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ABSTRACT. In this paper we study two approaches for the defi-
nition of the first order Orlicz-Sobolev spaces with zero boundary
values on arbitrary metric spaces. The first generalization, de-
noted by Mql;o(E), where E is a subset of the metric space X, is
defined by the mean of the notion of the trace and is a Banach
space when the N-function satisfies the Ay condition. We give also
some properties of these spaces. The second, following another def-
inition of Orlicz-Sobolev spaces on metric spaces, leads us to three
definitions that coincide for a large class of metric spaces and N-
functions. These spaces are Banach spaces for any N-function.
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1. INTRODUCTION

This paper treats definitions and study of the first order Orlicz-
Sobolev spaces with zero boundary values on metric spaces. Since
we have introduce two definitions of Orlicz-Sobolev spaces on metric
spaces, we are leading to examine two approaches.

The first approach follows the one given in the paper [7] relative to
Sobolev spaces. This generalization, denoted by Mé’O(E), where E is
a subset of the metric space X, is defined as Orlicz-Sobolev functions
on X, whose trace on X \ E vanishes.
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This is a Banach space when the N-function satisfies the Ay con-
dition. For the definition of the trace of Orlicz-Sobolev functions we
need the notion of ®-capacity on metric spaces developed in [2]. We
show that sets of ®-capacity zero are removable in the Orlicz-Sobolev
spaces with zero boundary values. We give some results closely re-
lated to questions of approximation of Orlicz-Sobolev functions with
zero boundary values by compactly supported functions. The approx-
imation is not valid on general sets. As in Sobolev case, we study
the approximation on open sets. Hence we give sufficient conditions,
based on Hardy type inequalities, for an Orlicz-Sobolev function to be
approximated by Lipschitz functions vanishing outside an open set.

The second approach follows the one given in the paper [13] relative
to Sobolev spaces; see also [12]. We need the rudiments developed in
[3]. Hence we consider the set of Lipschitz functions on X vanishing
on X \ F, and close that set under an appropriate norm. Another
definition is to consider the space of Orlicz-Sobolev functions on X
vanishing ®-q.e. in X \ E. A third space is obtained by considering
the closure of the set of compactly supported Lipschitz functions with
support in E. These spaces are Banach for any N-function and are, in
general, different. For a large class of metric spaces and a broad family
of N-functions, we show that these spaces coincide.

2. PRELIMINARIES

An N -function is a continuous convex and even function ® de-
fined on R, verifying ®(t) > 0 for ¢ > 0, limy_o¢'®(t) = 0 and
lim; o t71®(t) = +o00.

1t
We have the representation ®(t) = [ ¢(x)dL(x), where ¢ : RT —
0

R* is non-decreasing, right continuous, with ¢(0) = 0, ¢(t) > 0 for
t >0, lim; o+ p(t) = 0 and lim;_,, p(t) = +00. Here £ stands for the
Lebesgue measure. We put in the sequel, as usually, dz = d£(z).

It
The N-function ®* conjugate to @ is defined by ®*(t) = [ ¢*(z)dx,
0
where ¢* is given by ¢*(s) = sup{t : p(t) < s}.
Let (X,T, 1) be a measure space and ® an N-function. The Orlicz
class Lg,,(X) is defined by
Lo, (X)={f:X — R measurable : [, ®(f(z))du(z) < oo} .

We define the Orlicz space Lg ,(X) by
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Lo, (X) =
{f: X — R measurable : [, ®(af(z))du(z) < oo for some a > 0} .

The Orlicz space Lg ,(X) is a Banach space with the following norm,
called the Luxemburg norm,

A llogx = inf {r >0+ fic @ (£2) d(@) <1}

If there is no confusion, we set ||| f|||e = ||| f]|]®ux-
The Holder inequality extends to Orlicz spaces as follows: if f €
Ls ,(X) and g € Le« ,(X), then fg € L' and

Jx [faldp < 2/l flllex- lllgll

Let ® be an N-function. We say that ® verifies the Ay condition if
there is a constant C' > 0 such that ®(2t) < C®(¢t) for all ¢ > 0.

The A, condition for ® can be formulated in the following equivalent
way: for every C' > 0 there exists C' > 0 such that ®(Ct) < C'®(t) for
all t > 0.

We have always Lq,(X) C Lg,(X). The equality Lo,(X) =
Ls ,(X) occurs if ® verifies the A, condition.

We know that Lg ,(X) is reflexive if & and ®* verify the A, condi-
tion.

Note that if @ verifies the A, condition, then [ ®(fi(x))du — 0 as
i — oo if and only if ||| fi|||e,.x — 0 as i — oo.

Recall that an A-function ® satisfies the A’ condition if there is a
positive constant C' such that for all z,y > 0, ®(zy) < CP(x)P(y).
See [9] and [12]. If an N-function ® satisfies the A’ condition, then it
satisfies also the As condition.

Let Q be an open set in RY, C*(2) be the space of functions which,
together with all their partial derivatives of any order, are continuous
on Q, and CF(RY) = Cg° stands for all functions in C*(R”Y) which
have compact support in RY. The space C*(2) stands for the space
of functions having all derivatives of order < k continuous on €2, and
C(9) is the space of continuous functions on €.

The (weak) partial derivative of f of order || is denoted by

B
Dff = ik
Oxt.0x5”...0x

Let ® be an N-function and m € N. We say that a function f :
RY — R has a distributional (weak partial) derivative of order m,

denoted DPf, |B| = m, if
[ fDPodx = (=1)P! [(DPf)0dz, V0 € CF.

D, X -
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Let Q be an open set in RY and denote Lg ¢(2) by Lg($2). The
Orlicz-Sobolev space W™Lg(2) is the space of real functions f, such
that f and its distributional derivatives up to the order m, are in Lg(€2).

