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¢-DERIVATIVE ON p-VALENT MEROMORPHIC
FUNCTIONS ASSOCIATED WITH CONNECTED
SETS

Sh. Najafzadeh

Abstract. In this article, two subfamilies of p—valent meromorphic functions by means of
q—derivative are defined. With that, we study coefficient inequality, distortion bounds and convex

family of these subclasses. Also connected sets structure is investigated.

1 Introduction

Let Zp denotes the class of p—valently meromorphic functions of the type:
A oo
_ k
f(z) = o + kZakz , (1.1)
=p

which are analytic in the punctured unit disk U* = {z € C: 0 < |2| < 1}.
Gasper and Rahman [1] defined the g—derivative (0 < ¢ < 1) of a meromorphic
function f of the form (1.1), by:

Dy f(2) = T g—1): (= €UY), (1.2)
see also [2].
From (1.1) and (1.2), we get:
—A e
Dyf(2) = quj[,ﬁ]f +) a2k, (1.3)
k=p
where
_ Gk
k], = 11 _qq —14q+...+¢L (1.4)

2010 Mathematics Subject Classification: 30C45; 30C50.
Keywords: p-valent meromorphic function; g-derivative; coefficient estimate; distortion bound;
convexity; connected set.

Sk >k koo ok ok >k kR Sk ok kok ok sk ok skook sk ok okok ok sk sk skok sk sk skokook skook kokook sk ok skokook sk okokok sk ok kokook sk okokok sk sk skokosk sk sk skokosk sk skokok skok kokok skokokok

http://www.utgjiu.ro/math /sma


http://www.utgjiu.ro/math/sma/v14/v14.html
http://www.utgjiu.ro/math/sma

150 Sh. Najafzadeh

As ¢ — 17, then [k]; — k and [p], — p, so we conclude:

lim Df(z) = f'(z), (z€"),

q—1-

see [2].

For0<g<1l,0<a<l,0<A<land 0 <3 <1, let 3 0(a,B,A) be
the subclass of Zp consisting of functions f of the form (1.1) and satisfying the
condition:

2(D,(2)) — Alp+ Da7lply
AP (Do f(2)) — Alplga™ + (14 N)aAq—Ppl,

< B, (1.5)
where D, f(z) is given in (1.3).

2 Main result

First, we state coefficient estimates for functions belongs to Zg(a, B, A).

Theorem 1. Let f(2) € 3, then f(2) € 3_0(a, B, \) if and only if:

= k=14 A8)¢
kz_pﬁwrl (1_a)ak<1. (2.1)

The result is sharp for F(z) given by:

A BA+1)AqP[ply(1 — o) Sty

F(z)=— 2.2
() =5+ (K], (k — 1+ AB) (22)
Proof. Let f(z) € > 1(a, 8,A), then (1.5) holds true. So by replacing (1.3) in (1.5),
we have:
> (k= 1)[Klqarz"?
= — <.
AA+DgPlplg(a = 1) + 37 Alklganz"+?
k=p
Since Re{z} < |#|, for all z, therefore:
> (k= 1)[klgarz"*?
k=p

Re

= < B.
AR+ D lply(1— ) = 3 Alklgagzher
=p
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By letting 2 — 1~ through real values, we get:

[e.9]

> [Klg(k — 1+ AB)ax < AB(A+ 1)g P[ply(1 — o).

k=p
Conversely, let (2.1) holds true. It is enough to show that:
X = [P0, () = A+ DB,
— B AP (Dyf(2)) = Alplgg ™" + (1 4+ NaAgP[ply| < 0.

But for 0 < |2| =7 < 1, we have:

X = Z(k — 1)[K]qax 2P| = B|AN + 1)gP[p],(1 — ) Z)\ a2 tP
k=p k=
< (k= D[Elglag|r*? — BAA+1)[ply(1 — a) Z AB[k]glag|r* TP
k=p
< S Hg(k = 1+ AB)larlr™? — BAN+ 1)q [plg(1 - ).

il
S

Since, the above inequality holds for all » (0 < r < 1), by letting » — 1~ and
applying (2.1), we obtain X < 0, and this gives the required result. Hence the proof
is complete. ]

3 Properties of subfamilies of }

In this section, we define two subclasses of Ep and obtain some important properties
of these subclasses.

