type Coxeter graphs
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Type Agpi1

Figure 7: Perron-Vannier representations of type A;

The Perron-Vannier representation of the Artin group of type A;_; can be
extended to a geometric representation of the Artin group of type B; as follows.
First, we number the vertices of B; according to Figure 6. Then A;_; is the
subgraph of B; generated by the vertices xo,...,x;. We start from a chord
diagram Ss,...,.S; whose intersection diagram is A;_;, and we denote by F
the associated surface. For i = 2,...,[, we denote by s; the essential circle of
F made up with S; and the central curve of the handle H;. We can choose two
points P;, P, in the interior of F' and an arc a; from P; to P, satisfying:

o {P,P}Nns;=0foralli=2...1;

e aiNs; =0 forall i =3,...,1, and a; and sy intersect transversely in a
unique point (see Figure 10).

Let 7 be the braid twist along a;, and let o; be the Dehn twist along s;, for
i =2,...,1. By Lemma 2.3, there is a well defined homomorphism A(B;) —
M(F,{Py, P,}) which sends z; on 71, and z; on o; for i = 2,... 1. It is shown
in [14] that this geometric representation is injective.

Now, consider a graph GG embedded in a surface F'. Here, we assume that G has
no loop and no multiple-edge. Let P = {Py,..., P} be the set of vertices of G,
and let ai1,...,a; be the edges. Define the Coxeter matrix M = (m; ;)i j=1..;
by m;; = 3 if a; and a; have a common vertex, and m;; = 2 otherwise.
Denote by I' the Coxeter graph associated with M. By Lemma 2.2, one has
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b

Type D2p+1

Figure 8: Perron-Vannier representations of type D;

a homomorphism A(I') — M(F,P) which associates with x; the braid twist
7; along a;, for all ¢+ = 1,...,l. This homomorphism will be called graph
representation of A(I"). Its image clearly belongs to the surface braid group
of F' based at P. The particular case where F' is a disk has been studied
by Sergiescu [23] to find new presentations for the Artin braid groups. Graph
representations have been also used by Humphries [12] to solve some Tits’
conjecture.

Assume now that G is a line in a cylinder F' = S* x I. Let as,...,a; be the
edges of G, and let P, = {P,..., P} be the set of vertices. Choose an essential
circle s1: S* — F\ P such that:

e 51 does not bound a disk in F;

e syNa; =0 forall i =3,...,1, and s; and ay intersect transversely in a
unique point (see Figure 11).

Let o1 be the Dehn twist along sq, and let 7; be the braid twist along a; for
i =2,...,1. By Lemma 2.3, there is a well defined homomorphism A(B;) —
M(S x I,P;) which sends z; on oy, and z; on 7; for i = 2,...,l. This
homomorphism is clearly an extension of the graph representation of A(A;_1)

in M(Sl X I,’P[).

Let T be a finite type connected graph. Recall that the quasi-center of A(T")
is the subgroup of elements « in A(T) satisfying aXa™! = X, where X is
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Type Eg

Figure 9: Perron-Vannier representations of type Eg and Fr

the natural generating set of A(T"), and that this subgroup is an infinite cyclic
group generated by some special element of A(T"), called fundamental element,
and denoted by A(T'). (see [4] and [8]). The center of A(T') is an infinite
cyclic group generated by A(T") if " is By, D; (I even), E7, Eg, Fy, Hs, Hy,
and Ir(p) (p even), and by A%(T") if T is A;, D; (I odd), Eg, and Iz(p) (p
odd). Explicit expressions of A(T') and of A%(T") can be found in [4]. In the
remainder, we will need the following ones.

Proposition 2.8 (Brieskorn, Saito [4]) We number the vertices of A;, By,
D;, Eg, and E7 according to Figure 6.

A*(4) = (zimg...a),
AB) = (z1x2...1)",
A(Dyp) = (z122... xgp)Qp_l ,
A*(Dopy1) = (z122... x2p+1)4p ,
AQ(EG) = (.CCl.CEQ e .CCG)IQ y
A(E) = (n1za...20)" . -

We will also need the following well known equalities (see [20]).

Proposition 2.9 We number the vertices of A;, B;, and D; according to
Figure 6. Then:
A(Al) = T1...2]" A(Al_l),
A(Bl) = X]...X21T2...2] * A(Bl_l),
A(Dl) = T]...T3TL1T2X3...2] 'A(Dl—l)-

Our goal now is to determine the images under Perron-Vannier representa-
tions and under graph representations of some powers of fundamental elements

|
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b1

Figure 11: Graph representation of type B;

(Proposition 2.12). To do so, we first need to know generating sets for the
punctured mapping class groups. So, we prove the following.

Proposition 2.10 Let g > 1 and r,n > 0.

(i) PM(Fyrt1,Pr) is generated by the Dehn twists ag, . .., Gptr, b1, ..., bog—1,
¢, di,...,d, represented in Figure 12.

(i) M(Fgri1,Pn) is generated by the Dehn twists ag, . .., Gy, Gri1, b1, .., bag—1,
¢, di,...,d., and the braid twists T1,...,T,—1 represented in Figure 12.

Corollary 2.11 Let g > 1 and n > 0.

(i) PM(Fy0,Pp) is generated by the Dehn twists ag,...,an, bi,...,bayg—1,
represented in Figure 13.

(ii) M(Fy0,Ppn) is generated by the Dehn twists ag, a1, bi,...,bayg—1, ¢, and
the braid twists Tq,...,T,_1 represented in Figure 13.
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Figure 13: Generators for PM(Fy 0, Py) and M(Fy o, Py)

Proof The key argument of the proof of Proposition 2.10 is the following
remark stated as Assertion 1, and which we apply to the exact sequences (2.1),
(2.2), and (2.3) of Subsection 2.2.

Assertion 1 Let
1-K—-G2L H-1

be an exact sequence, and let Sg, Sk be generating sets of H and K , respec-
tively. For each x € Sy we choose ¥ € G such that p(Z) = x, and we write
Sy ={Z;x € Sy}. Then Sk U Sy generates G .

First, we prove by induction on n that PM(F, 1,Py,) is generated by ao, ..., ap,
bi,...,bag—1, c. The case n =0 is proved in [11]. So, we assume that n > 0.
By the inductive hypothesis, PM(F,1,Pn—1) is generated by ag,...,an—1,
bi,...,bag—1, c. On the other hand, 7 (Fy 1\ Pp—1, Py) is the free group gener-
ated by the loops ai,...,ap,B31,...,P2g—1 represented in Figure 14. Applying
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Assertion 1 to the exact sequence (2.2), one has that PM(F, 1,P,) is generated
by ag,...,an-1, b1,...,bog—1, ¢, a1,..., 0, B1,...,B29—1. One can directly
verify the following equalities:

a; = (bragai—1bian—1) tay H(biagai—ibian—1), i=1,...,n—1,
B = (bran—1) tan(bran—1),
Bj = (bjbj—1)"'Bj—1(bjbj_1), j=2,...,29 — 1.

and, from Proposition 2.6, one has:

-1
Q= Q,_10p,

thus PM(F,1,Py) is generated by ag,...,an, b1,...,bag—1, c.

Figure 14: Generators for m1(Fy 1 \ Pn-1, Pp)

Now, applying Assertion 1 to (2.3), one has that PM(F} ,11,Py) is generated
by ag, -« -5 Antr, bl?' . 7629—17 c, dl?“‘ 7d’r“

Assertion 2 Let ag, a1, as be the Dehn twists and T the braid twist in M (S x
I,{Py, P,}) represented in Figure 15. Then

TayiTal = apay .
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ag
<\ > p

Figure 15: A relation in M(St x I, {Py, P»})

Proof of Assertion 2 We consider the Dehn twist a3 along a circle which
bounds a small disk in S! x I which contains P;, and the Dehn twist a4 along
a circle which bounds a small disk in S' x I which contains P,. As pointed
out in Subsection 2.1, we have a3 = a4 = 1. The lantern relation of Lemma 2.4
says:

2. ai - TalT_l = apagasay -

Thus, since 7 commutes with ag and as, we have:

TaiTay = apay .

