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q-DERIVATIVE ON p-VALENT MEROMORPHIC
FUNCTIONS ASSOCIATED WITH CONNECTED

SETS

Sh. Najafzadeh

Abstract. In this article, two subfamilies of p–valent meromorphic functions by means of

q–derivative are defined. With that, we study coefficient inequality, distortion bounds and convex

family of these subclasses. Also connected sets structure is investigated.

1 Introduction

Let
∑

p denotes the class of p–valently meromorphic functions of the type:

f(z) =
A

zp
+

∞∑
k=p

akz
k, (1.1)

which are analytic in the punctured unit disk U∗ = {z ∈ C : 0 < |z| < 1}.
Gasper and Rahman [1] defined the q–derivative (0 < q < 1) of a meromorphic

function f of the form (1.1), by:

Dqf(z) =
f(qz)− f(z)

(q − 1)z
, (z ∈ U∗), (1.2)

see also [2].
From (1.1) and (1.2), we get:

Dqf(z) =
−A[p]q
qpzp+1

+

∞∑
k=p

akz
k−1[k]q, (1.3)

where

[k]q =
1− qk

1− q
= 1 + q + . . .+ qk−1. (1.4)
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As q → 1−, then [k]q → k and [p]q → p, so we conclude:

lim
q→1−

Dqf(z) = f ′(z), (z ∈ U∗),

see [2].

For 0 < q < 1, 0 < α < 1, 0 6 λ 6 1 and 0 < β < 1, let
∑q

p(α, β, λ) be
the subclass of

∑
p consisting of functions f of the form (1.1) and satisfying the

condition: ⏐⏐⏐⏐⏐ zp+2
(
Dqf(z)

)′ −A(p+ 1)q−p[p]q

λzp+1
(
Dqf(z)

)
−A[p]qq−p + (1 + λ)αAq−p[p]q

⏐⏐⏐⏐⏐ < β, (1.5)

where Dqf(z) is given in (1.3).

2 Main result

First, we state coefficient estimates for functions belongs to
∑q

p(α, β, λ).

Theorem 1. Let f(z) ∈
∑

p, then f(z) ∈
∑q

p(α, β, λ) if and only if:

∞∑
k=p

[k]q(k − 1 + λβ)qp

β(λ+ 1)A[p]q(1− α)
ak 6 1. (2.1)

The result is sharp for F (z) given by:

F (z) =
A

zp
+

β(λ+ 1)Aq−p[p]q(1− α)

[k]q(k − 1 + λβ)
zk+p. (2.2)

Proof. Let f(z) ∈
∑q

p(α, β, λ), then (1.5) holds true. So by replacing (1.3) in (1.5),
we have: ⏐⏐⏐⏐⏐⏐⏐⏐⏐

∞∑
k=p

(k − 1)[k]qakz
k+p

A(λ+ 1)q−p[p]q(α− 1) +
∞∑
k=p

λ[k]qakzk+p

⏐⏐⏐⏐⏐⏐⏐⏐⏐ < β.

Since Re{z} 6 |z|, for all z, therefore:

Re

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∞∑
k=p

(k − 1)[k]qakz
k+p

A(λ+ 1)q−p[p]q(1− α)−
∞∑
k=p

λ[k]qakzk+p

⎫⎪⎪⎪⎬⎪⎪⎪⎭ < β.
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By letting z → 1− through real values, we get:

∞∑
k=p

[k]q(k − 1 + λβ)ak 6 Aβ(λ+ 1)q−p[p]q(1− α).

Conversely, let (2.1) holds true. It is enough to show that:

X =
⏐⏐⏐zp+2

(
Dqf(z)

)′ −A(p+ 1)q−p[p]q

⏐⏐⏐
− β

⏐⏐λzp+1
(
Dqf(z)

)
−A[p]qq

−p + (1 + λ)αAq−p[p]q
⏐⏐ < 0.

