Homology, Homotopy and Applications, vol.7(1), 2005, pp.109-150
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PIETRO POLESELLO AND INGO WASCHKIES
(communicated by Lionel Schwartz)

Abstract

For a given category C and a topological space X, the con-
stant stack on X with stalk C is the stack of locally constant
sheaves with values in C. Its global objects are classified by
their monodromy, a functor from the fundamental groupoid
IT;(X) to C. In this paper we recall these notions from the
point of view of higher category theory and then define the
2-monodromy of a locally constant stack with values in a
2-category C as a 2-functor from the homotopy 2-groupoid
II5(X) to C. We show that 2-monodromy classifies locally
constant stacks on a reasonably well-behaved space X. As an
application, we show how to recover from this classification
the cohomological version of a classical theorem of Hopf, and
we extend it to the non abelian case.

Introduction

A classical result in algebraic topology is the classification of the coverings of a
(reasonably well-behaved) path-connected topological space X by means of repre-
sentations of its fundamental group m1(X). In the language of sheaves this gener-
alises as an equivalence between the category of locally constant sheaves of sets on
X and that of representations of 71 (X) on the stalk. The equivalence is given by the
functor which assignes to each locally constant sheaf & with stalk S its monodromy
w(F): m(X) — Aut(S9).

Now let C be a category. It makes sense to consider monodromy representations
in C, in other words functors from the fundamental groupoid IT; (X) to C. One would
then say that they classify “locally constant sheaves on X with stalk in the category
C” even if there do not exist any sheaves with values in C. To state this assertion
more precisely, one needs the language of stacks of Grothendieck and Giraud. A
stack is, roughly speaking, a sheaf of categories and one may consider the constant
stack Cx on X with stalk the category C (if C is the category of sets, one recovers
the stack of locally constant sheaves of sets). Then one defines a local system on X
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with values in C to be a global section of the constant stack Cx. The monodromy
functor establishes (for a locally relatively 1-connected space X) an equivalence of
categories between global sections of Cx and functors II; (X) — C.

A question naturally arises: what classifies stacks on X which are locally con-
stant? Or, on the other side, which geometrical objects are classified by representa-
tions (i.e. 2-functors) of the homotopy 2-groupoid IIo(X)? In this paper, we define
a locally constant stack with values in a 2-category C as a global section of the
constant 2-stack Cx and give an explicit construction of the 2-monodromy of such
a stack as a 2-functor IIy(X) — C. We will show that, for locally relatively 2-
connected topological spaces, a locally constant stack is uniquely determined (up
to equivalence) by its 2-monodromy. We then use this result to recover the coho-
mological version of a classical theorem of Hopf, relating the second cohomology
group with constant coefficients of X to its first and second homotopy group, and
we extend it to the non abelian case.

During the preparation of this work, a paper [13] of B. Toen appeared, where
a similar result about locally constant oo-stacks and their co-monodromy is estab-
lished. His approach is different from ours, since we do not use any model category
theory and any simplicial techniques, but only classical 2-category (and enriched
higher category) theory. Moreover, since we are only interested in the degree 2 mon-
odromy, we need weaker hypothesis on the space X than loc.cit., where the author
works on the category of pointed and connected C'W-complexes.

This paper is organised as follows. In Chapter 1 we recall some basic notions
of stack theory and give a functorial construction of the classical monodromy. Our
approach appears at first view to be rather heavy, as we use more language and
machinery in our definition as is usually done when one considers just monodromy
for sheaves of sets or abelian groups. The reason for our category theoretical ap-
proach is to motivate the construction of 2-monodromy (and to give a good idea
how one could define n-monodromy of a locally constant n-stack with values in
an n-category, for all n). As a by-product we get the classification of locally con-
stant sheaves with values in finite categories (e.g. in the category defined by a
group) which yields an amusing way to recover some non abelian versions of the
”"Hurewicz’s formula”, relating the first non abelian cohomology set with constant
coefficients to representations of the fundamental group.

In Chapter 2 we introduce the 2-monodromy 2-functor of a locally constant
stack with values in a 2-category. This construction is analogous to our approach
to 1-monodromy, but the diagrams which should be checked for commutativity
become rather large. One reason for our lengthy tale on 1-monodromy is to give
good evidence to believe in our formulae, since we do not have the space to write
down detailed proofs. We also describe the 2-monodromy as a descent datum on
the loop space at a fixed point. Finally, we give some explicit calculations about the
classification of gerbes with locally constant bands. This allows us to give a general
Hurewicz-Hopf’s formula, relating the second cohomology with constant coefficients
(abelian or non abelian) to the representations of the fundamental groupoid of the
loop space. We show how in the abelian case this reduces to the Hopf’s theorem for
2-cohomology and we then give similar computations for the non abelian case.
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In Appendix A we review the definition of the stack of sheaves with values in a
complete category and in Appendix B the definition of the 2-stack of stacks with
values in a 2-complete 2-category.

Acknowledgement. We wish to thank Denis-Charles Cisinski for useful discussions
and insights.

Notations and conventions

We assume that the reader is familiar with the basic notions of classical category
theory, as those of category!, functor between categories, transformation between
functors (also called morphism of functors),equivalence of categories, monoidal cat-
egory and monoidal functor. We will also use some notions from higher category
theory, as 2-categories, 2-functors, 2-transformations, modifications, 2-limits and
2-colimits. Moreover, we will look at 3-categories, 3-functors, etc., but only in the
context of a “category enriched in 2-categories” which is much more elementary than
the general theory of n-categories for n > 3. References are made to [1, 11, 12]%.
For an elementary introduction to 2-limits and 2-colimits see [14].

We use the symbols C, D, etc., to denote categories. If C is a category, we denote
by Ob C (resp. mp(C)) the collection of its objects (resp. of isomorphism classes of
its objects), and by Hom (P, Q) the set of morphisms between the objects P and
Q (if C = Set, the category of all small sets, we will write Hom (P, Q) instead of
Homg, (P, Q)). For a category C, its opposite category is denoted by C°P.

We use the symbols C, D, etc., to denote 2-categories. If C is a 2-category, we
denote by ObC (resp. mo(C)) the collection of its objects (resp. of equivalence
classes of its objects), and by Hom (P, Q) the small category of 1-arrows between
the objects P and Q (if C = Cat, the strict 2-category of all small categories, we
will use the shorter notation Hom (C, D) to denote the category of functors between
C and D). In particular, 1-arrows which are invertible up to invertible 2-arrows will
be simply called equivalences. Given two 2-categories C and D, the 2-category of
2-functors from C to D will be denoted by Hom (C, D). If G is a commutative
group, we will use the notation Catg for the 2-category of G-linear categories and
Hom ,(C, D) for the G-linear category of G-linear functors. If C is a 2-category, C°P
denotes its opposite 2-category, meaning Hom ., (P, Q) = Hom (Q, P).

1. Locally constant sheaves with values in a category

1.1. Locally constant sheaves and their operations
Let X be a topological space. We denote by PSt(X) (resp. St(X)) the strict
2-category of prestacks® (resp. stacks) of categories on X. For the definition of a

IThere are a few well-known set-theoretical problems that arise in the definition of a category. A
convenient way to overcome these difficulties has been proposed by Grothendieck using the notion
of universe, and without saying so explicitly, we will work in this framework.

2Note that 2-categories are called bicategories by some authors, for whom a 2-category is what we
call here a strict 2-category. A 2-functor is sometimes called a pseudo-functor.

31n this article, a prestack of categories is nothing but a contravariant 2-functor from the category
of open subsets of X to the 2-category Cat. This is equivalent to the notion of fibered category,
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stack on a topological space see Appendix B. The classical references are Giraud’s
book [9] and [SGA1, exposé VI], and a more recent one is [6]. A lighter presentation
may be also found in [7].

Recall that, as for presheaves, to any prestack & on X one naturally associates
a stack &*. Precisely, one has the following

Proposition 1.1.1. The forgetful 2-functor

For: St(X) — PSt(X)
has a 2-left adjoint 2-functor

I: PSt(X) — St(X).
Let us fix an adjunction 2-transformation

nx : ldpgg(x) — Foro 1.