The space W™Lg(€2) is a Banach space equipped with the norm

flllmeo =3 [IDfllle, f € WmLa(),
0<|B|<m
where [[[D7flla = 11D 1|0,

Recall that if ® verifies the Ay condition, then C*(2) N W™ Lg(2)
is dense in W™Lg(Q2), and C3°(RY) is dense in W™Lg(RY).

For more details on the theory of Orlicz spaces, see [1, 8, 9, 10, 11].

In this paper, the letter C' will denote various constants which may
differ from one formula to the next one even within a single string of
estimates.

3. ORLICZ-SOBOLEV SPACE WITH ZERO BOUNDARY VALUES
ME(B)
3.1. The Orlicz-Sobolev space M{(X). We begin by recalling the
definition of the space Mg (X).
Let u : X — [—00, +00] be a p-measurable function defined on X.

We denote by D(u) the set of all u-measurable functions g : X —
[0, +00] such that

(3.1) u(z) — uy)| < d(z, y)(g(x) + 9(y))

for every x,y € X \ F, x # y, with u(F) = 0. The set F is called the
exceptional set for g.

Note that the right hand side of (3.1) is always defined for = # .
For the points =,y € X, x # y such that the left hand side of (3.1) is
undefined we may assume that the left hand side is +ooc.

Let ® be an N-function. The Dirichlet-Orlicz space L} (X) is the
space of all u-measurable functions u such that D(u) N Le(X) # 0.
This space is equipped with the seminorm

(3.2) [lullley x) = inf {Illglllg = 9 € D(u) N La(X)} .

The Orlicz-Sobolev space ML(X) is defined by Mi(X) = Lg(X) N
L} (X) equipped with the norm

(3.3) elllag x) = Nl + [HelllLy o) -
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We define a capacity as an increasing positive set function C given
on a c-additive class of sets I', which contains compact sets and such
that C(0) =0 and C(U X;) < > C(X;) for X; € T,i=1,2,....

i>1 i>1

C is called outer capacity if for every X € I,
C(X)=inf {C(O0) : O open, X C O}.

Let C be a capacity. If a statement holds except on a set E where
C(E) = 0, then we say that the statement holds C-quasieverywhere
(abbreviated C-q.e.). A function u : X — [—00, 00] is C-quasicontinuous
in X if for every € > 0 there is a set £ such that C'(F) < ¢ and the
restriction of u to X \ E is continuous. When C' is an outer capacity,
we may assume that E is open.

Recall the following definition in [2]

Definition 1. Let ® be an N -function. For a set E C X, define Co(E)
by
Co(E) = mnf{|[[ull[ 3 x) - v € BE)},
where B(E) = {u € M}(X) :u > 1 on a neighborhood of E}.
If B(E) =0, we set Cp ,(E) = c0.
Functions belonging to B(E) are called admissible functions for E.

In the definition of Cs(F), we can restrict ourselves to those admis-
sible functions u such that 0 < w < 1. On the other hand, Cs is an
outer capacity.

Let ® be an N -function satisfying the Ay condition, then by [2 The-
orem 3.10] the set

Liph(X) = {u € M}(X) : u is Lipschitz in X}
is a dense subspace of M} (X). Recall the following result in [2, Theo-
rem 4.10]

Theorem 1. Let ® be an N -function satisfying the Ay condition and
u € M}(X). Then there is a function v € Mg(X) such that u = v
p-a.e. and v is Cy-quasicontinuous in X.

The function v is called a Cg-quasicontinuous representative of u.

Recall also the following theorem, see [6]

Theorem 2. Let C' be an outer capacity on X and p be a nonnega-
tive, monotone set function on X such that the following compatibility
condition is satisfied: If G is open and pu(E) =0, then

C(G)=C(G\ E).
Let f and g be C-quasicontinuous on X such that

p({e - f(x) # g(x)}) = 0.
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Then f = g C-quasi everywhere on X.

It is easily verified that the capacity Cg satisfies the compatibility
condition. Thus from Theorem 2, we get the following corollary.

Corollary 1. Let ® be an N -function. Ifu and v are Cg-quasicontinuous
on an open set O and if u =v p-a.e. in O, then u =v Cg-q.e. in O.

Corollary 1 make it possible to define the trace of an Orlicz-Sobolev
function to an arbitrary set.

Definition 2. Let ® be an N -function, v € M} (X) and E be such
that Co(E) > 0. The trace of u to E is the restriction to E of any
Cg-quasicontinuous representative of u.

Remark 1. Let ® be an N -function. Ifu andv are Cg-quasicontinuous
and u < v p-a.e. in an open set O, then max(u — v,0) = 0 p-a.e. in
O and max(u — v,0) is Cg-quasicontinuous. Hence by Corollary 1,
max(u —v,0) =0 Ce-g.e. in O, and consequently u < v Cg-qg.e. in O.

Now we give a characterization of the capacity C's in terms of qua-
sicontinuous functions. We begin by a definition

Definition 3. Let ® be an N -function. For a set E C X, define
Do (E) by

Do (E) = inf{{[|ullly (x) - v € B(E)},
where
B(E) = {u € My(X) : u is Cy-quasicontinuous and u > 1 Cg-g.e. in E}.
If B(E) =0, we set Dg(FE) = oc.
Theorem 3. Let ® be an N -function and E a subset in X. Then
Co(E) = Do(E).

Proof. Let u € M}(X) be such that u > 1 on an open neighborhood
O of E. Then, by Remark 1, the C3-quasicontinuous representative v
of u satisfies v > 1 Cp-q.e. on O, and hence v > 1 Cs-q.e. on E. Thus
Dy (E) < Cs(E).