For a given = € R such that 0 <z < 1,let 3 (1) be a subclass of 3 satisfying
the condition:

P f(x) =1, (3.1)
and ), 2 be a subclass of 3 satisfying the condition:
—aPTLf(2) = p, (3.2)
and
il B 2) =370, B,A) NS 37),  (G=1,2). (3.3)

Such as these subclasses are studied in [3].
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Theorem 2. Let f(z) be introduced by (1.1). Then f(z) € 22,1(0@57)\7@ if and
only if:

. —1+Af3)qp
)\—i-l (1 —a)

+ xk+p>ak < 1. (3.4)

i

Proof. Since f(z) € Zgl(a,ﬁ, A, x), so we have:

2P f(x) —:Up< +Zak:ﬂ ) =1,
thus
oo
A=1-— Z apattP. (3.5)
k=p
By putting this value of A in Theorem 1, we get:

[Klo(k = 14 AB)g%ar < B+ Dlply(1 = 0) (1= D asa*),

M8

k=p k=p
or
S [Klg(k — 1+ MA8)qPar + > BN+ 1)[plg(1 — )agz™ P
k=p k=p
<BA+DIpl(1 — o),
or
o~ ([Elg(k—1+28)g" 4y
2 (B0 D =y * 7)o <1
Hence, we get the desired assertion. O

Theorem 3. Let f(2) be defined by (1.1). Then f(2) € 3! (o, B, A, @) if and only

if
> k—14+X8)¢? k&
Z( >\+1 +(1ﬂ—)i) Exkﬂ))“’f@' (36)
=p

Proof. Since —aPT1 f/(x) = p, we have:

=k
A=1+ Zagzhtr. 3.7
kz_: » (3.7)
=p
Replacing A in (2.1), gives the required result. O
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Corollary 4. Let f(z) of the type (1.1) be in the class 22,1(04’57)\ax); then:

B+ Dplg(1 - @)
Kl (k — 14+ A3)gP + B\ + 1)[ply(1 — a)ak+p

Corollary 5. Let f(2) of the form (1.1) be in the class 3! 5(a, B, A, x), then:

. B+ D1~ )
= PR (E = 14 28007 — 5O+ DR, (1)o7

Now, for j = 1,2, we obtain distortion bounds of the classes Z;j(a,ﬁ, A T).
Theorem 6. Let f(2) € X! (o, B,\ @), then for 0 < |z| =7 < 1:

(p=1+AB8)¢” = BA+ (1 — a)r®
((p—1+AB8)g? + BN+ 1)(1 — a)z?)’

ag < [ (3.8)

(3.9)

[f(2)] =

The result is sharp for:

(p—1+A8)¢” — BN+ 1)(1 — o) 2%
((p— 1+ A8)gP + A+ 1)(1 — a)ar)’

Proof. Since f(z) € 37! (a, 8, A, x), so by (3.4), we have:

s 50+ 1)1~ a)

Gl(z) =

— 1+ AB8)gP + BA+1)(1 — a)a?>’

From (3.5), we have:

- _00 i (p—1+20)¢?
A=l Zak$+p>(p—1+A6)qp+ﬁ(A+1)(1—a)$2p'

Hence

lf(z)|=]Az"P 4+ Zakzk
k=p

> Ar P — P iak
k=p
> (p—14+AB)gP b
T (p— 1+ M) + BN+ 1)(1 — a)a L
_Tp< BA+1)(1—a) >
(p—14+X8)¢? + B(A+1)(1 — a)x2p
(p—1+AB)g” — B+ 1)(1 — a)r?®
7 ((p— 1+ AB)g? + BN+ 1)(1 — )a)’

So, the proof is complete. O
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Theorem 7. If f(z) € E;Q(a,ﬂ,)\,x), then for 0 < |z| =r < 1:

(p—14+A3)q? + BA+1)(1 —a)r??
((p—1+A8)g? — BN+ 1)(1 — a)a?r)’

1f(2)] <

The result is sharp for:

(p— 1+ A8)¢” + BN+ 1)(1 — o) 2%
2((p—1+A8)¢? — B+ 1)(1 — )a?)’

Ga(z) =

Proof. From (3.6), we have:

> BA+1)(1—a)
IBUE (p—1+AB)g? — BN+ 1)(1 — )z

By using (3.7), we get:

— k
A=1+) “ap"?

< (p—14+AB)¢?
S (p—1+A8)g? — BA+ 1)(1 — )z’

Therefore

F() = Az7P + ) ar2®| < ArP 40P ay
k=p k=p
< (p—1+A0)¢" -
S (p—14A8)¢7 — BN+ 1)(1 — a)ar
BA+1)(1—a)
+Tp(( —1+A8)¢P — B(A+1)(1 — )3327’)
_ (= 1428)¢ + BA+ (1 —a)r®
r?((p— 1+ AB)q? — BN+ 1)(1 — a)a?)

)
1

4 Convexity and connected sets

In this section, we show that Zg j(a, B, A, z) for j = 1,2 are convex. Also convex
family and connected set structures are investigated.