Note that there is an obvious fully faithful* 2-functor of 2-categories Cat —
PSt(X) which associates to a category C the constant prestack X D U — C.

Definition 1.1.2. Let C be a category. The constant stack on X with stalk C is
the image of C by the 2-functor

()x: Cat — PSt(X) — St(X).

Note that the 2-functor (-)x preserves faithful and fully faithful functors (hence
sends (full) subcategories to (full) substacks). Moreover, the 2-transformation 7x
induces on global sections a natural faithful functor

nx,c: C — Cx(X).

Definition 1.1.3. An object F € ObCx(X) is called a local system on X with
values in C. A local system is constant with stalk M if it is isomorphic to nx c(M)
for some object M € ObC.

Let C = Set, the category of all small sets (resp. C = Mod(A), the category of left
A-modules for some ring A). Then it is easy to see that Cx is naturally equivalent
to the stack of locally constant sheaves of sets (resp. Ax-module). Moreover the
functor nx,c: C — Cx(X) is canonically isomorphic to the functor which associates
to a set S (resp. an A-module M) the constant sheaf on X with stalk S (resp. M).
More generally one can easily prove the following proposition:

Proposition 1.1.4. Let C be a complete® category and X a locally connected topo-
logical space. Denote by £c6hx (C) the full substack of the stack Ghx (C) of sheaves
with values in C, whose objects are locally constant. Then there is a natural equiv-
alence of stacks

Cx =5 £c8h(C).

and for some authors a prestack is what we call here a separated prestack (see Appendix B).
4Recall that a 2-functor F: C — D is faithful (resp. full, resp. fully faithful) if for any objects
P,Q € ObC, the induced functor F: Hom (P, Q) — Hom 5 (F(P),F(Q)) is faithful (resp. full and
essentially surjective, resp. an equivalence of categories).

5Recall that a complete category is a category admitting all small limits.
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For a detailed construction of the stacks Gh(C) and £cShy(C) see Appendix A.

Remark 1.1.5. Suppose now that C is a category that is not necessarily complete.

The category C = Hom (C°P,Set) is complete (and cocomplete) and the Yoneda
embedding

Y:C—>/C\7 P — Hom(-,P)

commutes to small limits. Then one usually defines sheaves with values in C as
presheaves that are sheaves in the category PShx(C). Note that in general there
does not exist a sheaf with values in C (take for example C the category of finite
sets), but if C # & then the category Cx (X) of local systems with values in C is
always non-empty. Still, even in that case, we will sometimes refer to a local system

as a locally constant sheaf. More precisely we get a fully faithful functor of stacks
Yy: Cx — (C)x ~ £c8h 4 (C).

~

Let F be an object of £c6h(C) on some open set. Then F is in the essential image
of Yx if and only if all of its stalks are representable.

Let f: X — Y be a continuous map of topological spaces, & a prestack on X
and ® a prestack on Y.

Notation 1.1.6. (i) Denote by f.S the prestack on Y such that, for any open
set VCVY, £,.6(V)=6(f"1(V)). If & is a stack on X, then £, is a stack
onY.

(ii) Denote by Iy 19D the prestack on X such that, for any open set U C X,
[ 1D(U) = 2lim D(V). If D is a stack on Y, we set f~1D = (f, 'D)*.

focv
Recall that the category 2lim D(V) is described as follows:
fwcv
Ob 2lim D(V)= || ObD(V),
fucv f(ncv
Hom oy, o1 (Gv, Gvr) = lim Hom g v (Gv v, Gy lvr).
f(U)_c)v fo)cvrcvnv!

Proposition 1.1.7. The 2-functors
fer SH(X) — St(Y)  f1:St(Y) — St(X)
are 2-adjoint, f, being the right 2-adjoint of f~—1.

Moreover, if g: Y — Z is another continuous map, one has natural equivalences® of
2-functors

gx o fe=(go f)s f_log_lz(gof)_l‘

6For sake of simplicity, here and in the sequel we use the word “equivalence” for a 2-transformation
which is invertible up to an invertible modification. In the case of the inverse image, to be natural
means that if we consider the continuous maps h = fz o fa o f1, g1 = f2 0 f1 and g2 = f3 o fa,
then the two equivalences h™! ~ fl_lgz_1 o~ f1_1f2_1f3_1 and h~1 ~ gl_lfg)_1 o~ fl_lfz_lfs_1
are naturally isomorphic by a modification, in the sense that, if we look at the continuous map
k = fa0 fzo fao f1, we get the obvious commutative diagram of modifications.
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Since the following diagram commutes up to equivalence

PSt(Y) — > St(Y) (1.1.1)

o
fa ft
\

Cat

PSt(X) — > St(X),

the 2-functor f~! preserves constant stacks (up to natural equivalence).

Definition 1.1.8. Denote by (X, -) the 2-functor of global sections
St(X) — Cat, 6—T(X,6)=6(X)
and set [x =T(X,-)o()x.

Note that for any stack &, the category &(2) is the terminal object in Cat
(which consists of precisely one morphism). Hence the 2-functor

F({pt},-) : St({pt}) — Cat

is an equivalence of 2-categories. We easily deduce
Proposition 1.1.9. The 2-functor (X, -) is right 2-adjoint to (-)x.

It is not hard to see that we may choose the functors nx c: C — I(X,Cx) to
define the adjunction 2-transformation

nx: |dCat — rx.
Consider the commutative diagram of topological spaces

f

{pt}

and the induced 2-transformation of 2-functors

X

Y

ay«o()y — ay.ofao fro(y ~ax.of to()y ~ax.«o()x.

Hence we get a 2-transformation of 2-functors f~! compatible with nx and ny, i.e.
such that the following diagram commutes up to a natural invertible modification:

=

Ny ——1TIx.

IdCat

Note that this implies that for each point x € X and any local systems F,G €
Cx(X), the natural morphism

iz Hom¢ (F,9) — Hom(i;'F,i;'9)



Homology, Homotopy and Applications, vol. 7(1), 2005 115

is an isomorphism (here i, : {pt} — X denotes the natural map sending {pt} to =
and we identify C with global sections of Cp). Therefore, for any continuous map
f: X =Y, we get a natural isomorphism of locally constant sheaves of sets

[ Home  (F,9) = Home (f71F,f719).

Now we are ready to formulate the fundamental Lemma of homotopy invariance
of local systems as follows:

Lemma 1.1.10. Let I =[0,1] and t € I. Consider the maps
X ==X x1I,
P

where 14(x) = (z,t) and p is the projection. Then the 2-transformations
—1
Fx =—="Txx1
Lt

are equivalences of 2-functors, quasi-inverse one to each other.

Proof. Let C be a category. It is sufficient to show that the functors

1

M(X, Cx) =—= (X x I,Cxx1)

Ly

. . .. . 1
are natural equivalences of categories, quasi-inverse one to each other. Since ¢; ~ o

p~t >~ (pou) ! =idr(x,cy), it remains to check that for each F € I(X x I,Cxxr)
there is a natural isomorphism p‘%[lf}" ~F.

First let us prove that if ¥ is a locally constant sheaf of sets on X x I, then the
natural morphism

HT(X x I,F) - T(X, ') (1.1.2)

is an isomorphism. Indeed, let s and s’ be two sections in T'(X x I,F) such that
Szt = Sy 4. Oince F is locally constant, the set {t' € I | s, = s,+} is open and
closed, hence equal to I. Therefore the map is injective. Now let s € I'(X,i; 'F).
Then s is given by sections s; of F on a family (U; x I;);cs where I; is an open
interval containing ¢, the U; cover X and the sheaf J is constant on U; x I;. It is not
hard to see that, by refining the covering, the sections s; can be extended to U; x I
and using the injectivity of the map one sees that we can patch the extensions of
the s; to get a section of I on X x I that is mapped to s. Hence the morphism
(1.1.2) is an isomorphism.

