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EXTENSIONS OF RACKS AND QUANDLES
NICHOLAS JACKSON

(communicated by Ronald Brown)

Abstract

A rack is a set equipped with a bijective, self-right-distrib-
utive binary operation, and a quandle is a rack which satisfies
an idempotency condition.

In this paper, we introduce a new definition of modules over
a rack or quandle, and show that this definition includes the
one studied by Etingof and Grafia [9] and the more general
one given by Andruskiewitsch and Grana [1]. We further show
that this definition coincides with the appropriate specialisa-
tion of the definition developed by Beck [3], and hence that
these objects form a suitable category of coefficient objects in
which to develop homology and cohomology theories for racks
and quandles.

We then develop an Abelian extension theory for racks and
quandles which contains the variants developed by Carter, El-
hamdadi, Kamada and Saito [6, 7] as special cases.

1. Introduction

A rack (or wrack) is a set X equipped with a self-right-distributive binary oper-
ation (often written as exponentiation) satisfying the following two axioms:

(R1) For every a,b € X there is a unique ¢ € X such that c® = a.
(R2) For every a,b,c € X, the rack identity holds:

In the first of these axioms, the unique element c is often denoted a’, although b
should not itself be regarded as an element of the rack. Association of exponents
should be understood to follow the usual conventions for exponential notation. In
particular, the expressions a’® and a®®* should be interpreted as (a®)¢ and (a¢)®")
respectively.

A rack which, in addition, satisfies the following idempotency criterion is said to
be a quandle.

(Q) For every a € X, a® = a.

Received January 19, 2005, revised May 18, 2005; published on June 20, 2005.

2000 Mathematics Subject Classification: 18G15; 18E10, 18G60.

Key words and phrases: Racks, quandles, extensions, modules, homology, cohomology.
(© 2005, Nicholas Jackson. Permission to copy for private use granted.



Homology, Homotopy and Applications, vol. 7(1), 2005 152

There is an obvious notion of a homomorphism of racks: a function f: X — Y
such that f(a®) = f(a)?® for all a,b € X. We may thus form the categories Rack
and Quandle.

For any element = € X the map m,: a — a” is a bijection. The subgroup of
Sym X generated by {7, : © € X} is the operator group of X, denoted Op X. This
assignment is not functorial since there is not generally a well-defined group homo-
morphism Op f: Op X — OpY corresponding to an arbitrary rack homomorphism
f: X — Y. The group Op X acts on the rack X, and divides it into orbits. Two
elements x,y € X are then said to be in the same orbit (denoted z ~ y or z € [y])
if there is a (not necessarily unique) word w € Op X such that y = 2®. A rack with
a single orbit is said to be transitive. The set of orbits of X is denoted Orb X.

Given any group G, we may form the conjugation rack ConjG of G by tak-
ing the underlying set of G and defining the rack operation to be conjugation
within the group, so ¢" := h~!gh for all g,h € G. This process determines a
functor Conj: Group — Rack which has a left adjoint, the associated group functor
As: Rack — Group. For a given rack X, the associated group As X is the free group
on the elements of X modulo the relations

a® =b"tab

for all a,b € X.

Racks were first studied by Conway and Wraith [8] and later (under the name
‘automorphic sets’) by Brieskorn [4], while quandles were introduced by Joyce [13].
A detailed exposition may be found in the paper by Fenn and Rourke [10].

A trunk T is an object analogous to a category, and consists of a class of objects
and, for each ordered pair (A, B) of objects, a set Homt(A, B) of morphisms. In
addition, T has a number of preferred squares

A f

B

C——D
of morphisms, a concept analogous to that of composition in a category. Morphism
composition need not be associative, although it is in all the cases discussed in this
paper, and particularly when the trunk in question is also a category.

Given two arbitrary trunks S and T, a trunk map or functor F': S — T is a map
which assigns to every object A of S an object F/(A) of T, and to every morphism
f: A— Bof S amorphism F(f): F(A) — F(B) of T such that preferred squares
are preserved:

fa

=
2
=
X



Homology, Homotopy and Applications, vol. 7(1), 2005 153

For any category C there is a well-defined trunk Trunk(C) which has the same
objects and morphisms as C, and whose preferred squares are the commutative
diagrams in C. In particular, we will consider the case Trunk(Ab), which we will
denote Ab where there is no ambiguity. Trunks were first introduced and studied
by Fenn, Rourke and Sanderson [11].

In this paper, we study extensions of racks and quandles in more generality than
before, in the process describing a new, generalised notion of a module over a rack or
quandle, which is shown to coincide with the general definition of a module devised
by Beck [3]. Abelian groups Ext(X,.A) and Extg(X,.A) are defined and shown to
classify (respectively) Abelian rack and quandle extensions and to be generalisations
of all known existing Ext groups for racks and quandles.