For the reverse inequality, let v € B(F). By truncation we may
assume that 0 < v < 1. Let € be such that 0 < € < 1 and choose an
open set V such that Cp(V) < € with v =1 on E\ V and v|x\y is
continuous. We can find, by topology, an open set U C X such that
{reX v(x)>1—e}\V =U\V. Wehave E\V Cc U\ V. We
choose u € B(V') such that |||u|||M$(X) < ¢ and that 0 < u < 1. We
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define w = = +u. Then w > 1 pra.e. in (U\V)UV =U UV, which
is an open neighbourhood of E. Hence w € B(E). This implies that

Co(E) < wlllpx) <

1
S 1¢ ol x) + -
We get the desired inequality since € and v are arbitrary. The proof
is complete. 1

T2 ol oo + Mulllag )

We give a sharpening of [2, Theorem 4.8].

Theorem 4. Let ® be an N-function and (u;); be a sequence of Cg-
quasicontinuous functions in Mg(X) such that (u;); converges in Mg(X)
to a Cg-quasicontinuous function w. Then there is a subsequence of
(u;); which converges to u Cy-g.e. in X.

Proof. There is a subsequence of (u;);, which we denote again by (u;),,
such that

(3.4) ZT |wi — UH‘M;)(X) < 00.
i=1

We set E; = {z € X : |u;(x) —u(z)] > 27"} fori =1,2,..., and Fj =
U E;. Then 2' |u; — u| € B(E;) and by Theorem 3 we obtain Cg(F;)

=
2| Ju; — ulllasx)- By subadditivity we get

A

Co(F)) < ZCcD(Ei) < ZQi i = ulll g ) -
i=j i=j
Hence

J—o0

Co([ ) Fy) < lim Co(F}) = 0.
j=1

Thus u; — u pointwise in X \ [ Fj and the proof is complete. &
j=1

3.2. The Orlicz-Sobolev space with zero boundary values M, °(E).

Definition 4. Let ® be an N -function and E a subspace of X. We say
that u belongs to the Orlicz-Sobolev space with zero boundary values,
and denote u € My (E), if there is a Cy-quasicontinuous function
u € ML(X) such that @ = u p-a.e. in E and =0 Cy-q.e. in X\ E.

In other words, u belongs to My°(E) if there is 1 € M (X) as above
such that the trace of w vanishes Cp-q.e. in X \ E.
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The space M;;O(E) is equipped with the norm

[ulllazo iy = el agg x) -

Recall that Cep(E) = 0 implies that u(E) = 0 for every £ C X
see [2]. Tt follows that the norm does not depend on the choice of the
quasicontinuous representative.

Theorem 5. Let ® be an N -function satisfying the Ay condition and
E a subspace of X. Then Mql;O(E) is a Banach space.

Proof. Let (u;), be a Cauchy sequence in My"(FE). Then for every u;,
there is a Cp-quasicontinuous function @; € M(X) such that a; = u;
p-a.e. in E and u; = 0 Cp-q.e. in X \ E. By [2, Theorem 3.6] M (X)
is complete. Hence there is u € M} (X) such that u; — u in M} (X)
as i — oo. Let u be a Cg-quasicontinuous representative of u given
by Theorem 1. By Theorem 4 there is a subsequence (u;); such that
u; — u Ce-q.e. in X as ¢ — oo. This implies that ©w = 0 Cg-q.e. in
X \ E and hence u € My°(E). The proof is complete. &

Moreover the space M, <%;O(E ) has the following lattice properties. The
proof is easily verified.

Lemma 1. Let ® be an N -function and let E be a subset in X. If
u,v € My"(E), then the following claims are true.

1) If a >0, then min(u, o) € My"(E) and |||min(u,oz)|||M$,o(E) <
lall 200
2) Ifa < 0, then max(u, o) € My°(E) and |||max(u,oz)|||M$,o(E) <
lall 2000
1,0
3) [ul € My (E) and [[||ul[llyzom) < elllazo -
4) min(u,v) € My*(E) and max(u,v) € My°(E).
Theorem 6. Let @ be an N -function satisfying the Ay condition and

E a p-measurable subset in X. Ifu € My°(E) and v € M}(X) are
such that |v| < u p-a.e. in E, then v € My°(E).

Proof. Let w be the zero extension of v to X \ E and let u € M (X)
be a Cg-quasicontinuous function such that u = u p-a.e. in £ and that
u=0Cgp-q.e. in X\ E. Let gy € D(u)NLg(X) and g2 € D(v)NLe(X).
Define the function g3 by

max(gi(z), g2()), re kR
ola) = { o), seB
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Then it is easy to verify that g3 € D(w)NLg(X). Hence w € ML(X).
Let w € M} (X) be a Cp-quasicontinuous function such that w = w p-
a.e. in X given by Theorem 1. Then |w| < u p-a.e. in X. By Remark
1 we get |w| < u Cgp-q.e. in X and consequently w = 0 Cp-q.e. in
X \ E. This shows that v € My"(E). The proof is complete. &

The following lemma is easy to verify.

Lemma 2. Let ® be an N -function and let E be a subset in X. If u €
My (E) and v € ML(X) are bounded functions, then uv € My (E).

We show in the next theorem that the sets of capacity zero are re-
movable in the Orlicz-Sobolev spaces with zero boundary values.

Theorem 7. Let ® be an N -function and let E be a subset in X. Let
F C E be such that Cy(F) = 0. Then My°(E) = My°(E \ F).

Proof. 1t is evident that M °(E \ F) ¢ My°(E). For the reverse
inclusion, let u € M;,’O(E), then there is a Cp-quasicontinuous function
u € ML(X) such that & = u p-a.e. in F and that & = 0 Cg-q.e.
in X \ E. Since Cy(F) = 0, we get that u = 0 Cgp-q.e. in X \
(E\ F). This implies that ujpr € Mg°(E\ F). Moreover we have
}HU‘E\F}HM(;O(E\F) = |||u|||M$,o(E). The proof is complete. 1

As in the Sobolev case, we have the following remark.

Remark 2. 1) If C4(0F) = 0, then My (int E) = My (E).
2) We have the equivalence: My° (X \ F) = My°(X) = M (X) if
and only if Ce(F) = 0.