Now let F € (X x I,Cxxr). Since Lt_lfHomCXXI(p_lLt_lﬂf, F) = fHoch(Lt_lfT,

17 19), we get the isomorphism

(X x I,Hom¢_  (p~" ' F,F) S T(X, Home (1;'F, 0, 'F)).

It is an easy exercise to verify that we can define the isomorphism p=1s; ¥ =g
by the identity section in the set I'(X, Hom (7 F, 07 F)). O
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Taking X = {pt} in Lemma 1.1.10, we get
Corollary 1.1.11. The adjunction 2-transformation

Ny ldcay — I1

is an equivalence, i.e. for each category C the functor nrc: C — [(I,Cy) is a
natural equivalence.

For each X and each ¢t € I, we have an invertible modification idr, ~ ¢, 'p~'.

Therefore, for any s,t € I there exists a canonical invertible modification ¢, b 15t
which can be used to prove the following technical Lemma:

Lemma 1.1.12. The diagram of continuous maps on the left induces for any
s,t,t' € I the commutative diagram of modifications on the right

X —">XxI i (b xidy) T =0 (s x idy) T
le J/L_g)(id] Zi J/z
XX =2 X Iz v M (idx xeg)Th = e (idx X)) T

Moreover, let H: X xI — 'Y be a continuous map that factors through the projection
p: X x I — X. Then the composition of invertible modifications

(Hou) 'y "H e i)' H ~ (Houy) ™!
is the identity.

Let Top denote the strict 2-category of topological spaces and continuous maps,
where 2-arrows are homotopy classes of homotopies between functions (see for exam-
ple [1, Chapter 7] for explicit details). Then homotopy invariance of locally constant
sheaves may be expressed as the following

Proposition 1.1.13. The assignment (C, X) +— ['(X,Cx) defines a 2-functor
I: Cat x Top°® — Cat.
Moreover, the natural functors nx c: C — (X, C) define a 2-transformation
n:Q—T,
where Q1 : Cat x Top°® — Cat is the projection.

Proof. It remains to check that I is well defined at the level of 2-arrows. Let f;: X —
Y be continuous maps for ¢ = 0,1 and let H: f; — f1 be a homotopy, that is,
a continuous map X X I — Y such that H oty = fo and H o¢; = fi. Then
ap : fy b2, 7! is defined by the chain of natural invertible modifications

fol=How) ' g H " H e (Houy) L = f71
Consider the constant homotopy at f: X — Y
Hiy: X xI—-Y, (z,t) — f(x).
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Since we may factor Hy as X x [ LR 'gER Y, by Lemma 1.1.12 we get ayy, = idg1.
Now let Hg, Hy: fo — f1 be two homotopies and K: Hy — H; a homotopy. Then
consider the commutative diagram of invertible modifications

-1~ -1 __ "~ —1—1lp—1 _ ™~ —1—1g—1 _ ™~ -1 _ ™~ -1
fo > 1y H > 15 Jo K >, J1 K < o Hy =< fo

—1 —1gy—-1 —1,.—1p-—1 —1,.—17-—1 —1g-1 -1
fi > H, ~>t Jo K = J1 K <—u Hi <=——fi".

~

We have to check that the horizontal lines are identity modifications. This is a
consequence of Lemma 1.1.12, which allows us (by a diagram chase) to identify the
two lines with the modifications induced by constant homotopies.

The fact that o is compatible with the composition of homotopies is finally a very
easy diagram chase. O

1.2. The monodromy functor
Definition 1.2.1. The homotopy groupoid (or fundamental groupoid) of X is the
small groupoid II; (X)) = Hom . ({pt}, X).

Roughly speaking, objects of II;(X) are the points of X and for any z,y € X,
Homnl(x)(as, y) is the set of homotopy classes of paths starting from x and ending
at y. The composition law is the opposite of the composition of paths. Note that,
in particular, mo(II1 (X)) = mo(X), the set of arcwise connected components of X,
and for each z € X, Homyy () (z,2) = m1(X, z), the fundamental group of X at .

Let Gr denote the strict 2-category of small groupoids. Then we have a 2-functor

II; : Top — Gr,
which defines the Yoneda type 2-functor
Y1, : Cat x Top°® — Cat, (C,X) — Hom (II; (X), C).

Definition 1.2.2. The monodromy 2-transformation
w: T — Y,

is defined as follows. For any topological space X and any category C, the 2-functor
I" defines a functor

Hom 1, ({pt}, X) — Hom (I'(X, Cx), C),
which induces by evaluation a natural functor
MNX,Cx)xI(X)—C
and hence, by adjunction, a functor
px.c: M(X,Cx) — Hom (I1;(X), C).

We will sometimes use the shorter notation j instead of the more cumbersome pix c.
We will also extend p to pointed spaces without changing the notations.
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Let us briefly illustrate that we have constructed the well-known classical mon-

odromy functor. Recall that, for each z € X one has a natural stalk 2-functor

F,: St(X) — Cat, & &, = 2lim &(U).
zeU

Let i5: {x} — X denote the natural embedding. Since F, is canonically equiv-
alent to I'({x},-) o, !, one gets a 2-transformation (X,-) — F, and then a 2-
transformation

pa:: FX — FX,Q; = Fx O(-)X.

For an object F (resp. morphism f) in Cx(X), if there is no risk of confusion, we
will simply write F, (resp. f;) to denote p, c(F) (resp. pu.c(f)) in (Cx)s.

Let Top, be the strict 2-category of pointed topological spaces, pointed continu-
ous maps and homotopy classes of pointed homotopies. One can prove by diagram
chases similar to those in the proof of Proposition 1.1.13, that

Proposition 1.2.3. The assignment (C,(X,x)) — (Cx), defines a 2-functor
F: Cat x Top,® — Cat.
Moreover, the natural functors py c: I'(X,Cx) — (Cx), define a 2-transformation
p: I — F.

Since the stalks of the stack associated to a prestack do not change, for each
category C and each pointed space (X, ) the functor

C nx,c CX( ) PT C (CX)
is an equivalence of categories. Hence the composition
pon: Q —F

is an equivalence of 2-functors (here Qp: Cat x Top,> — Cat is the natural
projection). Let e: F — Q; denote a fixed quasi-inverse to p o n, i.e. for each
category C and each pointed space (X, ), we fix a natural equivalence

Ew’cl (CX)z L> C
such that if we have a pointed continuous map f: (X,z) — (Y,y) we get a diagram

—1

1Nl
IR

that commutes up to natural isomorphism. Denote by w the composition eop: I —
Q1. Fix a topological space X and a category C, and let F € (X, Cx). Then a direct
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comparison shows that, up to natural isomorphism, we have

px.c(F) (@) = wa,c(F)

(if C = Set, then w, is just the usual stalk-functor) and if v:  — y is a path, then
px,c(F)(7) is defined by the chain of isomorphisms

we.c(F) ~woc(v 1T ~ nié(y’lﬁ") ~wic(vT) ~ wy.c(F)

(and if C = Set, we usually choose n; ' =T(I, -)).
In particular, this means that the following diagram commutes up to natural in-
vertible modification

r—*  ~vn, (1.2.1)

\/

where ev is the evaluation 2-transformation, that is for each pointed space (X, x)
and each functor a: IT; (X) — C, it is defined by ev, (@) = a(x).

Let A: Qi — Yy, denote the diagonal 2-transformation: for each topological
space X, each category C and each M € ObC, Ax c(M) is the constant functor
x +— M (i.e. the trivial representation with stalk M). Clearly ev o A = idgq,.
Moreover, by a diagram chase, we easily get

Proposition 1.2.4. The diagram of 2-transformations
r——-——=vY
n\ et
Q1
commutes up to invertible modification.

Proposition 1.2.5. For each topological space X and each category C, the functor
px,c: M(X, Cx) — Hom (I (X), C).
is faithful and conservative.

Proof. Let f,g: F — G be two morphisms of local systems such that u(f) = u(g).
Since the diagram (1.2.1) commutes and ¢, ¢c: (Cx), — C is an equivalence, we
get that f, = g, in (Cx), for all z € X. Since Cx is a stack, this implies that f = g,
hence px ¢ is faithful.