Now, we prove (ii). Applying Assertion 1 to (2.1), one has that M (Fy 41, Pp)
is generated by ag,...,an4r,b1,...,b2g-1,¢,d1,...,d,71,...,Tp—1. But, As-
sertion 2 implies

-1
Ar4i = Ti—10r4+i—1Ti—10r4+i—1Qp ;9

for i =2,...,r, thus M(Fy,41,Py) is generated by ag,...,ar41, b1,...,bag—1,
c, dl,...,d,«,Tl,...,Tn_l O

Proposition 2.12 (i) For T' equal to A;, D;, Eg¢, or E;, we denote by
ppv : A(I') = M(F') the Perron-Vannier representation of A(I'). In each case,
b; denotes the Dehn twist represented in the corresponding figure (Figure 7, 8,
or9), for i =1,2,3. Then:

ppv(A%(Agpi1)) = biba,
prv(A*(Az)) = b,

ppv(A*(Dapi1)) biby !,
prv(A(Dy)) = bibaby ",
ppv(A%(Eg)) = by,
ppv(A(E7)) = bib.
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(ii) We denote by ppy : A(B;) — M(F,{Pi,Py}) the Perron-Vannier rep-
resentation of A(B;). In each case, b; denotes the Dehn twist represented in
Figure 10, for ¢ = 1,2. Then:

ppv(A(Bgy)) = biby,
ppv(A*(Bypy1)) = bi.

(iii) We denote by pg : A(B;) — M(S' x I,P,) the graph representation of
A(By) in the punctured mapping class group of the cylinder. Let by,bs denote
the Dehn twists represented in Figure 11. Then:

pe(ABY)) = b by .

Part (i) of Proposition 2.12 is proved in [18] with different techniques from the
ones used in this paper. Matsumoto’s proof is based on the study of geometric
monodromies of simple singularities. Our proof consists first on showing that
the image of the considered element lies in the center of the punctured mapping
class group, and, afterwards, on identifying this image using the action of the
center on some curves.

Proof We only prove the equality
P(A(Bap)) = biby
of Part (ii): the other equalities can be proved in the same way.

By Proposition 2.10, M(F,{P;, P,}) is generated by the Dehn twists aq, as, ag,
bi, 02,...,09,—1 and the braid twist 71 represented in Figure 10. Since A(Bs,)
is in the center of A(By,), ppv(A(Bgp)) commutes with 71,09,...,09,-1. The
Dehn twist b; belongs to the center of M(F,{P1, P»}), thus ppy (A(Bsyy,)) also
commutes with by. Let s; be the defining circle of a;, for ¢ = 1,2,3. Using the
expression of A(By,) given in Proposition 2.8, we verify that ppy (A(Bap))(s:)
is isotopic to s;, thus ppy (A(Bgp)) commutes with a;.

So, ppv(A(Bgp)) is an element of the center of M(F,{P,P»}). By [21],
this center is a free abelian group of rank 2 generated by b; and bs. Thus
ppv (A(Bgy)) = b{'bd* for some ¢1,¢2 € Z.

Now, consider the curve v of Figure 10. Clearly, the only element of the center of
M(F,{Py, P,}) which fixes v up to isotopy is the identity. Using the expression
of A(By,) given in Proposition 2.8, we verify that ppy (A(Ba,))by tby ' fixes
up to isotopy, thus ¢1 = g2 = 1 and ppy (A(Bagp)) = b1ba. O
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2.4 Matsumoto’s presentation for M(F,;) and M(F,)

This subparagraph is dedicated to the statement of Matsumoto’s presentations
for M(Fy1) and M(F,)).

We first introduce some notation. Let I' be a Coxeter graph, and let X be
a subset of the set {z1,...,2;} of vertices of I'. Recall that I'y denotes the
Coxeter subgraph generated by X, and Ax denotes the parabolic subgroup of
A(T") generated by X. If I'x is a finite type connected Coxeter graph, then
we denote by A(X) the fundamental element of Ax, viewed as an element of

A(L).

Theorem 2.13 (Matsumoto [18]). Let g > 1, and let T’y be the Coxeter graph
drawn in Figure 16.

(i) M(Fy,1) is isomorphic with the quotient of A(I'y) by the following relations:
(1) A4(y17y27y372) = A2($07y17y27y372) Ifg Z 27
(2)  A%yrye,ys,unys.2) = Alwo,y1,y2.9s3,9a,95,2)  ifg >3,
(ii) M(Fy,0) is isomorphic with the quotient of A(I'y) by the relations (1) and
(2) above plus the following relation:

(3) (1'023/1)6 = 1 ifg=1,

29 .
'r()g AQ(y27y3727y47‘”7y29—1) IngQ

o Y1 Y2 Y3 Ya Y2g—1

- —

Ly

z

Figure 16: Coxeter graph associated with M(Fy 1) and with M(F} )

Set » =n = 0, and consider the Dehn twists ag, b1,...,byg—1, ¢ of Figure 12.
By Lemma 2.1, there is a well defined homomorphism p : A(I'y) — M(Fy1)
which sends x¢ on ag, y; on b; for i =1,...,29g — 1, and z on c¢. By [11] (see
Proposition 2.10), this homomorphism is surjective. By Proposition 2.12, both
p(A*(y1, 92,3, 2)) and p(A%(z0,y1,Y2,¥3, 2)) are equal to the Dehn twist oy of
Figure 17. Similarly, both p(A%(y1,...,ys,2)) and p(A(xo,y1,--.,Ys,2)) are
equal to the Dehn twist oy of Figure 17. Let G, denote the quotient of A(T'y)
by the relations (1) and (2). So, the homomorphism p : A(T'y) — M(Fy1)
induces a surjective homomorphism p : G4 — M(Fy1). In order to prove
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that this homomorphism is in fact an isomorphism, Matsumoto [18] showed
that the presentation of Gy as a quotient of A(I'y) is equivalent to Wajnryb’s
presentation of M(Fy 1) [25].

Similar remarks can be made for the presentation of M (Fy).

o1 g2

Figure 17: Relations in M(Fj 1)

3 The presentation

Recall that, if T' is a finite type connected Coxeter graph, then A(T") denotes
the fundamental element of A(I"). If I' is any Coxeter graph and X is a subset
of the set {x1,...,x;} of vertices of I" such that I'x is finite type and connected,
then we denote by A(X) the fundamental element of Ax = A(I'x) viewed as
an element of A(T).

Theorem 3.1 Let g > 1, let r,n > 0, and let Iy, , be the Coxeter graph
drawn in Figure 18. Then M(Fy,1,Py) is isomorphic with the quotient of
A(L'y,n) by the following relations.

e Relations from M(Fy1):

(Rl) A4(y17y27y3az) = A2($07y17y27y37'z) lfg 2 2a
(R2) A% (y1,y2.¥3, Y4, Y5, 2) = A(wo,y1,¥2,¥3,Ya,¥5,2) if g > 3.

e Relations of commutation:

(R3) oA"Yz, 2, y1) T A (w01, 75, Y1)
= A Y zip1, 2y, y1)widN(@ig1, xj,y)oe F0<k<j<i<nr,

(R4) Y AN (@ig1, 2, y1) T A (Tig1, T4, Y1)
= A Yzip1, 25, y1) TN (@ig1, 25, y1)y2 f0<j<i<randg>2,
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e FExpressions of the u;’s:
(R5) ur = A(QUD,%l,yl»yQ»ySvZ)A_2($17y17y27y372) Ifg > 27
(R6) Ui+1 = A('rhxi-‘rl?yl?yQ?y?nZ)A_2($i+17yl7y27y372)
A% (20, Tig1, 1) A (@0, T, 2ig1, 1) H1<i<r—1, g>2

e Other relations:

(R7) A(‘T’r7x’r+l7yl7vl) == AQ('r’r‘-i-].?yl7/Ul) Ifn Z 27

(RS&) A($07$17y17y27y372) == A2($17y17y27y372) IfTZZ 179227 7’:0,

(R8b) A(QUT,$r+17ylvy27y372)A_2(33r+17y17y27y372)

= A(zo, 2y, Tpg1, Y1) A2 (20, Try1, y1) ifn>19>2 r=>1
4
Xy - - = —
)/ Tr4+1 V1 V2 Un—1
° ®___--- ° ‘\l . - - ——
Typn W1 %2 Uy Y Y1 Yo ly3 Ya Y2g-1
I z
Zo

Figure 18: Coxeter graph associated with M(Fy 11, Py,)

Notice that only the relations (R1), (R2), (R7), and (R8a) remain in the pre-
sentation of M(Fy1,Py), and (R8a) has to be replaced by (R8b) if » > 1.