The converse of Theorem 7 is not true in general. In fact it suffices
to take ®(t) = %t” (p > 1) and consider the example in [7].

Nevertheless the converse of Theorem 7 holds for open sets.
Theorem 8. Let ® be an N -function and suppose that u is finite in
bounded sets and that O is an open set. Then My°(0) = My°(O\ F)
if and only if Co(FNO)=0.

Proof. We must show only the necessity. We can assume that F' C O.
Let 2y € O and for i € N* pose O; = B(xg, i) {z € O : dist(z, X \ O) > 1/i}.
We define for i € N*, u; : X — R by u;(x) = max(0, 1—dist(z, FNO;)).
Then u; € ML(X), u; is continuous, u; = 1 in FNO; and 0 < u; < 1.
For ¢ € N*, define v; : O; — R by v;(z) = dist(z, X \ O;). Then
v; € Mp°(0;) € My°(0). By Lemma 2 we have, for every i € N*,
wv; € My°(0) = M°(O\ F). If w is a Cy-quasicontinuous function
such that w = w;v; p-a.e. in O\ F, then w = wv; p-a.e. in O since
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w(F) = 0. By Corollary 1 we get w = u;v; Cop-q.e. in O. In partic-
ular w = w;v; > 0 Cep-q.e. in F N O;. Since u;v; € M;;O(O \ F) we
may define w = 0 Cp-q.e. in X \ (O \ F). Hence w = 0 Cp-q.e. in
FNO;. This is possible only if Cs(FNO;) = 0 for every i € N*. Hence

Cs(F) <> Cs(FNO;)=0. The proof is complete. &
i=1

3.3. Some relations between H ’(E) and My"(F). We would de-
scribe the Orlicz-Sobolev space with zero boundary values on £ C X
as the completion of the set Lipy’(E) defined by

Lipg’(E) = {u € MA(X) : u is Lipschitz in X and u = 0in X \ E}
in the norm defined by (3.3). Since M} (X) is complete, this completion
is the closure of Lipg’(F) in ML(X). We denote this completion by
Hy'(E).

Let ® be an N-function satisfying the A, condition and E a sub-
space of X. By [2, Theorem 3.10] we have Hp°(X) = My°(X).
Since Lipg (E) € My°(E) and My"(E) is complete, then Hy(E) C
My°(E). When ®(t) = %tp (p > 1), simple examples show that the
equality is not true in general; see [7]. Hence for the study of the equal-
ity, we restrict ourselves to open sets as in the Sobolev case. We begin
by a sufficient condition.

Theorem 9. Let ® be an N -function satisfying the Ay condition, O
an open subspace of X and suppose that w € ML(O). Let v be the

. __ ulx)
function defined on O by v(z) = dist(z. X\ 0) If v € Lg(O), then
uwe Hy'(0).

Proof. Let g € D(u) N Lg(O) and define the function g by
g(z) = max(g(x),v(x))if z € O
glx) = 0ifze X\O.

Then g € Lg(X). Define the function @ as the zero extension of u
to X'\ O. For pra.e. z,y € O or x,y € X \ O, we have

[u(z) —uly)| < d(z, y)(9(x) +7(y)).
For p-a.e. x € O and y € X \ O, we get

i) — 1(0)] = lu(o)| < dle ) g gy < ) ala) + 700
Thus § € D(u) N Lg(X) which implies that u € M (0O). Hence

(3.5) () —u(y)| < d(z,y)(g(x) +9(y))
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for every x,y € X \ F with u(F') = 0.
For 1 € N*, set
(3.6) Fo={z €O\ F:|ux) <ig(r) <ifuX\O.

From (3.5) we see that %p, is 2i-Lipschitz and by the McShane ex-
tension

ui(x) = inf {u(y) + 2id(z,y) - y € Fi}

we extend it to a 2¢-Lipschitz function on X. We truncate u; at the
level i and set u;(x) = min(max(w;(z), —i),7). Then w; is such that wu;
is 2i-Lipschitz function in X, |u;| < iin X and w; = @ in F; and, in
particular, u; = 0 in X \ O. We show that u; € Mj(X). Define the
function g; by

gi(x) = g(z),if x € F,

gi(z) = 2i,if v € X\ F.

We begin by showing that

(3.7) |ui(z) — wi(y)| < d(z,y)(g:(x) + 9:()),
forx,y € X \ F. If x,y € F}, then (3.7) is evident. For y € X \ F}, we
have
jui(z) —wi(y)] < 2id(z,y) < d(z,y)(g:(z) + 6:(y)), if 2 € X\ F,
ui(2) — wily)| < 2id(z,y) < d(z, 5)(G(x) +20), if € X\ F
This implies that (3.7) is true and thus g; € D(u;). Now we have
lgillle < lgillle,r: + 22l[[1]l]e x\r
21

< |llgllle,r, + ————
7 )

< 00,

and
Huillle < l[allle.r + 2ill[1]|le.x\p
21
2~ (i)
Hence u; € ML(X). It follows that u; € Lipg’(O).
It remains to prove that u; — u in M (X). By (3.6) we have
X\ F) < p(fz € X fu(@)| > i}) + p({z € X2 glz) > d}).
Since w € Lg(X) and ® satisfies the Ay condition, we get

/ C ®(a())dp(r) > (i) fr € X : [u(x)] > i},
{zeX:[u(x)|>i}

which implies that ®(i)u{z € X : |u(x)| > i} — 0 as i — oc.

< |l[@llle.r + < 00,
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By the same argument we deduce that ®(i)u{zr € X : g(z) > i} — 0
as 1 — o0.
Thus

(3.8) O()u(X \ F;) — 0 as i — oo.
Using the convexity of ® and the fact that ® satisfies the Ay condi-
tion, we get

[o@—win < [ @@+ lupan
X X\F;

< SUf ol UK\ R 0 as i oo
X\F;

On the other hand, for each i € N* we define the function h; by
hi(x) = 0,ifx € F,.