But for 0 < |z| = r < 1, we have:

X =

⏐⏐⏐⏐⏐⏐
∞∑
k=p

(k − 1)[k]qakz
k+p

⏐⏐⏐⏐⏐⏐− β

⏐⏐⏐⏐⏐⏐A(λ+ 1)q−p[p]q(1− α)−
∞∑
k=p

λ[k]qakz
k+p

⏐⏐⏐⏐⏐⏐
6

∞∑
k=p

(k − 1)[k]q|ak|rk+p − βA(λ+ 1)[p]q(1− α) +

∞∑
k=p

λβ[k]q|ak|rk+p

6
∞∑
k=p

[k]q(k − 1 + λβ)|ak|rk+p − βA(λ+ 1)q−p[p]q(1− α).

Since, the above inequality holds for all r (0 < r < 1), by letting r → 1− and
applying (2.1), we obtain X 6 0, and this gives the required result. Hence the proof
is complete.

3 Properties of subfamilies of
∑

p

In this section, we define two subclasses of
∑

p and obtain some important properties
of these subclasses.

For a given x ∈ R such that 0 < x < 1, let
∑

p(1) be a subclass of
∑

p satisfying
the condition:

xpf(x) = 1, (3.1)

and
∑

p 2 be a subclass of
∑

p satisfying the condition:

−xp+1f ′(x) = p, (3.2)

and ∑q
p,j(α, β, λ, x) =

∑q
p(α, β, λ) ∩

∑
p(j), (j = 1, 2). (3.3)

Such as these subclasses are studied in [3].
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Theorem 2. Let f(z) be introduced by (1.1). Then f(z) ∈
∑q

p,1(α, β, λ, x) if and
only if:

∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

)
ak 6 1. (3.4)

Proof. Since f(z) ∈
∑q

p,1(α, β, λ, x), so we have:

xpf(x) = xp
(A
x
+

∞∑
k=p

akx
k
)
= 1,

thus

A = 1−
∞∑
k=p

akx
k+p. (3.5)

By putting this value of A in Theorem 1, we get:

∞∑
k=p

[k]q(k − 1 + λβ)qpak 6 β(λ+ 1)[p]q(1− α)
(
1−

∞∑
k=p

akx
k+p

)
,

or
∞∑
k=p

[k]q(k − 1 + λβ)qpak +

∞∑
k=p

β(λ+ 1)[p]q(1− α)akx
k+p

6 β(λ+ 1)[p]q(1− α),

or
∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

)
ak 6 1.

Hence, we get the desired assertion.

Theorem 3. Let f(z) be defined by (1.1). Then f(z) ∈
∑q

p,2(α, β, λ, x) if and only
if:

∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
− k

p
xk+p

)
ak 6 1. (3.6)

Proof. Since −xp+1f ′(x) = p, we have:

A = 1 +
∞∑
k=p

k

p
akx

k+p. (3.7)

Replacing A in (2.1), gives the required result.
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Corollary 4. Let f(z) of the type (1.1) be in the class
∑q

p,1(α, β, λ, x), then:

ak 6
β(λ+ 1)[p]q(1− α)

[k]q(k − 1 + λβ)qp + β(λ+ 1)[p]q(1− α)xk+p
. (3.8)

Corollary 5. Let f(z) of the form (1.1) be in the class
∑q

p,2(α, β, λ, x), then:

ak 6
β(λ+ 1)[p]q(1− α)

p
k [k]q(k − 1 + λβ)qp − β(λ+ 1)[p]q(1− α)xk+p

. (3.9)

Now, for j = 1, 2, we obtain distortion bounds of the classes
∑q

p,j(α, β, λ, x).

Theorem 6. Let f(z) ∈
∑q

p,1(α, β, λ, x), then for 0 < |z| = r < 1:

|f(z)| > (p− 1 + λβ)qp − β(λ+ 1)(1− α)r2p

rp
(
(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p

) .
The result is sharp for:

G1(z) =
(p− 1 + λβ)qp − β(λ+ 1)(1− α)z2p

zp
(
(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p

) .
Proof. Since f(z) ∈

∑q
p,1(α, β, λ, x), so by (3.4), we have:

∞∑
k=p

ak ≤ β(λ+ 1)(1− α)

(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p
.

From (3.5), we have:

A = 1−
∞∑
k=p

akx
k+p >

(p− 1 + λβ)qp

(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p
.

