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Abstract

We obtain some new formulas for the Fibonacci and Lucas p-numbers, by using the
symmetric infinite matrix method. We also give some results for the Fibonacci and
Lucas p-numbers by means of the binomial inverse pairing.
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1 Introduction

Dil and Mez6 [3] defined the symmetric infinite matrix method. For sequences (a,) and (a™),
the recursive formula

a an, ay=a" (n>0)
( 1

= a' |+t n>1, k>1) (1)

S>3 O

a

gives the associated symmetric infinite matrix [3]:

a’I’L
k k

Proposition 1. [3] If the relation (1) holds, the entry a¥ of the corresponding symmetric
infinite matrix is

k . n .
v n+k—1-1Y\ , E+n—7-1Y ,
an—;< o1 )a0+jzl< E ] a;. (2)
For two sequences (a,,) and (b,), the well-known binomial inverse pair [9] is given by the

relations .
n

k=0

=Y (Z) (=1)" " by, (4)

k=0
Stakhov and Rozin [6] defined the Fibonacci p-numbers F), (n) by the following recurrence

relation for n > p
Fp(n) =F,(n=1)+F,(n—p—1) ()

with initial conditions
F,(0)=0, F,(n)=1 (n=1,2,...,p)
and the Lucas p-numbers L, (n) by the following recurrence relation for n > p

Ly(n) =Ly(n—1)+ Ly(n—p—1) (6)
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with initial conditions
L,(0)=p+1, L,(n)=1 (n=12,...,p).

Note that for the case p = 1, the sequences of Fibonacci and Lucas p-numbers reduce
to the well-known Fibonacci and Lucas sequences {F,,}, {L,}, respectively. See [?, 1,5,9]or
more details about the Fibonacci and Lucas p-numbers.

Tasci and Cetin-Firengiz [7] introduced the incomplete Fibonacci and Lucas p-numbers.
The incomplete Fibonacci p-numbers F)¥ (n) and the incomplete Lucas p-numbers L) (n) are

defined by
k .
—jp—1
F]f(n):Z(n jjp ) (nzl,Q,...;OSkSBT’}J)
5=0
and i
n n—jp
;n—jp( j ) (r=t2 05k [l).

n—1 n
We note that F}TJ (n) = F,, lej (n) = L, and Ff(n) = F,(k), LY (n) = L, (k),
where {F), (k)} and {L, (k)} are the sequences of incomplete Fibonacci and Lucas numbers,
respectively. The same authors [7] gave the following properties of the incomplete Fibonacci
and Lucas p-numbers:

Z( )Fkﬂ (n+p(j—1)=F""(n+{p+1)h—p) (7)

Jj=0

h—1
f0r0<k'<”1"+l ,

'Mv

Il
o

(f) LA (ntp(— 1) = IE (n+ (p+ 1) h— p) ®)

n—p—~h
for0 <k < e

In this paper, we give the generalization of some results of [3]. Some properties for the
Fibonacci and Lucas p-numbers are obtained via the symmetric method. The results of
incomplete Fibonacci and Lucas p-numbers are given by using binomial inverse pair as used
for the Euler-Seidel matrix [2, 3].

2 Applications of symmetric infinite matrix

2.1 Applications for the Fibonacci and Lucas p-numbers

Let us consider the initial sequences a2 = F,(n—1) and af = F,(n(p+1)—1), n > 1.
Thus the following infinite matrix is given for the special case
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0 £, (0) £y (1) £ (2)

F,(p)  Fe+l) Fp+2) Fp+3)
F,2p+1) F,(2p+2) F,2p+3) F,(2p+4)
F, (3p + 2) F, (3p +3) F, (3p + 4) F, (3p+5)

Proposition 2. The Fibonacci p-numbers satisfy the relation
Y B+ 1) =F(np+1). (9)
i=1

Proof. Fora® = F,(n—1)anda} = F,(n(p+1)—1), n>1. Wehaveai = F,(p+1), a? =
F, (2p + 2) . Suppose that the equation holds for n > 1. Now we show that the equation holds
for (n 4+ 1). Thus we get using (1) and (5)
;LJrl — n+1 + a’l
= B((n+D)@+1) -+ F0np+1)

Fp(n(p+1)+p)+ Fp(n(p+1))
= B+ +p+1)
= F(n+1)(p+1)).

By considering (2), we have

@ B (T B (T
- ZF (p+1)—1)+a°

— ZF (p+1)—1)+ F,(0).

Then, we can obtain

Fp(n(p+1)):ZFp(i(p+1)—1)-

Taking p =1 in (9), we get [y, = > Fy—y in [4].

=1
Stakhov and Rozin [6] gave the equation F, (1)+F, (2)+---+F,(n) = F,(n+p+1)—1
for the Fibonacci p-numbers. The following proposition shows that the formula can be
obtained via the symmetric method.



Proposition 3. The Fibonacci p-numbers are
ZF (Gj—1)=F,(p+n)—1. (10)

Proof. Let a® = F,(n—1) and aff = F,(n(p+1)—1), n > 1. If we take n = 1 and n = 2,
then aj = F, (p+1), aj = F, (p+ 2) . Suppose that the equation holds for n > 1. We show
that the equation holds for (n + 1). We have by (1) and (5)

1 _ 1 0
an—l—l - an+a’n+1

= F,(p+n)+E(n)
= F,(p+n+1).

Using (2), we can write

T L

=1

- ey
j=1
j=1

which completes the proof. O]

When p =1 in (10), we obtain > F; = F, 1o — 1 in [4].
i=1
In particular, let a) = L, (n — 1) and af} = L, (n(p+ 1) — 1), n > 1. This case gives the

following infinite matrix
0 Ly (0) Ly (1) Ly (2)
Ly(p)  Lp(p+1) Ly(p+2) Ly(p+3)
L,2p+1) L (2p +2) L,(2p+3) L,(2p+4)
(319 +2) L,Bp+3) L,Bp+4) L,(3p+5)

Similar results for the Lucas p-numbers can be obtained likewise. Therefore we omit the
proofs of Proposition 4 and 5

Proposition 4. The Lucas p-numbers L, (n) satisfy the following relation

DLy +1)=1) = Ly(n(p+1) = (p+1). (11)



Proposition 5. We have

n

ZLp(j—l):Lp(p—I—n)—l. (12)

j=1
If p=11in (11) and (12), we get the well known identities >  Lo; 1 = Lo, — 2 and
i=1

ZLz = Ln+2 - 3.
i=1

2.2 Applications for the incomplete Fibonacci and Lucas p-numbers

In this subsection, we get similar formulas for (7) and (8) by using the binomial inverse pair.
Let a) = F¥" (t+p(n —1)). From (3) we have

n

=3 (?)Fi” (t+p(i—1).

=0
By using (7)

ag = Fy™ (t+ (p+1)n—p).
Therefore, the dual formula of (7) is obtained from (4)

FE (o p(n—1) = (”) (—1)" T F* (14 (p+ 1) — p) (13)

=0 \J

for 0 < k < ti];:l“l. Similarly, let us take a) = L™ (t+p(n—1)). Then (3) can be
rewritten as

=3 (") e e pti-1).
By (8)
ag =L (t+ (p+1)n—p).

Finally, using (4), we obtain the dual formula (8)

Lt pn-1) =3 (1) (0" L 04 (4 1)) (14

t—p—n
f01r0§l€§—pJrl )

For p = 1 in (13) and (14), we get the properties of incomplete Fibonacci and Lucas
numbers in [3].
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