This paper contains part of my doctoral thesis [12]. T am grateful to my supervisor
Colin Rourke, and to Alan Robinson, Ronald Brown, and Simona Paoli for many
interesting discussions and much helpful advice over the past few years. I also thank
the referees for their kind comments and helpful suggestions.

2. Modules

Given a rack X we define a trunk T(X) as follows: let T(X) have one object for
each element x € X, and for each ordered pair (z,y) of elements of X, a morphism
0yt — ¥ and a morphism S, ,: y — y* such that the squares

A,y By,
x hiad Y ind
Qg z (& P Qy 2 Xy 2
2 z
z? > p¥YZ — Y yz > p¥%7 = 7Y
QApz y2 % 2%

are preferred for all x,y,z € X.

Thus a trunk map A: T(X) — Ab, as defined in the previous section, deter-
mines Abelian groups A,, and Abelian group homomorphisms ¢ ,: A, — Az» and
Yy 2t Ay — Agw, such that

¢zy,z¢:ﬂ7y = (bwz,yz ¢a:,z
and %y,z%,z = %z,mz (by,z

for all z,y, z € X. It will occasionally be convenient to denote such a trunk map by
a triple (A4, ¢, ).

2.1. Rack modules

Let X be an arbitrary rack. Then a rack module over X (or an X-module) is
a trunk map A = (A4,¢,¢): T(X) — Ab such that each ¢, ,: A; = Ay is an
isomorphism, and

Vr,av(a) = Pz =z 2(a) + Pyz 2292y (a) (1)
foralla € A, and z,y,z € X.
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If z,y lie in the same orbit of X then this implies that A, = A, (although
the isomorphism is not necessarily unique). For racks with more than one orbit it
follows that if « ¢ y then A, need not be isomorphic to A,. Rack modules where
the constituent groups are nevertheless all isomorphic are said to be homogeneous,
and those where this is not the case are said to be heterogeneous. It is clear that
modules over transitive racks must be homogeneous.

An X-module A of the form (A,1d,0) (so that ¢, , =1Id: A, — Azv and ¥y, is
the zero map A, — Agv) is said to be trivial.

Example 2.1 (Abelian groups). Any Abelian group A may be considered as a
homogeneous trivial X—module A, for any rack X, by setting A, = A, ¢y = Ida,
and v, , =04 for all z,y € X.

Example 2.2 (As X—modules). Let X be a rack, and let A be an Abelian group
equipped with an action of As X. Then A may be considered as a homogeneous
X-module A = (A, ¢,9) by setting A, = A, and defining ¢, ,(a) = a - = and
Yy (a)=0foralla € Aand z,y € X.

In particular, Etingof and Grana [9] study a cohomology theory for racks, with
As X—modules as coefficient objects.

Example 2.3. In [1], Andruskiewitsch and Grania define an X -module to be an
Abelian group A equipped with a family = {n, , : =,y € X} of automorphisms of
A and another family 7 = {7, , : ,y € X} of endomorphisms of A such that (after
slight notational changes):

Nzv,2Nz,y = Nzz,y=Tz,z
Nev, 2Ty, x = Tyz zzTy,z
Tzav = Nzzy>Taw + Ty 22Tz y

This may readily be seen to be a homogeneous X—module in the context of the
current discussion.

As a concrete example, let X be C3 = {0,1,2}, the cyclic rack with three ele-
ments. This has rack structure given by 2¥ = x + 1 (mod 3) for all 2,y € X. Let
A = Zs5 and define:

Ney: A— A; n—2n (mod 5)
Tya: A— A; n—4n  (mod 5)

Then this satisfies Andruskiewitsch and Grana’s definition of a C3—module, and (by
setting Ag = A; = Ay = A = Zs) is also a homogeneous C3—module in the context
of the current discussion.

Example 2.4 (Alexander modules). Let h = {h; : ¢ € Orb X} be a family of
Laurent polynomials in one variable ¢, one for each orbit of the rack X, and let
n = {n; : i € Orb X} be a set of positive integers, also one for each orbit. Then
we may construct a (possibly heterogeneous) X-module A = (A, ¢,1) by setting
Ay = Ly, [t,t‘l]/hm(t), Gzy: @ ta, and ¥y 41 b — (1 —t)b for all z,y € X,
a€ A, and b € Ay. The case where A, = Z[t,t']/hyy(t) for all z in some orbit(s)
of X is also an X—module.
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Example 2.5 (Dihedral modules). Let n = {n; : i € Orb X'} be a set of positive
integers, one for each orbit of X. Then let D = (D, ¢,v) denote the (possibly
heterogeneous) X-module where Dy = Zp,, ¢z,y(a) = —a, and ty ,(b) = 2b for
all z,y € X, a € A, and b € A,. This module is isomorphic to the Alexander
module where h;(t) = (1 +¢) for all i € Orb X. The case where A, = Z for all z in
some orbit(s) of X, is also an X—module. The nth homogeneous dihedral X —module
(where all the n; are equal to n) is denoted D,,. The case where D, = Z for all
x € X is the infinite homogeneous dihedral X -module Do.