The same diagram implies that if p(f) is an isomorphism, then f, is an isomorphism
in (Cx)y for all z € X and therefore f is an isomorphism. O

Proposition 1.2.6. Let X be locally arcwise connected. Then for each category C,
the functor

Ux,C: F(X, Cx) — Hom (Hl(X),C)
is full.
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Proof. Let F,§ € Cx(X). A morphism ¢: u(F) — w(9) is given by a family of
morphisms

Ga: evp(u(F)) — eve (p(9))
such that for every (homotopy class of) path v: z — y, the diagram

ev, (1(F)) —2> e, (1(S))
;L(?)(’)’)l lu(S)(v)

evy (n(F)) — = evy (1(9))

is commutative. Using the diagram (1.2.1) and the definition of the stalk of a stack,
we get an arcwise connected open neighbourhood U, of  and a morphism

0" Flu, — SGlu,

such that ev,(u(©®)) = ¢y

In order to patch the ¢*, we have to show that for any z € U, N U, we have
(¢™), = (¢¥).. Since €, is an equivalence, it is sufficient to check that ev, (u(¢*)) =
evz(n(e)).

Choose a path v: x — z. Then

1(G)(7) 0 eva (™)) o p(F) (7)™ = evs(p(y™))-
But by definition the lefthand side is just ¢.. Similarly, taking a path ~': y — 2z,
we get
v (u(p”)) = ¢= = evz(u(¥”))
and, by definition of the stalk, this means that ¢® and ¢¥ coincide in a neighbour-

hood of z. Since z was chosen arbitrarily, they coincide on U, N U,. Since Cx is a
stack, we can patch the morphisms ¢, to a unique ¢: F — G such that u(p) = ¢. O

Corollary 1.2.7. Let X be 1-connected’. Then
nx:ldcat — INx
is an equivalence of 2-functors, i.e. for each category C, the functor nxc: C —

(X, Cx) is an equivalence of categories, natural in C.

Proof. Fix xy € X. Since the groupoid Iy (X) is trivial (that is, IT; (X) reduces to
the category with a single object and only the identity morphism), the 2-transfor-
mation evy,: Yy, (x) — ldcat is an equivalence, quasi-inverse to px onx. Since ux

is fully faithful, this implies by abstract nonsense that px and nx are equivalences.
O

Denote by CSt(X) the full 2-subcategory of St(X) of constant stacks on X. We
get

"Here and for the sequel, a topological space X is n-connected if 7;(X) ~ 1 for all 0 6 i 6 n, and
locally n-connected if each neighbourhood of each point contains an n-connected neighbourhood.
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Corollary 1.2.8. If X is 1-connected, the functors

()x

Cat CSt(X)

r(x,)
are equivalences of 2-categories, inverse one to each other.
Theorem 1.2.9. Let X be locally relatively 1-connected®. Then the monodromy
px:Tx — Yo, (x)
is an equivalence of 2-functors.
Proof. Fix a category C. By Propositions 1.2.5 and 1.2.6, it remains to show that
ix,c is essentially surjective. Let us first suppose that C is complete, hence we can

work in the category of sheaves with values in C.
Consider a functor a: IT; (X)) — C. Define

V= {(V, x) | x € V, V relatively 1-connected open subset of X}

and set (V,z) < (W,y) if and only if W C V| which turns V into a category.
Let U C X be an open subset. We set
Fu(U)= lm a()

(V,z)eV
vcu

where for any (V,z) < (W,y) we chose a path 7,,: 2 — y in V and use the
isomorphism «(7Vzy): a(x) — «(y) in the projective system. Note that since V is
relatively 1-connected, this automorphism does not depend on the choice of ~,.

Now let U = |J,.; U; be a covering stable by finite intersection. In order to prove

i€l
that &, is a sheaf, we have to show that the natural morphism
Fo(U)= lm a(2) —lm lm ofe) = lim 5o (U)
(V.2)ev i€l (V,e)ev iel
vCcu VCcu;

is an isomorphism. To define the inverse isomorphism, note that for (W,y) € V the
isomorphisms a(7,,) " define the natural isomorphism

aly) = lim a(a).
i,(V,z)
VCU;n"w
Its inverse defines

lim a(e)— lm a(z) =~ aly),
i,(V,z) i,(V,z)
vcu; VcuU;n"w
which is compatible with the projective system.
By construction it is clear that, if U is relatively 1-connected, then for any choice
of x € U we get a natural isomorphism F,(U) ~ «a(x) (this isomorphism being

8Recall that a topological space X is locally relatively 1-connected if each point z € X has
a fundamental system of arcwise connected neighbourhoods U such that each loop ~ in U is
homotopic in X to a constant path.
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compatible with restrictions). Hence, since relatively 1-connected open subsets form
a base of the topology of X, we get that F, is a locally constant sheaf that is constant
on every relatively 1-connected open subset of X.

To calculate the monodromy, consider first a path v: £ — y such that there exists a
relatively 1-connected open neighbourhood of 4. Obviously we get that u(F,)(y) is
naturally isomorphic to a(7). For a general v, we decompose + in a finite number of
paths that can be covered by relatively 1-connected open subsets to get the result.
Now the general case. Embed C into C by the Yoneda functor

Y:C—C.

Then, given a representation a, we can construct F, as a locally constant sheaf
with values in C. Then F, has representable stalks and is therefore in the essential
image of the fully faithful functor

M(X,Cx) — (X, Cx).

Since by construction the monodromy of a locally constant sheaf with values in C
can be calculated by considering it as a locally constant sheaf with values in C, we
can conclude. O

Thanks to the 2-Yoneda lemma (as stated for example in [11, Chapter 1]), we
immediately recover the following

Corollary 1.2.10. Let X be locally relatively 1-connected. Then there is an equiv-
alence of categories

Hl(X) ~ Hom (rx, |d(jat)7

given by x +— w,.

1.3. Degree 1 non abelian cohomology with constant coefficients

Let M be a (not necessarily commutative) monoid. Denote by M][1] the small
category with e as single object and Endy;j(e) = M. Note that if G is a group
then G[1] is a groupoid. Then it is easy to check that we get fully faithful functors
of categories

[1]: Mon — Cat [1]: Gr — Gr,

where we denote by Mon the category of small monoids and by Gr that of groups.
Also note that if G is a connected groupoid (that is, mo(G) =~ e), then for each
P € ObG, the inclusion functor Aut(P)[1] — G is an equivalence.

Consider the category Set(G) of right G-sets and G-linear maps. Then G[1] is
equivalent to the full sub-category of Set(G) with G as single object. Hence the
stack G[1]x is equivalent to the stack Tors(Gx) of (right) torsors over the constant
sheaf G x?.

9Recall that Tors(Gx) is the stack which associates to each open subset U C X the category
Tors(Gy) of right Gr-sheaves locally free of rank one. Note that Tors(Gx) is equivalent to the
category of G-coverings over X.
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Assume that X is locally relatively 1-connected. By Theorem 1.2.9 there is an
equivalence of categories

Tors(Gx) — Hom (TI; (X), G[1)).
A standard cocycle argument shows that there is an isomorphism of pointed sets
7o(Tors(Gx)) = HY(X;Gx).

Assume moreover that the space X is connected, and let us calculate the pointed set
mo(Hom (111 (X), G[1])). Since II; (X) is connected, IT; (X) is equivalent to my (X)[1]
for a choice of a base point in X. Hence there is a natural surjective map

Hom ¢, (m1(X), G) — mo(Hom (m (X)[1], G[1])),

and one checks immediately that two morphisms of groups ¢, 9: m1(X) — G give
isomorphic functors if and only if there exists ¢ € G such that ¢ = ad(g) o v,
where ad(g) is the group automorphism of G given by h — ghg~! for each h € G
(automorphisms of this form are called inner automorphisms of G). Hence

Hom, (m1(X),G)/G ~ mo(Hom (w1 (X)[1], G[1])),
where G acts on the left on Hom, (71(X), G) by conjugation. We get the classical

Proposition 1.3.1 (Hurewicz’s formula). Let X be connected and locally rela-
tively 1-connected. Then for any group G there is an isomorphism of pointed sets

H'(X;Gx) = Homg (m(X),G)/G.
In particular, if G is commutative one recovers the isomorphism of groups

H'(X;Gx) = Homg, (11 (X), G).