Assume that g > 2. From the relations (R5) and (R6) we see that we can
remove ui,...,u, from the generating set. However, to do so, one has to add
relations comming from the ones in the Artin group A(I'y,,). For example,
one has that A(xg, z1,y1,v2,y3, 2)A™2(21, Y1, Y2, Y3, 2) commutes with y, in the
quotient, since u; commutes with y4 in ATy, ).

Consider the Dehn twists ao, ..., a1, b1,...,b2g—1, ¢, d1,...,d, and the braid
twists 71,...,7,—1 represented in Figure 12. From Subsection 2.1 follows that
there is a well defined homomorphism p : A(l'y, ) — M(Fy,41,P,) which
sends x; on a; for i =0,...,r+1, y; on b; fori=1,...,2g—1, z on ¢, u; on
d; for i =1,...,r,and v; on 7; for ¢ = 1,...,n — 1. This homomorphism is
surjective by Proposition 2.10. If w; = wy is one of the relations (R1),...,(R7),
(R8a), (R8Db), then we have p(w;) = p(w2). This fact can be easily proved using
Proposition 2.12 in the case of the relations (R1), (R2), (R5), (R6), (R7), (R8a),
and (R8b), and comes from the following reason in the case of the relations (R3)
and (R4). We have the equality

1 o1 -1 -1 -1
AT (@41, 5, Y1) T A (T4, 5, Y1) = Yy T T Y1 TiYiTiTieay,
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and the image by bl_lai_ Jrllaj_lbl_l of the defining circle of a; is disjoint from the
defining circle of ay, up to isotopy, if & < j, and is disjoint from the defining
circle of bs, up to isotopy.

Let G(g,r,n) denote the quotient of A(I'y,,) by the relations (R1),..,(R7),
(R8a), (R8b). By the above considerations, the homomorphism :

p: A(Fg,r,n) - M(Fg,r—&-lvpn)

induces a surjective homomorphism p : G(g,7,n) — M(Fy,41,Pn). In order
to prove Theorem 3.1, it remains to show that this homomorphism is in fact an
isomorphism. This will be the object of Subsection 3.1.

Theorem 3.2 Let g > 1,let n>1, andlet 'y ,, be the Coxeter graph drawn
in Figure 18. Then M(Fy,Py) is isomorphic with the quotient of A(I'yg )
by the following relations.

e Relations from M(Fy1,Py):

(R1) AY(y1,y2,y3,2) = A%(x0, 91,92, Y3, 2) if g > 2,
(R2)  A%(y1,y2,Y3, Y4, Y5, 2) = A(Z0,y1,Y2,Y3,Y4,Y5,2) il g >3,
(R7) Az, x1,y1,01) = A*(z1,91,01) ifn > 2,
(R8a)  A(wg,z1,y1,Y2,Y3,2) = A%(x1,y1,Y2,3, 2) ifn>1andg> 2.

e Other relations:
(R9a) xgg_n_QA(xl,vl, cesUno1) = A%(z,y9, ., y2go1) i g > 2,
(R9Db) zy = A(z1,v1,...,0n-1) ifg=1,
(R9c) A (zg,y1) = A%(vy,...,vn 1) ifg=1.

Note that, in the above presentation, the relation (R9a), which holds if g > 2,
has to be replaced by the relations (R9b) and (R9c) when g = 1.

Consider the Dehn twists ag, a1, b1,...,bag—1, ¢ and the braid twists 71, .., 7,1
represented in Figure 13. From Subsection 2.1 follows that there is a well
defined homomorphism pg : A(L'y0,) — M(Fy0,Pn) which sends z; on a;
for ©+ = 0,1, y; on b; for ¢ = 1,...,29g — 1, z on ¢, and v; on 7; for ¢ =
1,...,n — 1. This homomorphism is surjective by Corollary 2.11. Let Gy(g,n)
denote the quotient of A(T'y ) by the relations (R1), (R2), (R7), (R8), (R9a),
(R9b), and (R9c). As before, using Proposition 2.12, one can easily prove
that the homomorphism py : A(T'y0,) — M(Fyo0,Prn) induces a surjective
homomorphism py : Go(g,n) — M(Fy0,Ppn). In order to prove Theorem 3.2,
it remains to show that this homomorphism is in fact an isomorphism. This
will be the object of Subsection 3.2.
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3.1 Proof of Theorem 3.1

The proof of Theorem 3.1 is organized as follows. In the first step, starting from
Matsumoto’s presentation of M(Fj 1) [18] (see Theorem 2.13), we determine
by induction on n a presentation of PM(F,1,P,) (Proposition 3.3), applying
Lemma 2.5 to the exact sequence (2.2) of Subsection 2.2. In the second step,
we determine a presentation of PM(F, ,11,P,) (Proposition 3.7), applying
Lemma 2.5 to the exact sequence (2.3). Finally, we prove Theorem 3.1 applying
Lemma 2.5 to the exact sequence (2.1).

Proposition 3.3 Let g > 1, let n > 0, and let PT'y, be the Coxeter graph
drawn in Figure 19. Then PM(F,1,Py) is isomorphic with the quotient of
A(PT40n) by the following relations.

e Relations from M(Fy1):

(PRI) A y1,y2,y3,2) = A%(20,v1,Y2,Y3,2) ifg > 2,
(PR2)  A%(y1,y2,¥3,Y4,Y5,2) = A(w0,y1,92,Y3,Y4,¥5,2) if g > 3.

e Relations of commutation:

(PR3) 2R AN (@ig1, 5, Y1) T A (Tig1, T4, Y1)
= A (@ig1, 25, y1) A (@ig1, g, y)a, H0<k<j<i<n-—1,
(PR4) YA Nz, 25, 11) A (@1, T4, 1)

= A (@it 25, 91) A (@ir1, 2, y1)y2 F0<j<i<n-—1, g>2.

e Relations between fundamental elements:
(PR5)  A(wo,21,y1,Y2,¥3,2) = A%(x1,y1,y2,¥3,2) if g > 2,

(PRG) A(xivxi—l—lay17y27y3vz)A_2(xi+17ylay27y3aZ)
= Az, %, Tiv1, y1) A" (20, Tit1, Y1) if1<i<n—1, g>2.

g;n\ll
/
1
1
\
1
Zo

Tn

- —

Pl'gon Y1 Y2 ly3 Ya Y2g—1

z

Figure 19: Coxeter graph associated with PM(Fy 1, Py,)

The following lemmas 3.4, 3.5, and 3.6 are preliminary results to the proof of
Proposition 3.3.
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Lemma 3.4 Let I' be the Coxeter graph drawn in Figure 20, and let G be
the quotient of A(T") by the following relation:

2a A7 (w1, w3, y)w A (21, 73, y) = A7 (01, 23, y) w2 A (21, 73, Y) 74 ©
Then the following equalities hold in G.

23A N @o, 24, y) 21 A (2, 24, y) = A7 N2, 24, y) 1A (22, 24, Y) 73,
oA (@1, 23, ) A (21, 23, y) = ANy, 23, y) 34 A (21, 23, Y) 22,
xlA_l(ﬂU%@by)»’U3A(37273747y) - A_1($2,.T4,y)$3A(.T2,$4,y).T1.

z3
T2 (77
z1
Figure 20

Proof It clearly suffices to prove the first equality.