Given two X—modules A = (A4,¢,¢) and B = (B, x,w), a homomorphism of
X-modules, or an X -map, is a natural transformation f: A — B of trunk maps,
that is, a collection f = {f,: Ay, — B, : x € X} of Abelian group homomorphisms
such that

¢x7yfx = fzy¢m,y
and '(py,xfy = f$y¢y71'

for all z,y € X.

We may thus form the category RModx whose objects are X—modules, and whose
morphisms are X—maps.

In his doctoral thesis [3], Beck gives a general definition of a ‘module’ in an
arbitrary category. Given a category C, and an object X of C, a Beck module over
X is an Abelian group object in the slice category C/X. For any group G, the
category Ab(Group/G), for example, is equivalent to the category of G—modules.
Similar results hold for Lie algebras, associative algebras and commutative rings.
The primary aim of this section is to demonstrate a categorical equivalence between
the rack modules just defined, and the Beck modules in the category Rack.

For an arbitrary rack X and an X-module A = (A, ¢, 1), we define the semidirect
product of A and X to be the set

Ax X ={(a,z):x € X,a€ Ay}
with rack operation given by
(a,2) "% = (fy(a) + 1y (), 2) -

Proposition 2.1. For any rack X and X -module A = (A, ¢,v), the semidirect
product A x X is a rack.

Proof. For any three elements (a, z), (b,y), (¢,2) € A x X,

(a,2) OV = (¢, (a) + 1y 2 (b), ) ()
= (¢my,z¢m,y(a) + ¢my,z7/1y,m(b) + wz,:cy (C), Iyz)
= (o= = G2 (@) + Vy= 22 Dy = (D) + Pax y= V20 (€) + Wy 2ty (0), 2°)
= (B2,2() + (), 2 GO0

= (a,z)(@D D

Furthermore, for any two elements (a, ), (b,y) € A x X, there is a unique element

(Ca Z) - (aa x)(b,y) = (Qb;gl;(a - wy,z(b))axy) EAxX
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such that (¢, 2)®¥) = (a,z).
Hence A x X satisfies the rack axioms. O

Theorem 2.2. For any rack X, the category RModx of X -modules is equivalent
to the category Ab(Rack/X) of Abelian group objects over X.

Proof. Given an X-module A = (A, ¢,v), let T'A be the object p: AxX — X in the
slice category Rack/X, where p is defined as projection onto the second coordinate.
Given an X—map f: A — B, we obtain a slice morphism Tf : A x X — Bx X
defined by T'(f)(a,z) = (fz(a),z) for all a € A, and = € X. This is functorial since,
for any X—module homomorphism g: B — C,

T(f9)(a,z) = ((fg)z(a),x)
= (f:rgw<a)7 SC)
=T(f)(92(a), 2)
=T(f)T(9)(a,x)
for all a € A, and z € X. We thus have a functor T: RModx — Rack/X. Our aim
is to show firstly that the image of T is the subcategory Ab(Rack/X), and secondly
that T has a well-defined inverse.

To show the first, that T'A has a canonical structure as an Abelian group object,
we must construct an appropriate section, and suitable multiplication and inverse

morphisms.
Let:
rr AxX - AxX; (a,2) — (—a,x)
m:(AxX)xx (AxX)—> AxX; ((a1,2), (a2, x)) — (a1 + az,x)
st X - AxX; z— (0,2)

The maps r and m both compose appropriately with the projection map p:
pla,z) =z = p(—a,z) = p(r(a,z))
pla1,x) = p(az,r) =z = p(a; + az,v) = p(m((a1,z), (a2, ))
Furthermore, ps = Idx. Also
m(m((ala J}), (a’va))a (a3,x)) = m((al + anx)’ (a3a 33‘))
= (a1 + az + a3, x)
=m((a1,2), (a2 + a3, v))
= m((al,x),m((aQ,x), (a3ax)))7
m(s(x), (a) m)) = m((07 .’L‘), (av l‘))
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and m(r(a, ), (a,x)) = m((—a,x), (a,x))
= (0733)
= m((avx)v (—a,x))

= m((a,:z:),r(a,m)%

so T A is an Abelian group object in Rack/X.