More generally, to each complex of groups G~! 4, GO one associates a small
groupoid, which we denote by the same symbol, as follows: objects are the elements
g € GY and morphisms g — ¢’ are given by h € G~! such that d(h)g = ¢'. If
moreover G~ % GO has the structure of crossed module'?, the associated category
is a strict gr-category, i.e. a group object in the category of groupoids'!. In fact,
all strict gr-categories arise in this way (see for example [5], and [SGA4, exposé
XVIII] for the commutative case). In particular, if G is a group, the groupoid G[1]
is identified with G — 1 and it has the structure of a strict gr-category if and only if
G is commutative. Moreover, the strict gr-category Aut (G[1]) of auto-equivalences

of G[1] is equivalent to G 2d, Aut ¢ (G).
Consider the constant stack (G 24, Aut o(G))x. It is equivalent to the gr-stack

Bitors(Gx) of Gx-bitorsors, i.e. Gx-torsors with an additional compatible struc-
ture of left G x-torsors (see [2] for more details). Suppose that X is locally relatively

10Recall that a complex of groups G ! 2, G0 is a crossed mogiule if it is endowed with a (left)
action of G° on G™! such that (i) d(?h) = ad(g)(d(h)) and (ii) d(h)p, = ad(h)(h) for any h,h € G~1
and g € G°. We use the convention as in [2] for which G? is in i-th degree.

H Precisely, the group-like structure is given by the following rule: g®g’ = gg’ for objects g, g’ € G°

and h ® h' = h92h’ for arrows g1 LN g2 and g} LN gy in G7L.
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1-connected. Then, by Theorem 1.2.9, there is an equivalence of gr-categories
Bitors(Gx) — Hom (I1;(X), G 2d, Aut, (G)).

One may show (see loc. cit.) that
mo(Bitors(Gx)) ~ H°(X; Gx 2d, Aut (Gx))

where the right hand side is the 0-th (hyper-)cohomology group of X with values
in the sheaf of crossed modules Gy 2% Aut o (Gx). Suppose that X is connected.
Then IT; (X) ~ 71(X)[1] and a similar calculation as above leads to the isomorphism
of groups

mo(Hom (m1(X)[1], G 2% Aut, (G))) = Hom, (m1(X), Z(G)) % Outer(G),

where Z(G) denotes the center of G and Outg (G) = Aut, (G)/G is the group
of outer automorphisms of G, which acts on the left on Hom (71(X),Z(G)) by
composition. We get

Proposition 1.3.2 (Hurewicz’s formula II). Let X be connected and locally
relatively 1-connected. Then for any group G there is an isomorphism of groups

HO(X;Gx 2% Aut, (Gx)) = Hom, (1 (X), Z(G)) x Oute,(G).

A similar result holds replacing G 24, Aut o (G) by a general crossed module G~! 4,
G°. More precisely, noticing that ker d is central in G~!, one gets an isomorphism
of groups

HO(X; Gy L G%) = Hom, (1 (X), ker d) x coker d.

2. Classification of locally constant stacks

Following our presentation of 1-monodromy, we will approach the theory of 2-
monodromy in the setting of 2-stacks. We refer to [2] for the basic definitions in the
theory of 2-stacks. Let X be a topological space and let 2Cat, 2PSt(X) and 2St(X)
denote the 3-category'? of small 2-categories, of 2-prestacks and that of 2-stacks on
X, respectively. As for sheaves and stacks, there exists a 2-stack associated to a
2-prestack:

Proposition 2.0.3. The forgetful 3-functor

For: 2St(X) — 2PSt(X)
has a left adjoint 3-functor

1: 2PSt(X) — 2St(X).

Hence, we may associate to any 2-category a constant 2-prestack on X and set

12Here and in the following, we will use the terminology of 3-categories and 3-functors only in the
framework of strict 3-categories, i.e. categories enriched in 2Cat.
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Definition 2.0.4. Let C be a 2-category. The constant 2-stack on X with stalk C
is the image of C by the 3-functor

(+)x: 2Cat — 2PSt(X) — 2St(X).

Objects in Cx(X) are called locally constant stacks on X with values in C, and
l-arrows in Cx (X)) are called functors of locally constant stacks. A locally constant
stack is constant with stalk P, if it is equivalent to nx,c(P) for some object P €
Ob C, where the 2-functor

Nnx.c: C — CX<X)
is induced by the 3-adjunction of Proposition 2.0.3.

Let us look at the case when C = Cat, the strict 2-category of all small categories.
By the universal property of the 2-stack associated to a 2-prestack, the 2-functor
which sends a category C to the constant stack Cx (see Definition 1.1.2) factors
through nx cat. It follows that there is a fully faithful 2-functor Catx(X) —
St(X). It is easy to see that a stack & on X is in the essential image of this 2-functor
if and only if there exists an open covering X = | U; such that G|y, is equivalent to
a constant stack. Hence Catx (X) is equivalent to the full 2-subcategory LeSt(X)
of St(X) whose objects are the stacks which are locally constant in the usual sense.
More generally, let C be a 2-category which admits all the small 2-limits. Then one
can define the notion of a stack with values in C analogous to the case of sheaves
(see Appendix B). Denote by £e¢6hx (C) the full sub-2-stack of stacks with values
in C which are locally constant. It is then not difficult to prove the following

Proposition 2.0.5. Assume that X is locally relatively 1-connected. Then there is
a natural equivalence of 2-stacks

Cx = £cBhx(C).

For a more general C, we can always embed C by the 2-Yoneda lemma into
the strict 2-category C = Hom (C°P, Cat), which admits all small 2-limits (and
2-colimits). Then Cx (X) can be identified with the (essentially) full sub-2-category

of C x (X)) defined by objects whose stalks are 2-representable.

‘We now follow Section 1 step by step to define the 2-monodromy 2-functor.
Let f: X — Y be a continuous map. We leave to the reader to define the 3-adjoint
3-functors f, and f~1.

Definition 2.0.6. Denote by I'(X, -) the 3-functor of global sections
2St(X) — 2Cat, 6 —TI(X,6)=6(X)
and set 'y =T'(X,-) o (-)x.
Since the 3-functor
L'({pt},-): 28t({pt}) — 2Cat

is an equivalence of 3-categories, the 3-functor I'(X, -) is right 3-adjoint to (-)x.
It is not hard to see that we get a 3-transformation of 3-functors f~! compatible
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with nx and ny, i.e. the following diagram commutes up to a natural invertible
2-modification:

Similarly to the case of sheaves, this implies that for each point £ € X and any
locally constant stacks &, % € Cx(X), the natural functor

iy 'Home (6,%) — Hom (i, '6,i, ')

is an equivalence (here i, : {pt} — X denotes the natural map to z and we identify
C with global sections of Cy). Therefore, for each continuous map f: X — Y, we
get a natural equivalence of locally constant stacks of categories

fHom (6,%) = Homg, (f716, F719).

2.1. The 2-monodromy 2-functor
Let us prove first the fundamental Lemma of homotopy invariance of locally
constant stacks.

L
Lemma 2.1.1. Consider the maps X ﬁ X xI asin Lemma 1.1.10. Then the
P

3-transformations
—1
I'x <;13 Txyr
b

are equivalences of 3-functors, quasi-inverse one to each other.

Proof. Let C be a 2-category. Since ¢; ' o p~' ~ Idp,, it remains to check that

for each locally constant stack & € T'(X x I, Cx ) there is a natural equivalence
p L6~ 6.