-1 —1A-1 -1
T3AT (w2, 24, Y) 1A (T2, T4, Y) T3 AT (12, 24, Y) 7] A(T2, 74, Y)
1,..-1..-1 -1 -1 21, -1..-1,-1..—1
= T3Y X Ty 'Y TT1YX2X4YT3 Y Ty Xy Y T YT2X4Y
B | —1. -1 -1 -1 1 —1..-1 -1,.—1
YU XT3 YT3Ty Xy T1YT{ ToXAL3 Y T3Ty Xy T1Y L] X2X4 Y
—1,.—1_.-1 -1 -1 ~1,.-1 ~1,.—1 -1, -1 -
"T3T2Y
_oo1.-1.-1 -1..-1 -1 -1 -1 -1, —1,.—1,_—1
=Y Ty Tz Y "TYT1TIYT4Y Ty T3 Y Lo y»’U11373y»’U4 Yy T ilfg " T3T2Y
— ,—1,.-1 -1 -1 -1 — _
=Y Ty x3°Y oA (21, 23, Y) T AT (21, 3, y) Ty A1, 23, Y)2,
-1
A ($1,$3,y) CYr3r2y
= 1. O

1.1
L3

1 1 1 1

Lemma 3.5 We number the vertices of the Coxeter graph D; according to
Figure 6. Then the following equalities hold in A(Dy).

A~ Y(zg,. .. ,xl_l):nl_lng(:z:g, vz A (2o, . ,:z:l):UQ_I:z:lA(:z:g, ceey @)
= 5 A (2o, ... ,$l_1)$1_1$2A($2, ... ,xl_l)xl_l,
A~ (o, ... ,xl)xglxlAl(:Ug, . ,xl)A_l(xgl, . ,xl_l)xglxlA(:vg, cey 1)
=z 1A (2o, .. o)y v1A (X, .. 1)L
Proof
xl_lA_l(xg, . ,$1_1)$1_1$2A($2, . ,;lrl_l)A_l(:Ug, . ,xl)xglxl
A(ZL‘Q, - ,:L‘l):L‘l A_l(l‘g, R ,:L‘l_l)l‘Q_ :L‘lA(ZL‘Q, R ,:L‘l_l)
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= o A (g, ) (2 g Daawy (g Dyt e Az, 1)
A_l(l‘g, . ,ZL‘Z_l)ZL‘ll‘Q_l(:L‘Q e :L‘l_l)A(iL‘Q, . ,ZL‘Z_Q)

= A Yag, ...,z o)z o ag Dy et ey D (22
(z3...21-1)A(22,. .., 21-2)

= A Yag, ..., xp o)yt ay Dy et D (s ) (23 1)
Az, ..., 11-2)

= 1.
AN zg, ... x)xy w1 Az, . . ) A W2, .. )2y w1 Az, . .. 3_1)
1A (2o, ... ,:Ul):nl_lzng(xg, .. ,:El)xl__ll

= A Y (zo,... ,3:1)3:2_13:1 (za... $l)$2_1$1$2A($2, ooy m) A (2o, . .. ,xl)xl_l
1‘21133_1 A(ZL‘Q, cee ,:L‘l)

= A Yxg,..., o)z (3. .. xl)xl(xl_l . xz_l)xflxzxglA(xg, )

= A Yag, ..., x)zswy (w3 o2) (o)t ag Dy teg P A (g, 1)

= 1. O

Several algorithms to solve the word problem in finite type Artin groups are
known (see [4], [8], [6], [7]). We use the one of [7] implemented in a Maple
program to prove the following.

Lemma 3.6 (i) We number the vertices of Dg according to Figure 6. Let
wi = A7Nwy, w3)a) w2, 73)
wy = ANy, 3, 4)7]  2A (21, 3, 74)
wy = A7N(wy, w3, 24, 5) 7 w2 A (21, 23, 24, 75)

Then the following equality holds in A(Dsg).

-1 -1, —1, -1 -1 -2
Ty TIW] Wy Wi TeWaTg wi = AT (x9,x3,...,T6)A(x1,T2,23,...,T6).

(ii) We number the vertices of D4 according to Figure 6. Let
w = x5 ANz, w3, )27 LA, T3, 24) T2
Then the following equality holds in A(Dy).

xl_lxzw = A_2($1,$3,$4)A($1,$2,$3,$4). O

Proof of Proposition 3.3 We set »r = 0 and we consider the Dehn twists
ag,...,an b1,...,bag_1, c represented in Figure 12. From Subsection 2.1 fol-
lows that there is a well defined homomorphism p : A(PT'y0,) — PM(Fy1,Pp)
which sends x; on a; for ¢ = 0,...,n, y; on b; for i =1,...,2g — 1, and 2
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on ¢. This homomorphism is surjective by Proposition 2.10. Let PG(g,0,n)
denote the quotient of A(PT,0,) by the relations (PR1),...,(PR6). One
can easily prove using Proposition 2.12 that: if w; = wsy is one of the re-
lations (PR1),...,(PR6), then p(wy) = p(ws). So, the homomorphism p :
A(PTy0p) — PM(F,1,Py,) induces a surjective homomorphism :

p:PG(g,0,n) — PM(Fy1,Pp).

Now, we prove by induction on n that p is an isomorphism. The case n = 0
is proved in [18] (see Theorem 2.13). So, we assume that n > 0. By the
inductive hypothesis, PM(Fy 1, P,—1) is isomorphic with PG(g,0,n —1). On
the other hand, 7 (Fg,1\Pn—1, Py) is the free group F(ou,...,an, B1,...,B2g-1)
freely generated by the loops ai,...,ap, Bi1,...,B24—1 represented in Figure
14. Applying Lemma 2.5 to the exact sequence (2.2) of Subsection 2.2, one
has that PM(Fy1,Py) is isomorphic with the quotient of the free product
PG(g,0,n —1) % F(aq,...,an,B1,...,B29—1) by the following relations.

e Relations involving the «a;’s:

(PT1) xjaiznj_l = q; for 0 <j<i<n,
(PT2) xjaiznj_l = Oéj__&laiaj_i'_l for1<i<j<n-1,
(PT3) ylaiyl_l = ﬁl_lozi for 1 <i<n,
(PT4) yjaiyj_l = q; for1<i<nand2<j<2g9—1,
(PT5) 227t = for 1 <i<n.
e Relations involving the j3;’s:
(PT6) xjﬁlxj_l = (o4 for0<j<n-—1,
(PT7) ziBix;' = B; for0<j<n—1land2<i<2g—1,
(PT8) yiBiy; ' = Bi for j #i—1andj#i+1,
(PT9)  wi1Biy ) = Bifia for 2 <i<2g-1,
(PT10)  yir1Biyis = Bii1Bi for 1 <i<2g—2,
(PT11) 2Bzt = Bsfafron Bt
(PT12) 2Biz7t = B for i # 3.

Consider the homomorphism f : PG(g,0,n—1)%F(aq,...,0n, 01, .., B2g-1) —
PG(g,0,n) defined by:

fx) = x; for0<:<n-1,
i) = Ys for1 <i<2g—1,
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Assertion 1 f induces a homomorphism f: PM(F,1,P,) — PG(g,0,n).

One can easily verify on the generators of PG(g,0,n) that fop is the identity
of PG(g,0,n). So, Assertion 1 shows that p is injective and, therefore, finishes
the proof of Proposition 3.3.

Proof of Assertion 1 We have to show that: if w; = wsy is one of the
relations (PT1),...,(PT12), then f(w1) = f(wa).