We claim that h; € D(u — u;) N Le(X). In fact, the only nontrivial
case is x € F; and y € X \ Fj; but then

(@ —wi)(2) = (@ —wu)(y)| < dz,y)(g(x) +79(y) + 2i)
< d(x,y)(g(y) + 31).
By the convexity of ® and by the A, condition we have

/ dohdp < / ® o (g + 3i)dp
X X\F;
< C[/ D ogdu+ P>i)u(X \ F;)] — 0 as i — oo.
X\F,
This implies that |||h|

condition.
Now

» — 0 as i — oo since ® verifies the A,

7 = willlpy x) < [lRillle — 0 as i — oo.
Thus @ € Hy°(0). The proof is complete. &

Definition 5. A locally finite Borel measure u is doubling if there is a
positive constant C' such that for every x € X and r > 0,

u(B(x,2r)) < Cu(B(z,r)).

Definition 6. A nonempty set E C X s uniformly p-thick if there are
constants C >0 and 0 < ro <1 such that

w(B(z,r)NE) = Cu(B(z,r)),
for everyx € E, and 0 <1 <.



22 NOUREDDINE AISSAOUI

Now we give a Hardy type inequality in the context of Orlicz-Sobolev
spaces.

Theorem 10. Let ® be an N -function such that ®* satisfies the A,
condition and suppose that p is doubling. Let O C X be an open set
such that X \ O is uniformly p-thick. Then there is a constant C > 0
such that for every u € My"(0),

1ollle,0 < Clllulll 2000

where v is the function defined on O by v(x) = % The

constant C' is independent of u.

Proof. Let u € My°(0) and & € MA(O) be d-quasicontinuous such
that u = u p-a.e. in O and uw = 0 -q.e. in X\O. Let g € D(u)NLg(X)
and set O' = {z € O :dist(z, X \ O) <ro}. For x € O, we choose
xo € X \ O such that r, =dist(z, X \ O) = d(z,x¢). Recall that the
Hardy-Littlewood maximal function of a locally p-integrable function

f is defined by
M) =sup—is [ fl)duty)
N T>IO)M(B(:C7T)) B(z,r) PRI

Using the uniform p-thickness and the doubling condition, we get

1 C
TG0 o0 = 7y, PO
C
e, o)
< CMy(z).

On the other hand, for p-a.e. x € O there is y € B(xg,7;) \ O such
that

ju() !

)o@+ gy [ o)
< Cra(g(e) + Mg(z))
< Cdist(z, X \ O)Mg(x).

By [5], M is a bounded operator from Lg(X) to itself since ®*
satisfies the A, condition. Hence

Hvllle.0r < CllIMgllle < Clllg]lle-
On O\ O" we have

I1vllle.0v0r < 76 [llull]a.0-

IN
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Thus
vlle.o < C([|ullle + [lg]]]e)-

By taking the infimum over all g € D(u) NLg(X), we get the desired
result.

By Theorem 9 and Theorem 10 we obtain the following corollaries

Corollary 2. Let ® be an N -function such that ® and ®* satisfy the
Ay condition and suppose that p is doubling. Let O C X be an open
set such that X \ O is uniformly p-thick. Then My"(0) = HZ"(O).

Corollary 3. Let ® be an N -function such that ® and ®* satisfy the
Ay condition and suppose that p is doubling. Let O C X be an open
set such that X \ O is uniformly p-thick and let (u;); € Mg°(O) be a
bounded sequence in My°(O). If u; — u p-a.e., then u € My°(O).

In the hypotheses of Corollary 3 we get My°(0) = Hy°(0). Hence
the following property (P) is satisfied for sets £ whose complement is
p-thick:

(P) Let (u;); be a bounded sequence in Hy’(E). If u; — u p-a.e., then
ue Hy'(E).

Remark 3. If ML(X) is reflexive, then by Mazur’s lemma closed con-
ver sets are weakly closed. Hence every open subset O of X satisfies
property (P). But in general we do not know whether the space My (X)
is reflexive or not.

Recall that a space X is proper if bounded closed sets in X are
compact.

Theorem 11. Let ® be an N -function satisfying the Ay condition and
suppose that X is proper. Let O be an open set in X satisfying property
(P). Then My°(0) = Hy°(0).

Proof. Tt suffices to prove that My°(0) ¢ Hy’(0). Let u € My°(0)
be a ®-quasicontinuous function from M} (X) such that u = 0 ®-q.e.
on X \ O. By using the property (P), we deduce, by truncating and
considering the positive and the negative parts separately, that we can
assume that u is bounded and non-negative. If xy € O is a fixed point,
define the sequence (7;); by

1 if d(zo,z) <i—1,
ni(z) =< i—d(zg,x) ifi—1<d(zxg,z)<i
0 if d(xo,z) > 1.
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If we define the sequence (v;); by v; = un;, then since v; — u p-a.e.
in X and |[|vill[a0) < 2l[|ulllagx), by the property (P) it clearly
suffices to show that v; € Hy"(O). Remark that

oi(z) —vi(y)] < u(z) = ul@)] + |ni(z) = ni(y)]
< d(z,y)(9(z) + 9(y) + u().

Hence v; € Mg(X).

Now fix 7 and set v = v;. Since v vanishes outside a bounded set, we
can find a bounded open subset U C O such that v = 0 ®-q.e. in X \U.
We choose a sequence (w;) C Mg (X) of quasicontinuous functions such
that 0 < w; <1, w; = 1 on an open set O;, with |||w;]|[p1x) — 0, and
so that the restrictions vjx\o, are continuous and v = 0 in X \ (UUO;).
The sequence (s,);, defined by s; = (1 — w;) max(v — %, 0), is bounded
in M3(X), and passing if necessary to a subsequence, s; — v p-a.e.
Since v x\o; is continuous, we get

{:CGX:SJ(;U)%O}C{xeX:v(x)Z%}\OjCU.