First, let us suppose that & is a locally constant stack of categories and let us prove
that the natural functor

DX x1,8) — T(X,;'6)

is an equivalence. Since the sheaves Hom g are locally constant, by Lemma 1.1.10 it
is clear that this functor is fully faithful. Let us show that it is essentially surjective.
Note that, since & is locally constant, it is easy to see that for every open neigh-
bourhood U x I > (x,t) such that I; is an interval and &y, is constant, there
exists an open subset U> x with the property that for every locally constant sheaf
F € &(U x I;) there exists F € &(U x I) such that fﬂﬁxlj ~ 7.

Now take F € T'(X,; '&). Then we can find a covering X x {t} C Ujes Uj X I
where I; are open intervals containing ¢ such that @5|ij 1, 1s constant and we can
find objects F; € &(U; x I;) such that ¢, 'F; ~ Flu,. Then the isomorphism

Hom (F;

Uyx1i;) — Hom g (F

Uijxll_jagjj Uq‘, Uﬁ?g:‘Uj Uij)
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implies that we may use the descent data of F to patch the F; to a global object on
X x I that is mapped to F by Lt_l.

The rest of the proof is similar to that of Lemma 1.1.10. Let & € T'(X x I, Cx ) be
a locally constant stack and consider the stack of functors ﬁomcxﬂ(p_lbflG, S).
This is a locally constant stack of categories and the natural functor

vy Home  (p7'16,6) — Hom (1;'6,.,'6)
is an equivalence. We have thus shown that the natural functor
(X x I,ﬁomCXXI(p_lbt_lG, 6)) — F(X,S’)omCX(Lt_16,Lt_16))
is an equivalence. We can therefore lift the identity of ¢, 1S to get a functor
p 6 6,
and it is not hard to prove that it is an equivalence. O
Corollary 2.1.2. For each 2-category C, the 2-functor
nrc: C—T(,Cyp)
is an equivalence.

Hence, for any X and any ¢t € I, we have the equivalence Idr, = (po )™t ~
Ly 'p=1. Then, for any s,t € I, there exists a canonical (i.e. unique up to unique
invertible modification) equivalence ¢; ! ~ :;'. With patience, one deduces the

following technical Lemma:

Lemma 2.1.3. (i) For any s,t,t' € I, the topological diagram on the left induces
the diagram of equivalences on the right, which is commutative up to natural
invertible modification:

X —S>XxI 1 (b xidy) T =0 (s x idy) T
le \LLSXidI zl lz
XXIidx XLtXXIQ v (i xeg) T g (idx X )T

(i) For anyr, s,t,t' € I, the topological diagram

Ly

X X x1I

X xI , X x I? vy xidy
idx Xt
l idx Xegxidy
idx Xtt X x1I - X x I?
Ir
Ls Xidy
LSXidIQ

X x I? X xI?

idxxr Xtr
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induces a (very big) commutative diagram of the corresponding modifications.
(111) Let f: X =Y be a continuous map and Hy: X x I — Y the constant homo-
topy of f. Then, for any t,t' € I, the diagram

fl idf71;f1
— —

|
L;IH;I — L;lH‘;l
commutes up to natural invertible modification.

Let 2Top denote the 3-category whose objects are topological spaces, 1-arrows
are continuous maps, 2-arrows are homotopies between continuous maps and 3-
arrows are homotopy classes of homotopies (between homotopies of maps). Follow-
ing the same lines of the Proposition 1.1.13 and using the two Lemma above, one
can then prove

Proposition 2.1.4. The assignment (C,X) — I'(X, Cx) defines a 3-functor
T': 2Cat x 2Top°® — 2Cat,

and the natural 2-functors nx c define a 3-transformation n: Q; — I' (here Q
denotes the canonical projection).

Definition 2.1.5. The homotopy 2-groupoid of X is the 2-groupoid!3
HQ(X) = HomQTop({pt}7 X)

Roughly speaking, its objects are the points of X and for any z,y € X,
Hompp, () (x,y) is the category Iy (P, X)), where P, , X is the space of paths start-
ing from « and ending in y, endowed with the compact-open topology. Composition
laws are defined in the obvious way. Note that, in particular,
mo(Il2(X)) = mo(X), and for each 2 € X one has mo(Homyy, (2, 2)) = m (X, z)

and Hom,, )(idgc,idgﬂ) = mo(X,z). In general TI5(X) is not a strict 2-
Iy (X

X
category, and we refer to [10] for an explicit construction of a strictification when

X is Hausdorff.
Let 2Gr denote the 3-category of 2-groupoids. Then we have a 3-functor

II5: 2Top — 2Gr,

(z,x

which defines the Yoneda type 3-functor
Y, : 2Cat x 2Top°® — 2Cat, (C,X)— Hom (II5(X), C).
Definition 2.1.6. The 2-monodromy 3-transformation

p>:T — Y,

13Recall that a 2-groupoid is a 2-category whose 2-arrows are invertible and 1-arrows are invertible
up to a 2-arrow.
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is defined in the following manner. For each topological space X, the 2-functor
Hoszop({pt}, X) — Hom (I'(X,Cx),C)
induces by evaluation a natural 2-functor
(X, Cx) x IIh(X) — C,
hence by adjunction a 2-functor
pxc: T(X,Cx) — Hom (II;(X), C).
As in the case of 1-monodromy, let us visualize this construction using stalks. To
every 2-stack & we can associate its stalk at € X, which is the 2-category

6, = 3lim 6(),

zeU

and a natural 2-functor p, g: 6(X) — &, (in the case that & is the 2-stack &tx
of all stacks on X, we can chose p, g¢ = F5, the ordinary stalk 2-functor). Hence
we get the natural stalk 3-functor

F,: 2St(X) — 2Cat; 6—6,
which induces an equivalence
£c¢6h, — Cat
(if C is a 2-category, then (Cx), ~ C). Then one proves the following

Proposition 2.1.7. The assignment (C,(X,x)) — (Cx). defines a 3-functor
F: 2Cat x 2Top® — 2Cat

and the 2-functors p; c define a 3-transformation p: I' — F.

We find that
pon: Q — F

is an equivalence of 3-functors. Let £: F — Q; be a fixed quasi-inverse to pon and
set w = gop. Fix a topological space X and a locally constant stack & € I'( X, Cx).
Then (up to a natural equivalence)

#x,c(8)(2) = w,.c(B)

(if & is a locally constant stack with values in Cat, then w; cat(S) can be canon-
ically identified with &,). If y: # — y is a path, then the equivalence pu% (&)(v)
is defined by the chain of equivalences

wa,c(6) ~wo,c(v'6) ~nrc(v'6) 2wic(Y7'6) 2w, c(6),

where 17 c is just the global section functor in the case of ordinary stacks, i.e.
for C = Cat. If H: 79 — 71 is a homotopy, then the invertible transformation
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1% .c(6)(H) is defined by the diagram of equivalences

w0,0)(H w(i,0)(H'6)

my

6) 1 (&)(m)

nr=(H
% N
w1

In particular, the following diagram of 3-transformations commutes (up to a natural
2-modification)

1 (&)(70)

wo,1)(H™ (H'®).

2
r——-——Yp,

\/

where ev denotes the evaluation 3-transformation.

2.2. Classifying locally constant stacks
Let A: Qi — Yy, denote the diagonal 3-transformation. Exactly as in the
sheaf case, one gets

Proposition 2.2.1. The image of a constant stack is equivalent to a trivial repre-
sentation. In other words, the diagram of 3-transformations

T i Y
N
Q1

commutes up to invertible 2-modifications.

Proposition 2.2.2. For any topological space X and 2-category C, the 2-functor
ﬂ%(,c : F(Xv CX) — Hom (H2(X)7 C)

is faithful and conservative.

Proof. We have to show that, for any two locally constant stacks & and &', the
induced functor

p: Homg (6, 6") — Hom g, (11, (x),0) (B (8), #*(6))

is faithful and conservative. Let F,G: & — &’ be two functors. Since for each
x € X, there is a natural isomorphism Hom (u?(F)(z), u?(F)(z)) ~ Hom (F,, G.),
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we get the commutative diagram

Hom (F, G) —* > Hom (2 (F), 4*(G))

Hom (F,G), ——— Hom (F,,G,).