Now, given an Abelian group object p: R — X in Rack/X, with multiplication
map /i, inverse map v, and section o, let R, be the preimage p~!(z) for each z € X.
Each of the R, has a canonical Abelian group structure defined in terms of the maps
w,v, and o: o(x) is the identity in R,, and for any u,v € R, let u+v := p(u,v) and
—u := v(u). That the preimage R, is closed under addition and inversion follows
immediately from the fact that g and v are rack homomorphisms over X.

Next, we define maps
Pzy: Rz — Rgv, given by u — u’W,

for all z,y € X nd u € R,. These are Abelian group homomorphisms, since
Pry0 () = 0(2)°™ = o (2¥) (which is the identity in R,v) and, for any u,us € R,

Pay (1 + us) = pu(u, uz)”W
(g, uZ)u(a(y),o(y))

= u(u cf(y)7u2(y))

= pay(u1) + pzy(u2).

It is also an isomorphism, since exponentiation by a fixed element of a rack is a
bijection. Furthermore, for any z,y,z € X and any u € R,

Py 2Pay(U) = weWe(2)
— o (@)
IOLICE!
= Pay* Pa,z (W)
Now we define maps
Ayot Ry — Ry, given by v — o(x)",
for all ,y € X and v € R,. These are also Abelian group homomorphisms since
Ayzo(y) = o(2)"W = o(a)
(which is the identity in R,v) and, for any vi,vs € Ry,
x)ﬂ(vhvz)
o(a),o(@) 1)
(

z)", o(x)")
y,z(”1)+>\y, (v2).

)\yvz (Ul + 'UQ)

g

(
(
(

g

I
I
A
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Also, for any z,y,z € X, ve Ry and w € R,

Pav 2 Aye(V) = o(x)v7
_ O_(x)a(z)v“(z)
= J(xz)”U(Z)
= Ay 22 Py,2(v)
and A, pv(w) =o(a¥)”
U(x)v(y)w
= o(z)ve®"”
(o

o (@), o(z))H o@D wnlo(v)o @) 7

Il
=

o(z)o(y)” wo(y)?*)
:u<0(m) @o®)"” 5 (z)wr®) )

— o(2)7 D7 4 ()0 @)

= g(xZ)U(y)“’ + U(x)wa(yz)

= Ay= 22 Ay (W) + Pa= = Az z (W)
Thus an Abelian group object R — X in Rack/X determines a unique rack module
R =(R,p,\) over X.

For any two such Abelian group objects p1: Ry — X and po: Ry — X, together
with a rack homomorphism f;: Ry — Ry over X, we may construct two X—modules
R1 and Rs as described above, and an X—map ¢;: R1 — R2 by setting (g1).(u) =
fi(u) for all w € (R1), and = € X. It may be seen that (g1): : (R1)z — (R2)z

since f7 is a rack homomorphism over X. It may also be seen that g; is a natural
transformation of trunk maps T(X) — Ab since

(91)av ((p1) 2,y (w)) = f1((p1)2,y(w))

and  (g1)av (M) yz(v) = fi(
(

forall u € R;,v € Ry, and z,y € X.

Given a third Abelian group object p3: R3 — X together with another slice
morphism fo: Ry — R3, we may construct another X-—module R3 and X-map
g2: Re — Rs. jFrom the composition ff; we may similarly construct a unique
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X-map g: R;1 — R3. Then
ga(u) = (f2f1)(w) = (92)2(f1 (1)) = (92)2(91)=(w).

Hence this construction determines a functor S: Ab(Rack/X) — RModx, which is
the inverse of the functor T: RModx — Ab(Rack/X) described earlier. O

Theorem 2.3. The category RModx is Abelian.

Proof. The category RMody is additive, as for any X-modules A and B, the set
Hompgmod y (A, B) has an Abelian group structure given by (f+g)z(a) = fz(a)+gz(a)
forall f,g: A — B,all z € X and all a € A,. Furthermore, composition of X—maps
distributes over this addition operation. The X—module with trivial orbit groups and
structure homomorphisms is the zero object in RMod x, and for any two X—modules
A= (A a,¢e) and B = (B, 3,(), the Cartesian product Ax B = (Ax B,ax [3,e x()
is also an X-module.

Given an X—map f: B = (B,3,() — C = (C,v,n) let A = (A, a,¢) such that
Ay = {a € B, : fi(a) = 0}, with a,y = Bz yla, and €y = (yefa,- Then Ais a
submodule of B and the inclusion ¢: A < B is the (categorical) kernel of f.