This means that {x € X : s;(z) # 0} is a compact subset of O, whence
by Theorem 9, s; € Hy’(0). The property (P) implies v € Hy°(0)
and the proof is complete. 1

Corollary 4. Let ® be an N -function satisfying the Ay condition and
suppose that X is proper. Let O be an open set in X and suppose that
ML(X) is reflexive. Then My°(O) = Hy°(O).

Proof. By Remark 3, O satisfies property (P), and Theorem 11 gives
the result. &

4. ORLICZ-SOBOLEV SPACE WITH ZERO BOUNDARY VALUES N;;O(E)

4.1. The Orlicz-Sobolev space N} (X). We recall the definition of
the space NL(X).

Let (X, d, 1) be a metric, Borel measure space, such that p is positive
and finite on balls in X.

If I is an interval in R, a path in X is a continuous map v : I — X.
By abuse of language, the image v(I) =: || is also called a path. If
I = [a,b] is a closed interval, then the length of a path v: I — X is

I(+) =length(y) = sup z Y (tin) = 7)),

where the supremum is taken over all finite sequences a = t; < ty <
wo <ty <tpep =0b. If Iis not closed, we set [(y) = supl(v|s), where
the supremum is taken over all closed sub-intervals J of I. A path is



SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 25

said to be rectifiable if its length is a finite number. A path v: 1 — X
is locally rectifiable if its restriction to each closed sub-interval of I is
rectifiable.

For any rectifiable path ~, there are its associated length function s :
I — ]0,1(v)] and a unique 1-Lipschitz continuous map s : [0,1(7)] — X
such that v = 5 0s,. The path 7, is the arc length parametrization of
7.
Let v be a rectifiable path in X. The line integral over v of each
non-negative Borel function p : X — [0, 00] is f7 pds = folm pos(t)dt.

If the path ~ is only locally rectifiable, we set fy pds = sup fy, pds,
where the supremum is taken over all rectifiable sub-paths + of . See
[5] for more details.

Denote by I'y..; the collection of all non-constant compact (that is,
I is compact) rectifiable paths in X.

Definition 7. Let ® be an N -function and I be a collection of paths
in X. The ®-modulus of the family T', denoted Modg(T'), is defined as

inf
ot lllellle,
where F(I') is the set of all non-negative Borel functions p such that
f7 pds > 1 for all rectifiable paths v in I'. Such functions p used to
define the ®-modulus of I' are said to be admissible for the family I

From the above definition the ®-modulus of the family of all non-
rectifiable paths is 0.

A property relevant to paths in X is said to hold for ®-almost all
paths if the family of rectifiable compact paths on which that property
does not hold has ®-modulus zero.

Definition 8. Let u be a real-valued function on a metric space X. A
non-negative Borel-measurable function p is said to be an upper gra-
dient of u if for all compact rectifiable paths v the following inequality
holds

(4.1) u(z) — u(y)] < / pds,

o

where x and y are the end points of the path.

Definition 9. Let @ be an N -function and let u be an arbitrary real-
valued function on X. Let p be a non-negative Borel function on X.
If there exists a family I' C Tyeer such that Mode(I') = 0 and the
inequality (4.1) is true for all paths v in Uyeee \ I, then p is said to
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be a ®-weak upper gradient of w. If inequality (4.1) holds true for ®-
modulus almost all paths in a set B C X, then p is said to be a P-weak
upper gradient of u on B.

Definition 10. Let ® be an N -function and let the set @(X, d, ) be
the collection of all real-valued function w on X such that u € Le and

u have a ®-weak upper gradient in Le. If u € N}, we set
(4.2) Ifulllz = lllullle + nflllol]l,

where the infimum is taken over all ®-weak upper gradient, p, of u such
that p € Lg.
Definition 11. Let ® be an N -function. The Orlicz-Sobolev space cor-

responding to ®, denoted N§(X), is defined to be the space Ny (X, d, i)/,
with norm |[[ulll vy = [[lulll 57

For more details and developments, see [3].

4.2. The Orlicz-Sobolev space with zero boundary values N°(E).

Definition 12. Let ® be an N -function. For a set E C X define
Cape(FE) by

Capo(E) = inf { [Jullly : u € D(E) },
where D(E) = {u € N} :u|g > 1}.

If D(E) = 0, we set Capg(FE) = oo. Functions belonging to D(F)
are called admissible functions for £.

Definition 13. Let ® be an N -function and E a subset of X. We
define Ng°(E) as the set of all functions u : E — [—0c0, 00| for which
there exists a function w € N (F) such thatu = u p-a.e. in E and u =

0 Capg-q.e. in X \ E; which means Cape ({x € X \ E : u(z) #0}) =
0.

Let u,v € Ny°(E). We say that u ~ v if u = v p-a.e. in E. The
relation ~ is an equivalence relation and we set Ng°(E) = Ng°(E),/ .
We equip this space with the norm |||u|||N$,o(E) = |[|ull| Ny (x)-

It is easy to see that for every set A C X, u(A) < Capg(A). On the
other hand, by [3, Corollary 2] if & and @’ both correspond to u in the
above definition, then |||z — @'|[|y3(x) = 0. This means that the norm

on Ng"(E) is well defined.
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Definition 14. Let ® be an N -function and E a subset of X. We set
Lip}b’gv(E) = {u € Ng(X) : u is Lipschitz in X andu =0 in X\ E},
and
1,0 . 1,0
Lipg o(E) = {ue Lipg x(E) : u has compact support} .

We let Hé,’gv(E) be the closure of Lz’pclp’?N(E) in the norm of N}(X),
and Hé:oc(E) be the closure of Lipclb’?c(E) in the norm of NA(X).