Theorem 8. The classes Zg’j(a, B, A, ) for j =1,2 are convex sets.
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Proof. Let

fi(z) = Az P + Z amzk, (4.1)

k=p

be in the class 3! | (o, 8, A, x). It is enough to prove that:

=Y difi(2),  (d>0), (4.2)
t=0
is also in the same class, where > dy = 1. Replacing (4.1) in (4.2), we get:
=0

F(Z) = Z dt (AtZip + Z CLkﬂng)
t=0

k=p
= Z diAiz P + Z (Z dtak,t) 2
t=0 k=p t=0

[oe)
=DBzP+ Z Sy 2",
k=p

where B = Z tht and Sk = Z dtakt
=0 =0
Since fi(z) € Zp’ (a,ﬁ,)\,x) for t =0,1,...,m, by using (3.4), we have:

o

[K]q(k — 1+ AB)gP
kzp <B(A DRl —a) ) agy <1,

But
>N/ [kl (k—1 + AB)gP
2( ()\—i-l L0 )—i-:z:kﬂ’)Sk
_ N (Halk =1+ 28)”
_kzzp<6<A+1>m )(Zdta“)
B “ -1 —|— AB)qP
- ;dt = ( /\ + Dply(1 - a) +xk+p)ak’t)
< idt =1.
t=0
So the proof by Theorem 2, is complete. O
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By using the same technique, we can prove the same property for the class
272(% B, A, z), and so we get the required result.
Now, we investigate about connected set structure. Let J be a non-empty subset
of [0,1]. We define:

pa(a BN T) = U o0 (, B, A 22).

zo€J

If J has only one element, then 22,1(047 B, A, J) is known to be a convex family by
Theorem 8.
For proving the main theorem of this article, we need the following lemma.

Lemma 9. If f(2) € 370 1 (a, B, A, 21) N 300 1 (@, B, A, x2), where x1 and xg are pos-
itive numbers and x1 # xa, then f(z) = z7P.

Proof. 1f f(z) € 370 (a, B, N, x1) N 300 1 (@, B, A, x2), and f(z) = Az7P + i apz”.

k=p
Then:
(0.0] (0.]
A=1 —Zakxlf+p =1 —Zakxlgﬂj,
k=p k=p
or
(e.@)
Z ay <:1c]f+p - x§+p) = 0.
k=p
Since ar > 0, 1 > 0 and x9 > 0, we conclude that a; = 0 for each k£ > 0 and so
f(z) =277 O

Theorem 10. If J is contained in [0,1], then 22,1(%57 A, J) is a convex family if
and only if J is connected.

Proof. Let J be connected and x1,xs € J with 1 < z9. It is sufficient to show that
for f(z) and g(z) given by:

fz)=Az"P+ Zakzk € ngl(a, B, A x1), (4.3)
k=p

g(z) =BzP+ Zbkzk € ngl(a,ﬁ,)\,xg), (4.4)
k=p

and 0 < p < 1, there exists a z1 < y < 2 such that:

h(z) = pf(z) + (1= p)g(z) € 325 1 (e, B, A y).
By (3.5), we have:

o0 o0
Azleakl“’al, lebekngrp.
k=p k=p
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Therefore, we get:

H(z) = 2"h(z) = 2 (nf(2) + (1 - u)g(Z))

o0

= puA+ Z a2 P 4+ (1 — p)B + Z )by 25 TP
k=p

[e.e]
k
=pu— Z uakmlﬂg + Z pag P

(4.5)
o0 o0
Z bkx2+p + Z(l — )byt
k=p =
o0
-1 +“Z (Zk+p —m’f+p ak +( Z k+p k+p bk-
k=p

But it is trivial that H(z1) < 1 and H(x2) > 1
Then there exists y € [x1, x2] such that H(y) = 1. So:

Phiy) =1 (16)
Thus h(z) € >,(1). On the other hand by (4.5), (4.6) and (3.4), we have:

[e.e]

> (50t i +7) o+ (=000

k=
[klg(k — 1+ XB)gP P
“Z (5(” Dpld-a Jou

> (k—1+X3)q
kz( T (1—)a) a5t )

Sp+(A-p)=1

Hence h(z) € Zg,l(a, B, A, y). Since x1, z9 and y are arbitrary, the family Zg,l(a, By A, J)
is convex.
Conversely, if J is not connected, then there exists x1,x2 and y such that
ry <y < xp and x1,20 € J but y ¢ J. If f(z) € Eg,l(a,ﬁ,)\,xl) and g(z) €
21(a, B,A, x2), then by Lemma 9, f(2) and g(2) are not both equal to 277, then
for fixed y and 0 < pu < 1 by (4.5), we obtain:

00 00
k k:
H(yaﬂ) =14+ ME : (Zk-i-p _ $1+p ak + 1 _ E k-‘rp -‘rp bk-
k=p k=p

Since H(y,0) < 1 and H(y,1) > 1, there exists p*, 0 < p* < 1, such that H(y, u*) =
L or yh(y) = 1, where h(z) = p*f(z) + (1 — p*)g(2).
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Thus h(z) € Eg’l(a,ﬂ,)\,y). From Lemma 9, we have h(z) ¢ Zg,l(a,ﬁ,)\,J).
Since y € J and h(z) # z7P, this implies that the family Zgl(a,ﬁ,)\,t]) is not
convex, which is a contradiction and so the proof is complete. O

Remark 11. With the same definition and using the same techniques, we obtain
the same property for the class ngl(a,ﬁ, A J).
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