Now define D = (D, 4,§) where D, = C,/im f,, and 05y = Yoy + im f, and
&yw = Ny, +1im fy. Then D is a quotient of C and the canonical projection map
m: C — D is the (categorical) cokernel of f.

Let u: H — K be an X—monomorphism. Then the inclusion ¢: imu — K is
a kernel of the quotient map 7: K — K/im p. Since p is injective, p': H = impu
where p! (a) = pz(a) for all x € X and a € H,. But since kernels are unique up to
composition with an isomorphism, and since p =y, it follows that u is the kernel
of its cokernel, the canonical quotient map 7.

Let v: H — K be an X—epimorphism. Then the inclusion map ¢: kerv «— H is
a kernel of v. Given another X—map x: H — L such that k. = 0, then ker v C ker
so that v(a) = v(b) implies that x(a) = k(b). But since v is surjective we can define
an X-map 6: K — L by 0,v,(a) = k.(a) for all a € H, and x € X. Then v = &
and so v is a cokernel of «.

So, every X—map has a kernel and a cokernel, every monic X—map is the kernel of
its cokernel, and every epic X—map is the cokernel of its kernel, and hence RMod x
is an Abelian category. O

These results justify the use of the term ‘rack module’ to describe the objects
under consideration, and show that RModx is an appropriate category in which to
develop homology theories for racks. Papers currently in preparation will investigate
new homology theories for racks, based on the derived functor approach of Cartan
and Eilenberg [5] and the cotriple construction of Barr and Beck [2].

We now introduce a notational convenience which may serve to simplify matters
in future. Let X be a rack, A = (A, ¢,%) an X—module, and w = y1ys . . . y,, a word
in As X. Then we may denote the composition

d)zm---yn—l’yn¢my1---yn—2’yn71 - ¢I7y1

by ¢z,w = ¢z4,...y,,- This shorthand is well-defined as the following lemma shows:
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Lemma 2.4. Ify; ...y, and 21 . .. 2y, are two different representative words for the
same element w € As X, then the compositions

¢_,L-yl---?/n—1 Yn d)l‘yl'”y”*Q,yn71 P ¢w,y1
and ¢_,L.21---zm717Zm(bl-21---zm—272m71 . ¢$,z1

are equal, for all x € X. Furthermore, ¢, 1 = Ida,, where 1 denotes the identity in
As X.

Proof. Let T: RModx — Ab(Rack/X) be the functor constructed in the proof of
Theorem 2.2, and recall that R, = T(.A), has an Abelian group structure. For any
z,y € X, the homomorphism T'(¢zy): Ry — Ryv maps u — u’®W | where o is the
section of T'A. Then for any u € R,

T(Qsmf‘!l---?/n—l)y" ¢x?/l---yn72’y”71 . ¢I7y1)(u)

— o) (yn)

— ug(yl---yn)

— uo'(zl'nzm,)

_ ua(zl)...a(zm)

= T((ﬁle«-«szl7Zmd)x21-«-2m72,2m71 e ¢z,z1)(u)

where the equality in the second and third lines follows from the functoriality of the
associated group.
The final statement follows from the observation

T(pp1)(u) = uwl=u= T(Ida,)(u).

Hence this notation is well-defined. O

2.2. Quandle modules

We now study the specialisation of rack modules to the subcategory Quandle.
A quandle module is a rack module A = (A, $,1) which satisfies the additional
criterion

wx,w(a) + (bw,x(a) =a (2)

for all a € A, and x € X. Where the context is clear, we may refer to such objects
as X -modules. There is an obvious notion of a homomorphism (or, in the absence
of ambiguity, an X -map) of quandle modules, and thus we may form the category
QModx of quandle modules over X.

Similarly to example 2.3, Andruskiewitsch and Grana’s definition of quandle
modules coincides with the definition of a homogeneous quandle module in the
sense of the current discussion.

Examples 2.1, 2.4, and 2.5 of the previous subsection, are also quandle modules.
Example 2.2 is not, but the variant obtained by setting ¢, , = Id4 —¢, ,, for all
z,y € X, is.

Example 2.6. For an arbitrary quandle X, Andruskiewitsch and Grana [1] further
define a quandle X -module to be a rack module (as in example 2.3) which satisfies
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the additional condition
Ne,x + Te,x = IdA
for all z € X. This may be seen to be a homogeneous quandle X—module in the

context of the current discussion.

Given a quandle X and a quandle X-module A, the semidirect product A x X
has the same definition as before.

Proposition 2.5. If X is a quandle and A = (A, ¢,v) a quandle module over X,
the semidirect product A x X is a quandle.