By definition Hé’s\,(E) and Hé”OC(E) are Banach spaces. We prove
that Ng°(E) is also a Banach space.

Theorem 12. Let ® be an N -function and E a subset of X. Then
N°(E) is a Banach space.

Proof. Let (u;); be a Cauchy sequence in Ng°(FE). Then there is a cor-
responding Cauchy sequence (u;); in Ng(X), where @; is the function
corresponding to u; as in the definition of Ny°(E). Since NL(X) is a
Banach space, see [3, Theorem 1], there is a function u € Ng(X),
and a subsequence, also denoted (u;); for simplicity, so that as in
the proof of [3, Theorem 1], u; — u pointwise outside a set T with
Caps(T) = 0, and also in the norm of NL(X). For every i, set
Ay = {x € X\ E:ux)#0}. Then Cape(U;A;) = 0. Moreover, on
(X\ E)\ (UA; UT), we have u(z) = limu,;(xz) = 0.

Since Caps(U;A; UT) = 0, the function u = g is in Ng°(E). On
the other hand we have

|||U—Uz‘|||N;;°(E) = |||77—?7z'|||N;,(X) — 0 asi— oo.

Thus N;;O(E) is a Banach space and the proof is complete. 1
Proposition 1. Let ® be an N -function and E a subset of X. Then
the space Hé,’gv(E) embeds isometrically into Ng°(E), and the space
HéOC(E) embeds isometrically into Hé’sv(E).

Proof. Let u € Hé’sv(E). Then there is a sequence (u;); C N3 (X) of
Lipschitz functions such that u; — u in N3(X) and for each integer 4,
uix\r = 0. Considering if necessary a subsequence of (u;);, we proceed
as in the proof of [3, Theorem 1], we can consider the function @ defined
outside a set S with Cape(S) = 0, by u = %(lim'supui + limiinful-).
Then @ € Ng(X) and up = Up p-a.e and ﬂ‘(X\ZE)\S = 0. Hence
up € Ny°(EF), with the two norms equal. Since Hé’f]c(E) C LipCII;?N(E),

it is easy to see that H éOC(E) embeds isometrically into H é(j)v(E) The
proof is complete. 1



28 NOUREDDINE AISSAOUI

When ®(t) = %t”, there are examples of spaces X and £ C X for
which Ng°(E), Hg'%(E) and Hg'(.(E) are different. See [13]. We give,
in the sequel, sufficient conditions under which these three spaces agree.
We begin by a definition and some lemmas.

Definition 15. Let ® be an N -function. The space X is said to support
a (1, ®)-Poincaré inequality if there is a constant C' > 0 such that for
all balls B C X, and all pairs of functions u and p, whenever p is
an upper gradient of u on B and u is integrable on B, the following
inequality holds

1 . —11
5 | = sl < Caiam(5) gl 15,9 ()

Lemma 3. Let ® be an N -function and Y a metric measure space
with a Borel measure p that is finite on bounded sets. Let u € NL(Y)
be non-negative and define the sequence (u;); by u; = min(u, 1), ¢ € N.
Then (u;); converges to u in the norm of NL(Y).

Proof. Set E; = {x € Y :u(x) > i}. If u(E;) = 0, then u; = u p-a.e.
and since u; € N3(Y'), by [3, Corollary 2] the N.(Y) norm of u — u; is
zero for sufficiently large i. Now, suppose that p(F;) > 0. Since p is
finite on bounded sets, it is an outer measure. Hence there is an open
set O; such that E; C O; and u(0;) < p(E;) + 27
We have
=l e 2 1 1
- Lo(E;) = Lo(Ei) — §-1(_L V"
i »(Ei) *(Ei) ¢ 1(@)
Since @~ is continuous, increasing and verifies ®(z) — oo as z — 00,
we get

1 1
< = ljulllg, — 0 as i — oo,
1

and
w(0;) — 0 as i — oo.
Note that u = u; on Y\ O;. Thus u — u; has 2gxo, as a weak upper
gradient whenever ¢ is an upper gradient of u and hence of u; as well;
see [3, Lemma 9]. Thus u; — u in N§(Y'). The proof is complete. B

Remark 4. By [3, Corollary 7], and in conditions of this corollary, if
u € Ng(X), then for each positive integer i, there is a w; € NL(X)
such that 0 < w; < 1, [[Jwi[|[n1x) < 27", and wyp, = 1, with F; an
open subset of X such that u is continuous on X \ F;.

We define, as in the proof of Theorem 11, for ¢ € N*, the function t;
by
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1
ti = (1 —w;) max(u — 7,0).

Lemma 4. Let ® be an N -function satisfying the A’ condition. Let
X be a proper doubling space supporting a (1, ®)-Poincaré inequality,
and let u € NL(X) be such that 0 < u < M, where M is a constant.
Suppose that the set A = {x € X : u(z) # 0} is a bounded subset of X .
Then t; — u in N (X).

Proof. Set E; = {z € X :u(z) < 1}. By [3, Corollary 7] and by the
choice of Fj, there is an open set U; such that E; \ F; = U; \ F;.
Pose V; = U; U F; and remark that w;r, = 1 and up, < % Then
{r e X :tj(x) #0} C A\V; C A. If weset v; = u—t;,then 0 <wv; < M
since 0 < t; < u. We can easily verify that t; = (1 — w;)(u — 1/i) on
A\ V;, and t; = 0 on V;. Therefore

(4.3) v; = wiu+ (1 —w;),/ion A\ 'V,
and
(4.4) v; =u on Vj.

Let x,y € X. Then
wi(z)u(z) —wiy)u(y)] < |wilz)ulz) —wi(z)uy)] + lwi(z)uly) — wi(y)u(y)|
< wi() Ju(z) —u(y)] + M |wi(x) —wi(y)].