Hence

|f(z)| =

⏐⏐⏐⏐⏐⏐Az−p +

∞∑
k=p

akz
k

⏐⏐⏐⏐⏐⏐
> Ar−p − rp

∞∑
k=p

ak

>
(p− 1 + λβ)qp

(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p+1
r−p

− rp
( β(λ+ 1)(1− α)

(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p

)
=

(p− 1 + λβ)qp − β(λ+ 1)(1− α)r2p

rp
(
(p− 1 + λβ)qp + β(λ+ 1)(1− α)x2p

) .
So, the proof is complete.
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Theorem 7. If f(z) ∈
∑q

p,2(α, β, λ, x), then for 0 < |z| = r < 1:

|f(z)| 6 (p− 1 + λβ)qp + β(λ+ 1)(1− α)r2p

rp
(
(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p

) .
The result is sharp for:

G2(z) =
(p− 1 + λβ)qp + β(λ+ 1)(1− α)z2p

zp
(
(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p

) .
Proof. From (3.6), we have:

∞∑
k=p

ak 6
β(λ+ 1)(1− α)

(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p
.

By using (3.7), we get:

A = 1 +

∞∑
k=p

k

p
akx

k+p

6
(p− 1 + λβ)qp

(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p
.

Therefore

|f(z)| =

⏐⏐⏐⏐⏐⏐Az−p +

∞∑
k=p

akz
k

⏐⏐⏐⏐⏐⏐ 6 Ar−p + rp
∞∑
k=p

ak

6
(p− 1 + λβ)qp

(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p
r−p

+ rp
( β(λ+ 1)(1− α)

(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p

)
=

(p− 1 + λβ)qp + β(λ+ 1)(1− α)r2p

rp
(
(p− 1 + λβ)qp − β(λ+ 1)(1− α)x2p

) .

4 Convexity and connected sets

In this section, we show that
∑q

p,j(α, β, λ, x) for j = 1, 2 are convex. Also convex
family and connected set structures are investigated.

Theorem 8. The classes
∑q

p,j(α, β, λ, x) for j = 1, 2 are convex sets.
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Proof. Let

ft(z) = Atz
−p +

∞∑
k=p

ak,tz
k, (4.1)

be in the class
∑q

p,1(α, β, λ, x). It is enough to prove that:

F (z) =

m∑
t=0

dtft(z), (dt > 0), (4.2)

is also in the same class, where
m∑
t=0

dt = 1. Replacing (4.1) in (4.2), we get:

F (z) =

m∑
t=0

dt

(
Atz

−p +

∞∑
k=p

ak,tz
k
)

=

m∑
t=0

dtAtz
−p +

∞∑
k=p

( m∑
t=0

dtak,t

)
zk

= Bz−p +
∞∑
k=p

Skz
k,

where B =
m∑
t=0

dtAt and Sk =
m∑
t=0

dtak,t.

Since ft(z) ∈
∑q

p,1(α, β, λ, x) for t = 0, 1, . . . ,m, by using (3.4), we have:

∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ zk+p

)
ak,t 6 1.

But

∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

)
Sk

=
∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

)( m∑
t=0

dtak,t

)
=

m∑
t=0

dt

( ∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

)
ak,t

)
6

m∑
t=0

dt = 1.

So the proof by Theorem 2, is complete.
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By using the same technique, we can prove the same property for the class∑q
p,2(α, β, λ, x), and so we get the required result.
Now, we investigate about connected set structure. Let J be a non-empty subset

of [0, 1]. We define: ∑q
p,1(α, β, λ, J) =

⋃
x2∈J

∑q
p,1(α, β, λ, x2).

If J has only one element, then
∑q

p,1(α, β, λ, J) is known to be a convex family by
Theorem 8.

For proving the main theorem of this article, we need the following lemma.

Lemma 9. If f(z) ∈
∑q

p,1(α, β, λ, x1) ∩
∑q

p,1(α, β, λ, x2), where x1 and x2 are pos-
itive numbers and x1 ̸= x2, then f(z) = z−p.

Proof. If f(z) ∈
∑q

p,1(α, β, λ, x1) ∩
∑q

p,1(α, β, λ, x2), and f(z) = Az−p +
∞∑
k=p

akz
k.