By an easy case we mean a relation w; = we such that the equality f(w;) =
f(w2) in PG(g,0,n) is a direct consequence of the braid relations in A(PTI'g ).
For instance, (PT5), (PT6), and (PT8) are easy cases.

e Relation (PT1): (PT1) is an easy case if either j =i —1 or i = n. So, we
assume that 0 < j <¢—1<n—1. Then:

fzjoum; ') f(ou) ™
= 2w, AT @, i, y0) 2 T 1 AT, i1, Y1) T e,
ANz, w1, y1) 2, 20 A (T, Tim1, Y1) T
= ‘T;il'fl__ll : 'fjA_l(xnwri—lvyl)xn—lA(xnvzi—lvyl)CU]'_lA_l(xnv‘Ti—lvyl)»r;il
A(xn, Ti—1, y1) *Li—1Tpn—1
— 1 (by (PR3)).

e Relation (PT2): (PT2) is an easy case if j = n — 1. So, we assume that
j <n—1. Then:
flajoi; ) f(og )iy )™
= 22, A @, 21, 1) 20 T 1 AT, s, y1) T w et AT (@, 3, 1)
Ty 120 A (@0, 2, Y1) Tn—12, L AT @0, o1, Y1) T L Za A (T, Tio1, Y1) Tn1
x;llA_l(xn,xj,yl)xrjlxn_lA(xn,xj,yl)xn_l
= wjw, L AT @, w1, y1) e AT, 21, y1) A @, 2, 902,
Az, 25, y1) A @0, 2im1, Y1) T, A, 21, Y1) 21 A7 @0, 25, Y1) Tn—1
A(xn,xj,yl)xn_lxj_l
= xjx;llzi__llﬁ_l(l‘mLUz'—Lyl)LUn—lA(CUmH?i—Lyl)A_l(»’Umin,yl)»’Unil
A, 25, y1) A @, 2im1, y1)T, L AT, i1, Y1) AN, 25, Y1) Tn1
A(xn,xj,yl):ni_lxn_lxj_l (by (PR3))
Loy i@ mionayy oy
1

-1 11— 1
= TjTp 1% Y1 Tp

-1.-1.-1, -1 -1 1 -

Y1y, Tp T Y1 Ty qY1TnpTi—1Y1Y; Ty

-1 111

= TjTp 1% 1Y1 Ty

-1, -1,_-1
i Y1 Tp1Y1TnTj

-1, -1 -
Ti Y1 Tn—1Y1TnLjY1Li—1Tn-1T;
-1 -1 — -1,.-1 -1

-1,.—1
Y1 Ty 1 %i—1T; Tp—1Y12), _1TjTnY1Ti—1Tn—-1T
J J
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_ -1 _—1,-1_-1 -1, -1 -1 -1 -1 —1,.-1

= XX 1% Y1 Ty Tn-1Y1Ti-1Yy Y1T; Yy V1T, Y1 Y1TYy Ty 1 TnY1Ti-1
—1

= 1.

e Relation (PT3): (PT3) is an easy case if i = n. So, we assume that i < n.
Then:

1 —1_\=1
f(yloléiyl ) (B i) .
_ - -1 1 1
= Y12, AT (Tn, Tie1, Y1) Ty Tn—1 A( X, Tie1, Y1) Tn—-1Y] Tp_4
—1 -1 21 1
A7 (T, i1, Y1) T, 1 20 A (T, i1, Y1) T 1 AT (Tn—1, Y1) 2, 1 B0 A(Tn—1, Y1)
_ -1, -1,.-1.-1,-1_-1 —1,.-1 . -“1.-1 -1, -1 -1
= YTy 1Y Ty T; Y1 Ty Tn-1Y1TnTi-1Y1Tn-1Y1 Tp_1Y1 Tp T;21Y1 Tpq
1 -1 -1
TnY1TnTi—1Y1Tn—1Tp_1Y1 Tp_1TnY1Tn—1
I | 1.-1, —1_ -1 , 1 -1 -1 -1
= Tp Y1 Tn-1Tpn Ty 1Y) T Tn-1Y1TnZi-1Y1Tn—1T, 1Yy Tp_1Ty
-1 -1
Ly 1 TnY1TnTi—1T 7 _1TnY1Tn—1
A Rt 211 -1 -1,.-1 -1 , —1
= Tp_ 1Y Tp—1Ty xi_lyl Ty Tn—-1Y1Y1 Tp_1Y1 Y1TnY1Ti—1TnT, _1Y1Tn—1
= 1.

1 1
Ti1Y1

e Relation (PT4): (PT4) is an easy case if either i = n or j > 3. So, we
assume that j =2 and ¢ <n — 1. Then:

yaf (c)yy !
= y2x»,:l1A_1(xn7$i—lvyl)zglxn—lA(xnvzi—lvyl)zn—lygl
= 2, 2 e AT (@0, 2o 1, Y1) T 1A (T, Tie1, Y1)Ys a1
= l‘;ilxi__llA_l(l‘naxi—layl)xn—lA(xnyxi—layl)xn—l (by (PR4))
= f(ai).

e Relation (PT7): (PT7) is an easy case if j = n — 1. So, we assume that
j < n—2. We prove by induction on i > 2 that z; and f(f;) commute.
Assume first that i = 2. (PR4) and Lemma 3.4 imply:

2 AT (@1, Y1, 12) T A (@01, Y1, Y2) = A7 (Tn_1, Y1, Y2)Tn A(Tn_1, Y1, Y2);,
and this last equality implies:
zif(B2)z; ' = f(Ba).
Now, we assume that ¢ > 2. The first equality of Lemma 3.5 implies:
FB:) = FBi)yif (Bioa) My

Thus, since z; commutes with y; and with f(8;—1) (inductive hypothesis), z;
also commutes with f(5;).

e Relation (PT9): The equality
via S By = (B[ (Bia)
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is a straightforward consequence of the second equality of Lemma 3.5.
e Relation (PT10): The equality
vierf(B:)yih = F(Bie) ™ F(B:)
is a straightforward consequence of the first equality of Lemma 3.5.
e Relation (PT11): Assume first that n = 1. Then:

Fla) T f (B~ (B2) 7 f(B3) 2 f(B3)2~ ()
= A_z(xlay17y27y3aZ)A($Oaxlaylay27y3vz) (by Lemma 36(1))
1 (by (PR5)).

Now, assume that n > 2. Lemma 3.6.(i) implies:

wy wn  f(B1) T (B2) T f(B3) T 2 (B3)2 7 F(B)
= A—Q(xn’ Y1,Y2, Y3, Z)A(xn—la Tn,Y1,Y2,Y3, Z)7

and Lemma 3.6.(ii) implies:
T o1 fa1) = A7 (20, T, y1) A (20, Tp1, T, Y1).
Thus:

Fla) T (B (B2) 7 f(B) 2 f (B3)2~ ()
= A_1($0737n—1737n7y1)A2($07ﬂUmyl)A_Q(ﬂUmyl?yQ?y:%Z)A(xn—hﬂ?mylvyzvy&z)
=1 (by (PR6)).

e Relation (PT12): (PT12) is an easy case if ¢ = 1,2. We prove by induction
on ¢ > 4 that z and f(8;) commute. Recall first that the first equality of
Lemma 3.5 implies:

FBi) = FBim)yif (Bima) 'y
Assume that ¢ = 4. Then:

2f(Bs)z!
= 2f(B3)yaf(Bs) yyte?
= fF(B3)f(B2)f(B1) fler) f(Br)Lyaf (Br) f(an) "L F(B1)~HF(B2) 1 (Bs) Lyt
by (PT11)
= f(B3)yaf(Bs)"'ys" (by (PT4) and (PT8))
= f(Ba)-

Now, we assume that ¢ > 4. Then z commutes with f(;), since it commutes
with y; and with f(3;—1) (inductive hypothesis). O
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Now, in view of Proposition 3.3, and applying Lemma 2.5 to the exact se-
quences (2.3) of Subsection 2.2, one has immediately the following presentation

for PM(Fy,41,Pn).

Proposition 3.7 Let g, > 1, let n > 0, and let PT',., be the Coxeter graph
drawn in Figure 21. Then PM(F, ,41,Py) is isomorphic with the quotient of
A(PT,,) by the following relations.

e Relations from M(Fy1):

(PR’]') A4(y17y27y372) = A2(‘T07y17y27y372) Ifg Z 27
(PRz) A2(?/17y27y37y47y572) = A($D7y17y27y37y47y572) Ifg Z 3.

e Relations of commutation:
(PR3)  zp A (@ig1, 5, y1)TiA(@ig1, 25, Y1)
= A_l(xiﬂ,:Uj,yl):viA(:UHl,:nj,yl)xk if0<k<j<i<r+n-1,
(PR4)  yoA Nwiv1, 25, y1)TiA(@iv1, 25, Y1)
= A (@ig1, 25, y1) A (Tig1, 2y, y1)ye F0<j<i<r+n-1,
e Relations between fundamental elements:

(PR5&) uy = A(iUO,QUl?yl»vaySv Z)A_2($17y17y27y37 Z)?