Let ¢,9: F — G be two morphisms of functors. If p?(¢) = u?(v)), then p, = v,
for all z € X and, since Hom (F, G) is a sheaf, we get p = . Similarly, if p?(p) is
an isomorphism, it follows that the morphism ¢ is an isomorphism. O

Proposition 2.2.3. Let X be locally 1-connected. Then for each 2-category C, the
2-functor

#% s T(X, Cx) — Hom (I1x(X), C)
is full.
Proof. We have to show that the induced functor
p?: Hom cy (6,6") — Homy, (HQ(X),C)(M2(6)aN2(G/))

is full and essentially surjective.
A morphism ¢ : u?(&) — p?(&') is defined by a family of functors

Gu : eV #2(6) ey /"’2(6/)

and for any path 7 : £ — 2’ a canonical isomorphism

ev, u?(S) ey ev, u? (&)

;f(e)(v)l = i;ﬁ(e’)(w)
evy p*(6) Ty) evy p* (&)
Since &,8’ are locally constant, we have an equivalence of categories

Homg (6,8"), ~ Hom (&,,&;) and we may lift ¢, to a l-connected open neigh-
bourhood U, of z, say to a functor

" Bly, — &'y,

Consider z € U, N U, and chose paths 7,, from x to z and . from y to z. We get
the diagram

G, S, G, G, G,
eVz(‘PI)l levw(‘»@z) leVZ(‘PZ) \Levy(%@y) levzw’y)
&, S S, & &,

that commutes up to natural isomorphism. Moreover the horizontal lines are canoni-
cally isomorphic to identity morphisms, hence we get a natural isomorphism
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ev,(p?) ~ ev,(pY) that we can lift to a small neighbourhood of z. Since U,, and U,
are 1-connected, this lift does not depend on the choice of the paths ~,. and 7,.
and the isomorphism ev,(¢%) ~ ev,(¢Y) is canonical in a neighbourhood of z, i.e.
it satisfies the cocycle condition and can be patched to an isomorphism

¢ lu., ~¢%lu,,-

Clearly these isomorphisms satisfy the cocycle condition, hence we get a functor
¢ : & — &' By construction p?(p) ~ ¢.
Next consider two functors ¢,7 : & — &’ and a morphism f : p?(¢) — p?(¥).
Such a morphism is defined by a family
fo: evan? () — eve g (¥)

with compatibility conditions, hence by a family

fz 1 0 — Y
such that for every path v from x to y

wS' (V) oy —— p?S'(7)1hy

Nl iw
Py S (7) ——=Yyu*8(7)

commutes. Lifting f, to any arcwise connected neighbourhood U, of x, this diagram
implies that p?(f,) = f. for all 2 € U, and we can show that we can patch the f,
in an analogous way as in the case of 1-monodromy.

O

Corollary 2.2.4. Let X be 2-connected. Then the 2-functor
nx,c: C— Cx(X)

is a natural equivalence of 2-categories. For C = Cat, the 2-functor T'(X,-) provides
a quasi-2-inverse to nx.c = (*)x-

Proof. The proof follows the same lines as the proof of Proposition 1.2.7, using
the fact that IIx(X) is trivial, that is, it reduces to the 2-category with a single
object and only the identity l-arrow and 2-arrows. If C = Cat, one may chose
Nx.c = ()x, hence F;, gives a quasi-2-inverse for any choice of zy € X. Thanks to
the natural 2-transformation I'(X, ) — F,,, the 2-functor I'(X, -) provides another
quasi-2-inverse. O

Theorem 2.2.5. Let X be locally relatively 2-connected'*. Then
px:Tx — Yi,x)

is an equivalence of 3-functors.

14Recall that a topological space X is locally relatively 2-connected if each point € X has a
fundamental system of 1-connected neighbourhoods U such that every homotopy of a path in U
is homotopic to the constant homotopy in X.
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Proof. We have to show that for each 2-category C, the 2-functor ;1,_2,(70 is essentially
surjective.
Suppose first that C is 2-complete and let @ € Hom (II(X), Cat). Set

V= {(V, x) | @ € V, V relatively 2-connected open subset of X}

and define (V,z) < (W, y) if and only if W C V.
Let U C X be an open subset. We set

Ga(U) = 2lim a(z)

(V,z)eV
vcu

where for any (V,z) < (W,y), we chose a path v,y:  — y in V and use the
equivalence a(vy): a(z) = a(y) in the projective system, and for any (V,z) <
(W,y) < (Z, z), we chose a homotopy H.,  YayVy: — Ye- in V and use the
invertible transformation of functors a(H,,, +,. ~..)- Note that since V' is relatively
2-connected, the equivalence a(vy,) is unique up to invertible transformation and
the invertible transformation a(H,,, ,. ,.) does not depend on the choice of the
homotopy H.,, .. 7 -

One argues as in the proof of Theorem 1.2.9 to show that the pre-stack defined by
X DU+ B4(U) is actually a stack. By definition it is clear that, if U is relatively
2-connected, then for any choice of x € U (and paths from x to y for every y € U) we
get an equivalence of categories G4 (U) ~ a(x) compatible with restriction functors
in a natural sense. Hence, the stack &, is constant on every relatively 2-connected
open subset of X. Since relatively 2-connected open subsets form a base of the
topology of X, we get that &, is locally constant.

The computation of the 2-monodromy of &, is similar to that of 1-monodromy in
the proof of Theorem 1.2.9.

For a general 2-category C, we can use the 2-Yoneda lemma to reduce to this last
case. O

zysVyz Yoz

Suppose that X is connected and locally relatively 2-connected, and let QX
denote the loop space P, ,,X of paths starting and ending at a fixed base point
zo € X. Consider the following diagram of topological space and continuous maps

0 ——923—53> —_—
(QX)3 Zt= (QX)2 —fi—% OX — {0}
where the ¢;’s, the ¢;;’s and the g;;1’s are the natural projections and m the com-
position of paths in QX15,
Let G be a locally constant stack on X with values in C. Theorem 2.2.5 as-
serts that & is completely and uniquely (up to equivalence) determined by its 2-
monodromy p§<7c(6): II;(X) — C. Since X is connected, the stalks of & are

all equivalent. Let us denote by P the stalk at xy. By choosing paths from zq to

15Note that QX does not define a simplicial topological space, since the maps m o (id x m) and
m o (m X id) are not equal but only homotopic. What one gets is a 2-simplicial object in the
2-category Top. This will not cause particular difficulties, since for locally constant objects there

is a natural invertible transformation of functors (m x id) = m~1 =5 (id x m)~tm~1.
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any point z, the 2-monodromy reads as a monoidal functor p% (&): 1;(2X) —
Aut (P), where Aut (P) is the monoidal category of auto-equivalences of P in C.
Since the topological space QX satisfies the hypothesis of Theorem 1.2.9, there is a
chain of equivalences of categories

Hom (II; (2X), Aut o (P)) % M(QX,Aut(P)ax) =~ Aut (nax.c(P)).

~

Then the 2-monodromy is equivalent to a pair (a,v) where a: nox.c(P) —
Nox,c(P) is an equivalence of constant stacks on QX and
v ql_lozo qgloz Smla

is an invertible transformation of functors of stacks on (22X )? such that the following
diagram of invertible transformations of functors of stacks on (2X)3 commutes

Tlaogy aoq3

O/ \

—1, —1 — -1
12 (4 O‘O‘h 040‘]23 (a1 O‘Oq2 @)

gamtaogila ¢ lao gz m T a
zl ll
(m x id)" (g7 ' o g5 ') (id x m)~ (g, ‘o gy ')
(mxid)'m™la ——— (id x m)"'m™a.
(2.2.1)

Roughly bpeakmg, v is given by a family of functorial invertible transformations
V127 Qyy O iy — Qlyysy, fOr any 741,72 € QX such that for 41,729,753 € QX the
following diagram commutes

a o 12 . 0@, O V23 O~ O

Y172 O Qg <———— Qlyy O Qlyy O Qg —————> (lyy O Qlyyyg
V12,3\L ilfl,zs
QX (vy172)7s Ay (y2v3) -

Definition 2.2.6. We call the triplet (P, a,v) a descent datum for the locally
constant stack & on X.