Let p; be an upper gradient of w; such that |[|p;]||,, < 27" and let
p be an upper gradient of u belonging to Lg. If v is a path connecting
two points x,y € X, then

lw; (x)u(x) — w;(y)u(y)| < w;(zx) /pds + M/pids.

Y

Hence, if z € |y|, then

wi(x)u(zr) —wiy)u(y)] < |wi(z)u(z) —wil2)u(z)] + [wi(z)u(z) — wi(y)u(y)]

wl-(z)/ pds+M/ pl-ds—irwi(z)/ pds—l—]\/[/ pids
Yxz Yz z Yz Yzy
wiz) [ pds 0 [ ps,

gl v

where v, and ., are such that the concatenation of these two segments
gives the original path v back again. Therefore

jwi(z)u(z) — wiy)uly)| < /

v

IA

Yy

IA

(inf w;(2)p + Mpi) ds.

z€ly|
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Thus

i ()u(e) — wi(y)uly)| < / (wi(=)p + Mp,)ds.

.

This means that w;p + Mp; is an upper gradient of w;u. Since
[willl, <27, we get that w; — 0 p-a.e. On the other hand w;p < p
on X implies that w;p € Lg and hence ® o (w;p) € L' because ® veri-
fies the Ay condition. Since @ is continuous, ® o (w;p) — 0 p-a.e. The
Lebesgue dominated convergence theorem gives [ < @ o (wip)dr — 0
as i — oo. Thus |[lwipl||,, — 0 as i — oo since ® verifies the A,
condition.

Let B be a bounded open set such that A C BT. Then O; = (AU
F;) N B is a bounded open subset of A and O; C A. Therefore since
O;NV, C(E;NA)UF;, we get

w(O:NV;) < p(E;NA)+ p(F)
< u ({x €eX:0<u(x)< %}) + Caps (F;).

Hence u(O; N'V;) — 0 as i — oo, since bounded sets have finite
measure and therefore p ({z € X : 0 <wu(z) < 1}) — p(@) =0asi—
oo. Thus |[|pl[[r,, 0,1,y — 0 as i — oo,

By [3, Lemma 8] and equations (4.3) and (4.4), we get

1
9i = (wz‘l) + Mp; + ;/h) Xo; T PXoinv;
is a weak upper gradient of v; and since

lgilllL, < lwipllly, + 4+ D lloilll, + Melllw, o,qv;) -

we infer that [||g[||,, — 0 as i — ooc.
On the other hand, we have

1
lloillle, = Ml =tillle, < [llwiulllegawy + 7 11 = willlg aw + ulllego0,nv)
1 1
< M]||lw S .

Since |[|w;l||n1x) — 0and |[|ullly,o0,nv;) — 0asi — oo, we conclude
that [||vl|,, — 0 as i — oo, and hence t; — u in Ng(X). The proof
is complete. §

Theorem 13. Let ® be an N -function satisfying the A’ condition. Let
X be a proper doubling space supporting a (1, ®)-Poincaré inequality
and E an open subset of X. Then Ng°(F) = H;;SV(E) = H(;OC(E).
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Proof. By Proposition 1 we know that Hé”OC(E) C H;)’SV(E) c NJ°(E).
It suffices to prove that Ng°(E) C H;)’,OC(E). Let u € Ny°(E), and
identify u with its extension u. By the lattice properties of N} (X) it is
easy to see that ut and u~ are both in Ni’O(E) and hence it suffices to
show that ut and v~ are in H;)’,OC(E). Thus we can assume that v > 0.

On the other hand, since N;;O(E ) is a Banach space that is isometrically
embedded in N (X)), if (u,), is a sequence in Ng°(E) that is Cauchy
in N3 (X), then its limit, u, lies in Ny°(F). Hence by Lemma 3, it also
suffices to consider u such that 0 < u < M, for some constant M. By [3,
Lemma 17], it suffices to consider u such that A = {zx € X : u(z) # 0}
is a bounded set. By Lemma 4, it suffices to show that for each positive
integer 7, the function ¢; = (1 — w;) max(u — +,0) is in HC};’OC(E).

On the other hand, if O; and F; are open subsets of X and Cape(F;) <
277 as in the proof of Lemma 4, we have AU F; = O; UF}. Since u has
bounded support, we can choose O; as bounded sets contained in F.
We have w; |, = 1 and hence ¢; |, = 0. Set E; = {z € X : u(z) < 1}.
Then, as in the proof of Lemma 4, there is an open set U; C F such
that E; \ F; = U; \ F; and ¢; |puy, = 0. Thus

{z:pi(x) #0}C{z e E:ulx) >1/i}\ F,=0;\(E;UF;,) CO; C
E.

The support of p; is compact because X is proper, and hence § =dist(supp
i, X \ E) > 0. By [3, Theorem 5|, ¢; is approximated by Lipschitz
functions in N§(X). Let g; be an upper gradient of ¢;. By [3, Lemma
9] we can assume that g; |x\0, = 0. As in [3], define the operator M’

by M'(f)(z) = sup
B |(B)
over all balls B C X such that x € B. Then if z € X \ E, we get

(|[|f[|l5()), Where the supremum is taken

1 c’
M'(g;)(x) = sup  ——P(|[]g: < (1|9 < 00,
(9:)(x) v 0 (D) (MgilllLys)) 0/2) (MgilllL, )
where s = LL‘Z)ggg, C' being the doubling constant, and C’ is a constant

depending only on C' and A. We know from [3, Proposition 4] that
if f € Lg, then )\lirgo)\,u {r e X : M'(f)(x) >} = 0. Hence in the
proof of [3, Theorem 5|, choosing A > #Cb(mgim]@) ensures that
the corresponding Lipschitz approximations agree with the functions
¢; on X \ E. Thus these Lipschitz approximations are in Hy'%(E), and
therefore so is ;. Moreover, these Lipschitz approximationsyhave com-
pact support in F, and hence ¢; € H;,:OC(E). The proof is complete. B
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