(PR6a) uiy1 = A(@i, Tit1,Y1,Y2, Y3, 2) A2 (Tig1, Y1, Y2, Y3, 2)
A%(zo, Tiv1, y1) A (20, 28, i1, 1) i 1<i<r—1,

(PR6b) A($i7$i+17y17y27y37Z)A_2($i+lvyl7y27y372’)
= A(zo, 2, Tit1, Y1) A2 (20, Tig1, 1) if r<i<n+r-—1

/\lxn+r

° ®___--- ° ‘: . - —

Pry,, W U3 Uy \/lyl Y2 ly3 Ya Y2g—1
z

I

Zo

Figure 21: Coxeter graph associated with PM(Fy 41, Pr)

Let PG(g,r,n) denote the quotient of A(PTy ;) by the relations (PR1),(PR2),
(PR3),(PR4),(PR5a), (PR6a), (PR6b). Consider the Dehn twists ag, . .., Gpir,
bi,...,b2g—1, ¢, di,...,d, represented in Figure 12. Then an isomorphism
p : PG(g,r,n) — PM(Fyri1,Pn) between PG(g,7,n) and PM(Fy,41,Pn)
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is given by p(z;) = a; for i = 0,...,n+7r, p(y;) = b; for i = 1,...,2g — 1,
p(z) =c,and p(u;) =d; for i =1,...,7.

As in Lemma 3.6, we use the algorithm of [7] to prove the following.

Lemma 3.8 (i) We number the vertices of the Coxeter graph Dg according
to Figure 6. Then the following equality holds in A(Ds).

1

2 -1 _ -1,-1,-1,-1_-1
A*(z1,23,...,26) A7 (21,22, 23,...,T6) = TeT5T4TITI1Ty T3 Ty Ty Tg T5T4

xgzvgxl_lxglex5_1x4:n3:v1x2_lx:;le:ngxgxgxl_lxglxz_ .

(ii) We number the vertices of the Coxeter graph D, according to Figure 6.
Then the following equality holds in A(Dy).

A(z1, z2,x3, x4)A_2(x1, x3,T4) = 1132:1331'2_11'11'511'2_11'41'3:1321'1_1ZE;IZEZI. O
Proof of Theorem 3.1 Recall that I'y ., denotes the Coxeter graph drawn in
Figure 18, and that G(g,7,n) denotes the quotient of A(I'y ) by the relations
(R1),...,(R7), (R8a), (R8b). Recall also that there is a well defined epimor-
phism p : G(g,7,n) = M(Fgr41,Prn) which sends x; on a; for i =0,...,7+1,
y; on b; for ¢+ = 1,...,2g — 1, z on ¢, u; on d; for i« = 1,...,r, and v;
on 7; for i = 1,...,n — 1. Our aim now is to construct a homomorphism
f i M(Fy,41,Pn) — G(g,7,n) such that fop is the identity of G(g,r,n). The
existence of such a homomorphism clearly proves that p is an isomorphism.

We set Ag =z, A1 = 2,41, and
A; = ZL'}ﬂ_iA(ZIS‘T_i_l,Ul, ceyi—1) fori=2,... n.
These expressions are viewed as elements of G(g,r,n). Note that, by Proposi-

tion 2.12, we have p(4;) = a,4; for all i =0,1,...,n.

Assertion 1 (i) The following relations hold in G(g,r,n):

(T1)  AiqAipr = vidivA;
= Av;Av;  forl <i<n-—1,

(TQ) AZA] = AJAl for 0 <i< 7 <n,
(T3) Ay = vjd; for i # j,
(T4) nAdiyn = A4 for 0 <i < n.

(ii) The relations (T1),...,(T4) imply that there is a well defined homomor-
phism h; : A(By) — G(g,r,n) which sends x1 on v;, x93 on A;, x3 on y1, and
x4 on A;_1. Then the following relation holds in G(g,r,n):

(T5)  hi(A(xy, 0, 23, 74)) = hi(A(z1, 29, 23)) for 1 <i<n.
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Proof of Assertion 1 e Relation (T1):

Ay = x;"A(er,vl, Cey V)
= 2, "0Ui—1 . .. V1Tp 4101 - .. Vim0 A(Tp g1, 01, ... vi—1)  (by 2.9)
= 20 A(Trg1, V15 - - V1) AT N @y 1,01, -, V)Y
A(Tp41,V1,- .- ,0i—1)
= 2 2A N 2oy 1, 01, V)0 T A (T, vt v )0
A(Tp41,V1,- .- ,0i—1)

-1
= AZ»_IUZ‘AZ"UZ‘AZ'.

Similarly:
A1 = A7 Ao Ay

e The relations (T2) and (T3) are direct consequences of the “braid” relations
in A(Tg,rn)-

e Now, we prove (T4) and (T5) by induction on i. First, assume ¢ = 1. Then
(T4) follows from the “braid” relation y1z,+1y1 = r41y12r41 in ALy, p), and
(T5) follows from the relation (R7) in the definition of G(g,r,n).

Now, assume ¢ > 1. Then the relation (T4) follows from the following sequence
of equalities.

A Ay ATy
= A i Aisvic1 sy Ai1vio1 Ao ATy P A ou A o L ATyt

(by (T1))

AZ 9" Vi— 1410 1A lylAz 1014 lylAl 2U1 1AZ 1U Az 1y1 A

A;i—o  (by (T2),(T3), induction)
= A 12 hi—1(A%(z1, 20, w3) A~ (21, 9, 23,24)) - A;_2  (by Proposition 2.9)
= 1 (by induction).

The Relation (T5) follows from the following sequence of equalities.

hi(A_l(:L‘l,ZL‘Q,ZL‘3,£L‘4)A2(ZL‘1,ZL‘2,ZL‘3))
= Ai__llyl_lA-_lv_lA_lyl_lAl_llylA vzylA vlylA vl (by Propositions 2.8 , 2.9)
= Az’_—llyl_lAZ 20;_ 1A1 1Uz_11Az 1Y% Uz 1A1 1V Az 1A1 291 Ai_—llylAi_—12Ai—1
Uz’—lAz'—lUz—lvzylAi_QAz—lvz—lAz—lvz—lvzylvz—lAz—l'Uz—lAz—lAi—_lgvi (T1)
= Ao A ATy Aiov AT o AT o o AT o AT A Ay
ATV ATL A v 1 A qvio1oyn AT A v 1 A 1010101 A 101 A
-A7L (by (T2),(T3), induction)
= Ao AT ol i Ay AT oo AT o T ATy ATy Ao
AL A v A 1vim 10 vio1 A vim oo s vis1 A A
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(by (T2),(T3), induction)

= A2 A v iy - ALy AT o oty Aise - R (AT (21, 0, w3, 704)
A(z1, 32, 73)) - Y1 Ai—10i-1viy1 A7 5 Ai_1vi1 A 1010011 Aio1v; v v
-yl_lvi_lAi_lAi__IQ(by Proposition 2. 9)

-1

_ . -1, -1 —1 —1 -1
- AZ—QAi—lvi—lyl‘Az 2Y1 Az 1V 1U ylAZ 21)1 1A1 1y1 V- 1Az 1y1

Vi1
Ay A rvim1vin A A 1vim1 A1 v vivim 1y Ao oo
vy 1vi_1Ai_1Ai__12 (by induction)

= Ai2 AT vy AJJnglA;_Hyw;lllvilvz_ﬂA;_lllAi_nylA;_lzv;ﬂvwz--l
A; 11)11)1 1v1y1A Z1V; Y1Vi—10; - yl_ Vi 1AZ 1Al_ 2(( 2), (T3) induction)

= Al 2Az 11)1 1y1 Az 2Al 1y1 1Az 1Y; 111) U Az 19 1Az oY1V Vi— 1U Al 1
ViU 1Y1 A 1Y10i—10; - Y] Uz_lAZ_lAZ»_Q (by (T2),(T3), induction)

= Ao A7 o iy Ay - ALy P AT o o o L AT g P A S o1 A
vi_1A4;_ 1ylvz 14,21 - v; - Al_lllyl_lvz 1A 1A_11 ((T21) (TS) induction)

= A 2Az 10— 13/1Az 1 Az 2y1 Az 10— 1” Ui lAz 19 Az 2Vi
hi—1 (A(x1, 29, 23)) - v; - Ai_lyl vz_lAl_lAi_Q (by Proposition 2.8)

= Ao A7 o iy A - ALy P AT o o o L AT g P AT e Ay ey A
Ui—lAi—lylAi—ZUi . Ai__llyl_lvi_lAi_lAi__IQ (by iDdUCtiOD)

= A2 A v iAoy - Ay P AT o e oo P Ay A ov - ATyt
vi_1Ai_1A; Y (by (T2),(T3), induction)

=1 (by (T2),(T3), induction)

Assertion 2 Recall that PI'y,, denotes the Coxeter graph drawn in Figure
21. There is a well defined homomorphism g : A(PT'y, ) — G(g,r,n) which
sends x; on x; for i =0,...,7+ 1, xp4; on A; for i = 2,...,n, y; on y; for
1=1,...,2g—1, z on z, and u; on u; fort=1,...,7r.