Proof. By proposition 2.1, A x X is a rack, so we need only verify the quandle
axiom. For any element (a,z) € A x X,

(a7x)(a,z) = (¢x,z(a) + %,x(a), x") = (a, )
and so A x X is a quandle. O

These objects coincide with the Beck modules in the category Quandle.

Theorem 2.6. For any quandle X, there is an equivalence of categories

QModx = Ab(Quandle/X)

Proof. As in the proof of Theorem 2.2, we identify the quandle module A = (A, ¢, )
with A x X — X in the slice category Quandle/X. Proposition 2.5 ensures that this
object is indeed a quandle over X, and hence we obtain a well-defined functor
T: QMody — Ab(Quandle/X).

Conversely, suppose that R — X is an Abelian group object in Quandle/ X, with
multiplication map p, inverse map v, and section o. As before, we may construct a
rack module R = (R, p, A) over X. It remains only to show that this module satisfies
the additional criterion (2) for it to be a quandle module over X. But

/\w,x(a) + pw,x(a) = N(U(x)a7 aa(m))

and so R is indeed a quandle X—module. O
Theorem 2.7. The category QMod x is Abelian.

Proof. This proof is exactly the same as the proof of Theorem 2.3. O

Analogously to the previous subsection, we may conclude that our use of the
term ‘quandle module’ is justified, and that the category QModyx is a suitable
environment in which to study the homology and cohomology of quandles.
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3. Abelian extensions

Having characterised suitable module categories, we may now study extensions
of racks and quandles by these objects. Rack extensions have been studied before, in
particular by Ryder [14] under the name ‘expansions’; the constructs which she dubs
‘extensions’ are in some sense racks formed by disjoint unions, whereby the original
rack becomes a subrack of the ‘extended’ rack. Ryder’s notion of rack expansions is
somewhat more general than the extensions studied here, as she investigates arbi-
trary congruences (equivalently, rack epimorphisms onto a quotient rack) whereas
we will only examine certain classes of such objects.

3.1. Abelian extensions of racks

An extension of a rack X by an X—module A = (A, ¢,v) consists of a rack
E together with an epimorphism f: £ — X inducing a partition E = (J .y .
(where E, is the preimage f~!(r)), and for each x € X a left A,—action on E,
satisfying the following three conditions:

(X1) The A,—action on E, is simply transitive, which is to say that for any u,v € E,
there is a unique a € A, such that a-u = v.

(X2) Forany u € E;, a € Ay, and v € Ey, (a-u)” = ¢y y(a) - (u?).

(X3) For any u € E,, b€ A,, and v € E,, ul®¥) =1, . (b) - (u?).

Two extensions f1: F1 — X and fy: E5 — X by the same X—module A are
equivalent if there exists a rack isomorphism (an equivalence) 6: F1 — Es which
respects the projection maps and the group actions:

(E1) f20(u) = f1(u) for all u € Ey
(E2) O(a-u)=0(a) -uforallu e E,,a€ A, and z € X.

Let f: E — X be an extension of X by A. Then a section of E is a function
(not necessarily a rack homomorphism) s: X — FE such that fs = Idx. Since the
A, act simply transitively on the E,, there is a unique z € X and a unique a € A,
such that a given element u € E, can be written as u = a - s(z). Since f is a
homomorphism, it follows that s(z)**) € E,, and so there is a unique Opy € Agy
such that s(2)*@) = o, , - s(x¥). The set 0 = {0, : x,y € X} is the factor set of
the extension E relative to the section s, and may be regarded as an obstruction to
s being a rack homomorphism.

It follows that, for all x,y € X, a € A;, and b € 4,

(a-s(x) W) = ¢, (a) - s(x)W)
= (VYyu(b) + ¢z y(a)) - S(x)s(y)
= (Vy,2(b) + dpy(a) + 0z y) - s(2¥)

Thus the rack structure on E is determined completely by the factor set o. The
next result gives necessary and sufficient conditions on factor sets of arbitrary rack
extensions.

Proposition 3.1. Let X be a rack, and A = (A, ¢,v) be an X -module. Let o =
{02,y € Agv 1 x,y € X} be a collection of group elements. Let E[A, o] be the set
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{(a,2) :a € Ay, x € X} with rack operation

(avx)(bﬂ) = (Ga,y(a) + 0z + 1y (D), 2¥)
forallae Ay, be Ay, and x,y € X.
Then E[A, o] is an extension of X by A with factor set o if
Ouv,z + o 2(0zy) = Guz y=(00,2) + Oz y= + yz 22 (0y,2) (3)
for all x,y,z € X. Conversely, if E is an extension of X by A with factor set o
then (3) holds, and E is equivalent to E[A, o).