Then:

A = 1−
∞∑
k=p

akx
k+p
1 = 1−

∞∑
k=p

akx
k+p
2 ,

or
∞∑
k=p

ak

(
xk+p
1 − xk+p

2

)
= 0.

Since ak > 0, x1 > 0 and x2 > 0, we conclude that ak = 0 for each k > 0 and so
f(z) = z−p.

Theorem 10. If J is contained in [0, 1], then
∑q

p,1(α, β, λ, J) is a convex family if
and only if J is connected.

Proof. Let J be connected and x1, x2 ∈ J with x1 6 x2. It is sufficient to show that
for f(z) and g(z) given by:

f(z) = Az−p +

∞∑
k=p

akz
k ∈

∑q
p,1(α, β, λ, x1), (4.3)

g(z) = Bz−p +
∞∑
k=p

bkz
k ∈

∑q
p,1(α, β, λ, x2), (4.4)

and 0 6 µ 6 1, there exists a x1 6 y 6 x2 such that:

h(z) = µf(z) + (1− µ)g(z) ∈
∑q

p,1(α, β, λ, y).

By (3.5), we have:

A = 1−
∞∑
k=p

akx
k+p
1 , B = 1−

∞∑
k=p

bkx
k+p
2 .
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Therefore, we get:

H(z) = zph(z) = zp
(
µf(z) + (1− µ)g(z)

)
= µA+

∞∑
k=p

µakz
k+p + (1− µ)B +

∞∑
k=p

(1− µ)bkz
k+p

= µ−
∞∑
k=p

µakx
k+p
1 +

∞∑
k=p

µakz
k+p

+ (1− µ)−
∞∑
k=p

(1− µ)bkx
k+p
2 +

∞∑
k=p

(1− µ)bkz
k+p

= 1 + µ

∞∑
k=p

(
zk+p − xk+p

1

)
ak + (1− µ)

∞∑
k=p

(
zk+p − xk+p

2

)
bk.

(4.5)

But it is trivial that H(x1) 6 1 and H(x2) > 1.
Then there exists y ∈ [x1, x2] such that H(y) = 1. So:

yph(y) = 1. (4.6)

Thus h(z) ∈
∑

p(1). On the other hand by (4.5), (4.6) and (3.4), we have:

∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ yk+p

)(
µak + (1− µ)bk

)
= µ

∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

1

)
ak

+ (1− µ)
∞∑
k=p

( [k]q(k − 1 + λβ)qp

β(λ+ 1)[p]q(1− α)
+ xk+p

2

)
bk

6 µ+ (1− µ) = 1.

Hence h(z) ∈
∑q

p,1(α, β, λ, y). Since x1, x2 and y are arbitrary, the family
∑q

p,1(α, β, λ, J)
is convex.

Conversely, if J is not connected, then there exists x1, x2 and y such that
x1 < y < x2 and x1, x2 ∈ J but y /∈ J . If f(z) ∈

∑q
p,1(α, β, λ, x1) and g(z) ∈∑q

p,1(α, β, λ, x2), then by Lemma 9, f(z) and g(z) are not both equal to z−p, then
for fixed y and 0 6 µ 6 1 by (4.5), we obtain:

H(y, µ) = 1 + µ

∞∑
k=p

(
zk+p − xk+p

1

)
ak + (1− µ)

∞∑
k=p

(
zk+p − xk+p

2

)
bk.

Since H(y, 0) < 1 and H(y, 1) > 1, there exists µ∗, 0 < µ∗ < 1, such that H(y, µ∗) =
1 or yh(y) = 1, where h(z) = µ∗f(z) + (1− µ∗)g(z).
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Thus h(z) ∈
∑q

p,1(α, β, λ, y). From Lemma 9, we have h(z) /∈
∑q

p,1(α, β, λ, J).
Since y ∈ J and h(z) ̸= z−p, this implies that the family

∑q
p,1(α, β, λ, J) is not

convex, which is a contradiction and so the proof is complete.

Remark 11. With the same definition and using the same techniques, we obtain
the same property for the class

∑q
p,1(α, β, λ, J).
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