Proof of Assertion 2 We have to verify that the following relations hold in
G(g,r,n).

TG) AlAj = A]AZ for 1 <1 S] < n,

T7) v Aj= Ajx; for0<i<randl<j<mn,

8)  wyiAwyi= Ay A; for 1 <i<n,

9) Ayi= y;Ai forl1<i<mand2<j<2g-—1,
10) Aiz= zA; for 1 <i<n,

11) Aiu]‘: UjAZ' forlgignandlgjgr.

(
(
(T
(T
(T
(T

The relations (T6) and (T8) hold by Assertion 1, and the other relations are
direct consequences of the “braid” relations in A(I'y, ).
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Recall that PG(g,r,n) denotes the quotient of A(PT,,) by the relations
(PR1),...,(PR4), (PR5a), (PR6a), (PR6b), and that this quotient is isomorphic
with PM( Fyr+1,Pn) (see Proposition 3.7).

Assertion 3 The homomorphism g : A(PTy, ) — G(g,r,n) induces a ho-
momorphism g : PG(g,r,n) — G(g,r,n).

Proof of Assertion 3 It suffices to show that the following relations hold in
G(g,r,n).

(T12)  g(epA N (wir1, 2, y1) A (Tir1, T, y1))

= g(A Y wip1, 2 y1)ziA (s, g y1)zk) for 0<k<j<i<r+n-—1,
(T13) gy DA N (@it1, ), y1)ziA(Tig1, x5, 41))

= g(A N @ig1, 25, y1) T A (@ig1, 25, y1)y2) for 0 < j <i<r+n-—1,
(T14) Q(A(xi,$i+17y17y2,y3,Z)A_2($i+1,y1,y2,y372))

= 9(A(zo, 25, Tig1, 1) A2 (z0, Tiv1,y1)) for r+1<i<r+n-—1

e Relation (T12): for i >r+1 and j <i— 1, we have:

(E1)  g(A N (@iv1, 2, y1) A (@iv1, 25, y1))
= yflg(xj)_lA:lr+1yf1Az 'rylAz r+lg($])yl
= yy tg(x) A AT o Ay A A A,
A7l 1g(x;)y1 (by (T1))
= Ui_—lryl ( ) lA Az r—1Y; l'rAz rAz rylAZ'__eri—rvi rAz_r 1Ai—r
g(‘rj)ylvz—r (by (T2), (T3), (T4))
v () T AT T A i A g(g)yivi, (by (T2),(T3),(T4))

v (AT (@i, w4, y1)Tim1 A (@4, T4, Y1) ) Vi
For i >r+1 and j =i — 1 we have:

(E2) 9O (@igr, i1, y1)w A (@ig1, i1, 1)

= 1Az_r 1 i_lr+1y1_1Az rY1 A r—l—lAz r—1Y1

= yl_lAz_lr lAl r—1Y; lAz r z_l Az rY1 lAz P Ai Vi Aj 05y
Az_—lr lAz r—1Y1 (by (Tl))

= U ryl lAz rY; ITAZ 'rA”L TylAi_—eri—TUi—'rAi—ryl'Ui—'r
(by (T2),(T3),(T4))

= vy Ay iy (by (T2),(T3), (T4))

= Ui—_lTAi—rUi—r-

First, assume that ¢ < r. Then the relation (T12) follows from the relation
(R3) in the definition of G(g,7,n). Now, we assume that j <r <i<r+n-—1,
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and we prove by induction on ¢ that the relation (T12) holds. The case i =r
follows from the relation (R3) in the definition of G(g,r,n), and the case i > r
follows from the inductive hypothesis and from the equality (E1) above. Now,
we assume that r < j < i < r+n—1, and we prove, again by induction on
i, that the relation (T12) holds. The case ¢ = j + 1 follows from the equality
(E2) above, and the case i > j + 1 follows from the inductive hypothesis and
from the equality (E1).

e The relation (T13) can be shown in the same manner as the relation (T12).

e Relation (T14): We prove by induction on ¢ > sup{r,1} that the relation
(T14) holds in G(g,7,n). If i =r > 1, then the relation (T14) follows from the
relation (R8b) in the definition of G(g,r,n). Assume r =0 and ¢ = 1. Then:

(A% (z2,y1, Y2, Y3, 2) AT (1, 22, Y1, Y2, Y3, 2) A0, 71, T2, Y1 ) A ™2 (20, T2, Y1))
= 2ysyan As ATy Yy s e sy AL ALy Yy s tyeyn As ATy s L Ar
1411142_13/1_1141_1 . AlylAl_lAle_lAl_lAoylAlAQ_Iyl_le_l (by Lemma 3.8)
= zysyoyivr Arv AL Ay ATy s s e ysyenn AT Ag AT o P AT o Ty !

Y3 yoyrvr Ao A Ay P ATy s P Aoy Ay A AT o P AT o Ty T AT (T
= o1 - 2y3y2u1 A1 Ag s s 2 s yeyt Ao ATy s M ys e Av Ag tyr by
Aoyr Ao Ay ty At ot (by (T2),(T3), (T4))
= Vg - A2($1,y1,y2,y3,Z)A_1($0,$1,y1,y2,y3,2) . vl_l (by Lemma 3.8)
=1 (by (R8a)).

Now, we assume that ¢ > sup{r,1}. Then:

(A% (g1, 91,92, Y3, 2) AT (@4, Tis1, Y1, Y2, Y3, 2) A(wo, Ti, g1, Y1)
A~ (zo, Tig1,y1))

= sy A Ay Lyl 1y3‘ 271 ygyzylAi_rAi‘_lmyf ot ys e Air
Ay y2lAz rylAz PA AT Ay AT Ay A oy
A AT 1YL 'zg1  (by Lemma 3.8)

= ZYsY2y1vi— TAl_TUZ TA Az 1r lAz_—lryl_ y2_ y3_ z y3y2ylAi—rAi—r—1Ai__lr
Yy 17~A1 r z ryl_ Yo y3 y2ylvz rAi—rUi rAi- Az_r 1Ai__1Tyfly2_1x0y1Ai_r
Al = 1A1 rVi— Az r z ryl (by (Tl))

= Vi—r Zy3y2ylAz rAi—r—1y1 y21y?,_lZ_1y3y2y1Ai—r—lAi__lryl_lyg_ly?)_lyle
A r ATy oy A ATy e o (by (T2), (T3), (T4))

= Uiy - g(A* (@5, y1, Y2, y3, 2) AT (@im 1, i, Y1, Y2, Y3, 2) A(20, Tim1, 24, Y1)
A2 (zo, zi,41)) - vi__lr (by Lemma 3.8)

= 1 (by induction).

Let Vi,...,V,_1 denote the natural generators of the Artin group A(A,_1),
numbered according to Figure 6. Applying Lemma 2.5 to the exact sequence
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(2.1) of Subsection 2.2, one has that M(F, ,11,Py) is isomorphic with the
quotient of the free product PG(g,r,n) * A(A,—1) by the following relations.

e Relations from X,,:

(T15) Vi = A% (@rpio1, Togitt, YA N @y im 1y Tty Trrit 1, Y1)
for1<i<n-—1.
e Relations from conjugation by the V;’s:
(T16) Vﬂqul =wiforl1<i<n-—1and
WE L0, ., Tria 1, Tritls - s Trgmy Yls e oo s Y2g—15 2, UL, - -, Up |,

1 1.1 -1 1 ,
(T17) Vize Vi = 1% i 1%, Y1 Trpi A1 iy for 1<i<n—1.