Proof. To prove the first part, we require that F[A, o] satisfy the rack axioms. Given
(a,2), (b,y) € E[A, 0], there is a unique (c, z) € E[A, o] such that (¢, 2)®¥) = (a,z),
given by

(c,2) = ((b;,i/(a’ — Ozy — ¢y,m(b))> xy)
Also, for any (a,z), (b,y), (c,2) € E[A, o],
(a,2) OV = (b 4 () + T,y + Py 0 (b), 2¥) )
= (¢zy,z¢m,y(a) =+ ¢my,z(0m,y) + ¢zy,z'l/)y,a:(b) + Opv 2 + Vs v (C), «Tyz)
and
(a,2)EDED Y 2 ($0.(0) + Op o + 12 2 (c), 2%) (@v=OFTust02 () 57)
= (a2 y=02,2(a) + Poz 4= (00,2) + Paz =Yz 2(C) + 0=y
+ yz x By,2 (D) + Py 22 (0y,2) + Pyz o=tz y (), mzyz)

are equal if (3) holds, and so E[A, o] is a rack.

Now define f: E[A, o] - X to be projection onto the second coordinate, and let
A, act on E[A, 0], = f~1(x) by a; - (az,x) := (a1 + az,z) for each a;,as € A, and
all x € X. These actions are simply transitive and satisfy the requirements

(a1 - (a2, )" = (a1 + ag,2) ") = (b (a1 + az) + 04y + 1y 2 (b), 2Y)

= (¢a,y(ar) + day(az) + ouy + Vyu(b), z¥)
= Quy(a1) - (Day(az) + 0uy + Yy (b), %)
= b y(ar) - (ag, )Y
and (a7x)b1'(b2’y) = (a,x)(b1+b2’y)
= (¢z,y(a) + 02y + Yy (b1 + b2),2Y)
= (¢a,y(a) + 0wy + Yy (br) + Vya(b2), 2¥)
= y,2(b1) - (da,y(@) + 0y + 1y u(b2),2Y)
= Py(b1) - (a,2) ¥
so E[A, o] is an extension of X by A. Now define s: X — E[A, o] by s(x) = (0, z)
for all x € X. This is clearly a section of this extension. Also,

s(2)*@ = (0,2) Y = (04,4,2%) = 05y - s(a?)

so o is the factor set of this extension relative to the section s.
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Conversely, let f: E — X be an extension of X by a given X-module A, with
factor set o relative to some extension s: X — FE. By the simple transitivity of
the A,—action on the E, = f~!(z), the map 0: (a,) +— a - s(x) is an isomorphism
E[A, 0] = E. Since F is a rack, the earlier part of the proof shows that (3) holds, and
so E[A, o] is another extension of X by A. Furthermore, 6 respects the projection
maps onto X, and

O(ay - (ag,z)) = 0(a1 + az,x) = (a1 + a2) - s(x) = a1 - (az - s(x)) = a; - 0(az, x)
so 6 is an equivalence of extensions. O

Andruskiewitsch and Grafia [1] introduce the notion of an extension by a dynam-
ical cocycle. Given an arbitrary rack X and a non-empty set S, we select a function

a: X X X — Homge (S % S,5) (which determines, for each ordered pair z,y € X,
a function oy ,: S x S — S) satisfying the criteria

(1) agy(s,—) is a bijection on S

(i) Oég;y72(8, aw,y(tvu)) = Qgz y= (O‘%Z(S’t)va%y(svu))
for all z,y,z € X and s,t,u € S. Then we may define a rack structure on the set
X x S by defining (x,s)" = (2Y, a, ,(s,t)). This rack, denoted X x, S, is the
extension of X by a. In the case where S is an Abelian group, and oy ,(s,t) =
Gzy(8) + 05y + ¥y s(t) for some suitably-chosen Abelian group homomorphisms
Gpy, Uy S — S, and family 0 = {0, € S : z,y € X} of elements of S, then
this is equivalent to the construction E[A, o] just discussed, for a homogeneous

X-module A = (A, ¢,v).
Proposition 3.2. Let o and 7 be factor sets corresponding to extensions of a rack
X by an X-module A. Then the following are equivalent:

(i) E[A, o] and E[A,T] are equivalent extensions of X by A

(i1) there exists a family v = {v, € Ay : x € X} such that

Tay = Oay + Gay(Va) + Uy (Vy) — Vg (4)
forz,ye X.

(iti) o and T are factor sets of the same extension of X by A, relative to different

sections.