We can easily prove using Proposition 2.12 that the relation (T15) “holds” in
M(Fgr41,Prn). The relation (T16) is obvious, while the relation (T17) has to
be verified by hand.

Now, the homomorphism g : PG(g,r,n) — G(g,7,n) extends to a homomor-
phism f : PG(g,r,n) * A(A,—1) — G(g,r,n) which sends V; on v; for all
1=1,...,n—1.

Assertion 4 The homomorphism f : PG(g,r,n) * A(A,—1) — G(g,r,n) in-
duces a homomorphism f: M(Fy,11,Ppn) — G(g,7,1n).

One can easily verify on the generators of G(g,r,n) that f_o p is the identity
of G(g,r,n). So, Assertion 4 finishes the construction of f and the proof of
Theorem 3.1.

Proof of Assertion 4 We have to show that: if w; = wsy is one of the
relations (T15), (T16), (T17), then f(wy1) = f(w2).

e Relation (T15):

FOATY @ rtim 1y Tty Trpit 1, Y1) A2 (Tpim 15 Trgig1,91)) - 07 2

= A7y AT A AT A A Ao A
(by Propositions 2.8 and 2.9)
= A7y AT Ao AT o AT Y TR AT g A AT Ao A A AT A
A 2(by (T1))
= A7y AT T AT Ay AT Ao Aoy Ao Aot (by (T2), (T3), (T4))
= A7y o by A by ooy PAw A (by (T, ., (T4))
=1 (by (T2),(T3),(T4)).

e The relation (T16) is a direct consequence of the braid relations in A(I'g,.,).
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e Relation (T17):

Fnmr iz, ey ez, Ly Doif (@ )v;
= A 1A—1yflAl+ly1A ATy oA !
= y1A; AZ vy FAT A Aoy Ao ATy PAT ot (by (T, (T2), (T3))
= A7y tA 1y1A 0; Aviy1 A lel__lyl_lA_ v_l (by (T4))
= Ai_l 14, A 1y1A v Ay A; lel 0 1A (by (T4))
= A7y ATy Ay Ay Ao AT yp 1Ai v -1 (by (T2),(T3),(T4))
= A7y AT hi(A(wy, e, w3)) - ALy AT o (by Proposition 2.8)
= AZ- 1y1_1Ai_1Al_1ylAleAzylAz_lAi__llyl_lAi_lvi_l(by (T5) Proposition 2.9)
= 1. O

3.2 Proof of Theorem 3.2

Let ¢; : ST — O0F, 1 be the boundary curve of F, ;. We regard Fy o as obtained
from Fy 1 by gluing a disk D? along ¢;, and we denote by ¢ : M(Fy1,Pr) —
M(Fy0,Pr) the homomorphism induced by the inclusion of Fy ;1 in F,o. The
next proposition is the key of the proof of Theorem 3.2.

Proposition 3.9 (i) Let g > 2, and let a,,al, be the Dehn twists represented
in Figure 22. Then ¢ is surjective and its kernel is the normal subgroup of
M(Fy1,Py) normaly generated by {a,'a]

(ii) Let g =1, and let e, e’ be the Dehn twists represented in Figure 22. Then
¢ Is surjective and its kernel is the normal subgroup of M(Fi1,P,) normaly
generated by {a;'ag,e 'e'}.

Figure 22: Relations in M(F,,Py)

Proof We choose a point @ in the interior of the disk D?, and we denote by
Mqg(Fy0,PnU{Q}) the subgroup of M(F, o, P, U{Q}) of isotopy classes of
elements of H(Fy 0, Pn, U{Q}) that fix Q. An easy algebraic argument on the
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exact sequences (2.1), (2.2), and (2.3) of Subsection 2.2 shows that we have the
following exact sequences.

(2.2.&) 1—m (Fg,O \Pm Q) - MQ(Fg,Oa Pp U {Q}) L M(Fg,07pn) — 1,
(2.3.0) 1 —Z— M(Fy1,Pn) 22 Mg(Fp0,PnU{Q}) — 1.
Moreover, we have ¢ = @1 0 3.

A first consequence of these exact sequences is that ¢ is surjective. Now, we
use them for finding a normal generating set of ker ¢.

The group 711(Fg70 X Pn,Q) is the free group freely generated by the loops
a1y...,0p, B1,...,B29—1 represented in Figure 23. One can easily verify by
hand that the following equalities hold in Mg (Fy0,Pn U{Q}):

@ = wa(bralaibian)~t - a;t - po(bralabia,) fori=1,...,n—1,
B = @a(bran) ™" - an - a(bran),
,Bj = (pg(bjbj_l)_l . ﬁj_l . gOz(bjbj_l) for j = 2, .. ,29 — 1.

Moreover, by Lemma 2.6, we have:
an = pa(a,tal).
On the other hand, by Lemma 2.7, the Dehn twists o1 along the boundary

curve of Fy; generates the kernel of ¢s. So, the kernel of ¢ is the normal
subgroup normaly generated by {a,'a),o1}.

Now, assume g > 2. Let G’ denote the quotient of M(Fy 1, P,) by the relation
an, = a,. Define a spinning pair of Dehn twists to be a pair (o,0’) of Dehn
twists conjugated to (an,al,), namely, a pair (o,0’) of Dehn twists satisfying:
there exists & € M(F,1,Py) such that 0 = a,&! and o’ = £al,é7t. Note
that we have the equality o = ¢/ in G’ if (0,0’) is a spinning pair. Consider
the Dehn twists eq, ea, €3, €], €5, 5 represented in Figure 24. The pairs (eq,€}),
(e2,€h), (es,€h) are spinning pairs, thus we have the equalities e; = €}, ea = €},
es = €4 in G'. Moreover, the lantern relation of Lemma 2.4 implies:

€1e9€e301 = 6/16/2(3%.
Thus, the equality o1 = 1 holds in G’. This shows that the kernel of ¢ is the
normal subgroup of M(Fj 1,P,) normaly generated by {a;'a/,

Now, we assume g = 1. Then a), = ap. Let G’ be the quotient of M(F} 1,Py,)
by the relation a,, = ag. By Proposition 2.12, we have the following equalities
in G'.
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Figure 23: Generators of m1(Fy o \ Pn, Q)

ore = (agbianagbiao)® = (apbiagagbiag)?,
¢ = (aobrao)*.

Thus, we have the equality o1 = e~'e/ in G’. So, the kernel of ¢ is the normal

subgroup of M(F} 1,P,) normaly generated by {a, 'ag,e te'}. O

Proof of Theorem 3.2 Recall that I'y o, denotes the Coxeter graph drawn
in Figure 18, and that G(g,0,n) denotes the quotient of A(I'yo,) by the re-
lations (R1), (R2), (R7), (R8a). By Theorem 3.1, there is an isomorphism
p: G(g,0,n) = M(Fy1,Pyn) which sends x; on a; for i = 0,1, y; on b; for
i1=1,...,2g—1,zonc,and v; on 7; for i =1,...,n— 1.

First, assume g > 2. Let Gy(g,n) denote the quotient of G(g,0,n) by the
relation (R9a). Proposition 2.12 implies:

Qp = ﬁ(l'(l)_nA(l‘l,Ul, cee 7Un—1))a

— 32
a’/n = ,0(1'0 gA(Zay27'-'7y29—l))-

Thus, by Proposition 3.9, p induces an isomorphism :
po : Go(g,n) — M(Fy0,Pn).
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Now,

Figure 24: Lantern relation in M(F, 1,P,)

assume g = 1. Let Go(1,n) denote the quotient of G(1,0,n) by the

relations (R9b), (R9c). Proposition 2.12 implies:

an = p(x[l)_nA(xlvvlv s 7”71—1))7

e — p(AQ(Ul,---,Un—l))v
e = p(A*(xg,y1)).

Thus, by Proposition 3.9, p induces an isomorphism :

po - Go(l,n) — M(FLo,Pn). O
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