Proof. Let 0: E[A,7] = E[A, 0] be the hypothesised equivalence. Then it follows
that 6(0,x) = (vg, z) for some v, € A, and, furthermore,

O(a,z) =0(a-(0,2)) =a-0(0,2) =a- (vg,z) = (a+ vy, T)
for all a € A, since 6 preserves the A,—actions. Then
0((a,2) ")) = ($uy () + Py (b) + Tay + Vo, 2¥)
and  0(a,2)"" = (a+vp, )Y = (Gyy (0 + vs) + Uy b+ vy) + 00y, 2Y)

which are equal since 6 is a rack homomorphism, and so (4) holds. This argument
is reversible, showing the equivalence of the first two statements.
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Now, given such an equivalence 6, define a section s: X — E[A, 7] by  — (v, ).
Then the above argument also shows that

S(x)b.s(y) — (Ux’x)(verb,y) _ (Uz,y + wy,z(b)) - s(zY)
and (a- s(x))s(y) = (vz + a, :v)(“y’y) = (0p,y + ¢z y(a)) - s(a¥)

so o is the factor set of E[A, 7] relative to the section s. This property holds for
any extension equivalent to E[A, 7]. Conversely, if o and 7 are factor sets of some
extension E of X by A relative to different sections s,t: X — E then s(z) = v, -t(z)
for some v, € A,, and so the first and third conditions are equivalent. O

The following corollary justifies the earlier assertion that the factor set is in some
sense the obstruction to a section being a rack homomorphism.

Corollary 3.3. For an extension f: E — X by an X-module A = (A, ¢,v), the
following statements are equivalent:

(i) There exists a rack homomorphism s: X — E such that fs = Idx
(ii) Relative to some section, the factor set of E — X is trivial

(i4i) Relative to any section there exists, for the factor set o of E — X, a family
v={v, € A, : x € X} such that for all z,y € X

Oy = Guy(Ve) — Vov + Py 2 (vy) (5)

Extensions of this type are said to be split. We are now able to classify rack
extensions:

Theorem 3.4. Let X be a rack and A = (A, ¢,v) an X-module. Then there is
an Abelian group Ext(X, A) whose elements are in bijective correspondence with
extensions of X by A.

Proof. Let the set Z(X, A) consist of extensions of X by A. As shown above, these
are determined by factor sets o satisfying (3). Defining an addition operation by
(0 + T)ay = Opy + Tzy gives this an Abelian group structure with the trivial
factor set as identity. A routine calculation confirms that the set B(X, .A) of split
extensions (equivalently, factor sets satisfying (5)) forms an Abelian subgroup of
Z(X,A), and so we may define Ext(X, A) := Z(X, A)/B(X, A). O

In the case where A is a trivial homogeneous X-module (equivalently, an Abelian
group A) the group Ext(X, A) coincides with H?(BX; A), the second cohomology
group of the rack space of X as defined by Fenn, Rourke and Sanderson [11].

3.2. Abelian extensions of quandles

We now turn our attention to the case where X is a quandle. Extensions of X
by a quandle X—module A and their corresponding factor sets are defined in an
analogous manner.

Proposition 3.5. Let X be a quandle and A = (A, ¢,¢) be a quandle module
over X. Then extensions f: E — X such that E is also a quandle are in bijective
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correspondence with factor sets o satisfying hypothesis (3) of proposition 3.1 together
with the additional criterion

Opz =0 (6)
forallx € X.

Proof. Following the reasoning of proposition 3.1, for F to be a quandle is equivalent
to the requirement that

(a>$)(a’x) = (¢z,m(a) +Op + wx,w(a)a z”) = (aax)

for all z € X and a € A,. Since A is a quandle module, this is equivalent to the
requirement that (6) holds. O

We may now classify quandle extensions of X by A:

Theorem 3.6. For any quandle X and quandle X -module A, there is an Abelian
group Extg (X, A) whose elements are in bijective correspondence with quandle ex-
tensions of X by A.

Proof. We proceed similarly to the proof of Theorem 3.4. Let Zg(X,.A) be the
subgroup of Z(X,.A) consisting of factor sets satisfying the criterion (6), and let
Bg(X,A) = B(X, A). Then we define Extg (X, A) = Zo(X,A)/Bg(X, A). O

In the case where A is trivial homogeneous (and hence equivalent to an Abelian
group A), extensions of X by A correspond to Abelian quandle extensions, in the
sense of Carter, Saito and Kamada [7] and so Extq (X, A) = H3(X; A).

If the module A is a homogeneous Alexander module as defined in example 2.4,
then extensions of X by A are exactly the twisted quandle extensions described by
Carter, Saito and Elhamdadi [6], and so Extq(X, A) = H7.o(X; A).
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