Let us analyse a particular case, for which the descent datum admits a more
familiar description. Let G be a (not necessarily commutative) group. Recall that
a Gx-gerbe is a stack locally equivalent to the stack of torsors Tors(Gx) ~ G[1]x,
that is, a locally constant stack on X with stalk the groupoid G[1]. By the Morita
theorem for torsors (see [9, Chapitre IV]), an equivalence a: G[l]ox — G[1]ax
is given by N — P AN for a Ggx-bitorsor P, where - A - denotes the contracted



Homology, Homotopy and Applications, vol. 7(1), 2005 185

product.

Let ® be a Gx-gerbe and assume that X is connected and locally relatively 2-
connected. Hence a descent datum for & is given by the datum of (G[1],P,v),
where P is a Gqx-bitorsor and

vigr ' PAG P S mTP

is an isomorphism of Ggx-bitorsors on (2X)? satisfying a commutative constraint
similar to that of diagram (2.2.1). We refer to [6, Chapter 6], for related construc-
tions of line bundles on the free loop space of a manifold.

2.3. Degree 2 non abelian cohomology with constant coefficients

Let us fix some notations first. Recall that for each object Q of a 2-category C, we
denote by Aut +(Q) the monoidal category of auto-equivalences of Q in C. We set'6
Picc(Q) = mo(Aut 5(Q)) and Z¢c(Q) = AutAutc(Q)(idQ)' Note that they both have

a group structure (the latter being commutative) and that Picc(Q) acts on Z¢(Q)
by conjugation. Explicitly, if F' € Aut 5(Q), the action is induced by composition of
the group isomorphisms (given by left and right vertical composition with idr)

Zc(Q) = AutAutc(Q) (F) & Zc(Q),

since one easily checks that this depends only on the isomorphism class of F. If
there is no risk of confusion, for a category (resp. G-linear category) C, we will
use the shorter notations Aut (C), Pic(C) (resp. Aut(C), Picg(C)) and Z(C). The
latter group is usually called the center of C. As an example, for each x € X one
has Picr, x)(2) = m1(X, 2) and Zy,(x)(z) = m2(X, z), and the action of (X, z)
on (X, z) above described is exactly the classical one in algebraic topology.

Let M be a monoidal category. Denote by M[1] the 2-category with e as single
object and End M[l](') = M. Note that, if M is a groupoid whose monoidal structure
is rigid!”, then M[1] is a 2-groupoid. It is easy to see that we get a fully faithful
2-functor

[1]: Mon — 2Cat,

where we denote by Mon the strict 2-category of small monoidal categories with
monoidal functors and monoidal transformations. This functor sends rigid monoidal
groupoids to 2-groupoids. We follow [3] and call gr-category a rigid monoidal
groupoid.

Note that if M is a monoid, then M[1] is monoidal if and only if M is commuta-
tive, and if M is also a group, then M|[1] is a gr-category. Hence we get fully faithful
functors of categories

[2] = [1] o [1]: Mon® — Mon — 2Cat, [2]: Gr* — 2Gr

16 This is consistent with the classical notion of Picard group. Indeed, if R is a ring and Mod(R)
the (Z-linear) category of its left modules, by the Morita theorem the group Piccat, (Mod(R)) is
isomorphic to the Picard group of R.

I7Recall that a monoidal category (M, ®, I) is rigid if for each P € Ob M there exists an object Q
and natural isomorphisms P® Q ~ T and Q® P ~ I.
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where the uppercase ¢ means commutative structures. Conversely, if G is a con-
nected 2-groupoid, for each object P € Ob G, the inclusion 2-functor Aut o (P)[1] —
G is a 2-equivalence. If G is even 1-connected (i.e. moreover Aut o (P) is a connected
groupoid for some, hence all, P), then Zg(P)[2] ~ G.

For a not necessarily commutative group G, we can consider the strict gr-category
Aut (G[1]) which gives rise to the 2-groupoid

G[2] = Aut (G[1])[1].

Recall that Aut (G[1]) is equivalent to G 2d, Aut ¢, (G). Hence if G is commutative,
then Aut (G]1]) is completely disconnected but only id € Ob Aut (G[1]) is G-linear,
so we get a monoidal functor

Aut o (G[1])[1] ~ G[2] — G[2] = Aut (G[1))[1]

that identifies G[2] to a sub-2-category of G[2] which has only the identity 1-arrow
but the same 2-arrows.

Consider an object C of the 2-category Cat (resp. Catg). Then End (C)[1] (resp.
End(C)[1]) is just the full sub-2-category of Cat (resp. Catg) with the single
object C. Hence, End (C)[1]x (resp. End (C)[1]x) is the 2-stack of locally constant
stacks (resp. Gx-linear stacks) on X with stalk C.

If X is a locally relatively 2-connected space, by Theorem 2.2.5 equivalence classes
of such stacks are classified by the set

mo(Hom (II5(X), Aut (C)[1])). (2.3.1)
Assume moreover that X is connected. Then the 2-groupoid IIo(X) is connected,

hence it is equivalent to II; (X )[1] for some base point 2o € X. Hence there is a
natural surjective map

mo(Hom o (T1; (2X), Aut (C))) — mo(Hom (IT; (2X)[1], Aut (C)[1])),

where Hom (-, -) denotes the category of monoidal functors. One checks that, given
two monoidal functors ®, ¥: II; (QX) — Aut(C), they give equivalent 2-functors
if and only if there exists an equivalence ¢: C — C and an invertible monoidal
transformation a: ®(-)op =+ o W(-). We thus get that the set (2.3.1) is isomorphic
to

mo(Hom o (T1; (2X), Aut (C)))/ Pic(C), (2.3.2)
where the group Pic(C) acts by conjugation. A similar result holds, replacing Cat
by Catg.

The previous classification becomes very simple in the following case:

Proposition 2.3.1. Let X be connected and locally relatively 2-connected. If C is

a category with trivial center, then the set of equivalence classes of locally constant
stacks on X with stalk C is isomorphic to H'(X; Pic(C)x).

Proof. Suppose for simplicity that C is a groupoid. Since Z(C) ~ 1, the monoidal
functor Aut (C) =% Pic(C)[0] is an equivalence, where the group is considered as a
discrete category. Hence it easy to check that

mo(Hom o (T1; (2X), Pic(C)[0])) ~ Hom ¢ (1 (X), Pic(C)).
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Hence mo(Hom (I (X'), Aut (C)[1])) is isomorphic to Hom ¢, (71 (X), Pic(C))/ Pic(C),
where Pic(C) acts by conjugation. It remains to apply Proposition 1.3.1. O

Let us analyse more in detail the case of gerbes. (References are made to [9, 2, 6].)
We start with the abelian case. Let G be a commutative group and take C = G[1].
Since there is an obvious equivalence of strict gr-categories G[1] ~ End . (G[1]), it
follows that G[2] is just the full sub-2-category of Catg with the single object G[1].
Hence the 2-category T'(X, G[2]x) is equivalent to the strict 2-category Gerq,(Gx)
of abelian G x-gerbes, that is, G x-linear stacks locally G x-equivalent to the G x-
linear stack of torsors Tors(Gx) ~ G[1]x.

By some cocycle arguments (see for example [6, Chapter IV]), one shows that there
is an isomorphism of groups

mo(Gera(Gx)) ~ H*(X;Gx).

Assume that X is locally relatively 2-connected. By Theorem 2.2.5, there is an
equivalence of monoidal 2-categories

Ger,,(Gx) — Hom (IIx(X), G[2]).

Since Picg(G[1]) ~ 1, if X is connected (2.3.2) gives the group mo(Hom g (I1; (2.X),
G[1])). Hence we get

Proposition 2.3.2 (Hurewicz-Hopf’s formula). Let X be connected and locally
relatively 2-connected. Then for any commutative group G there is an isomorphism
of groups

H?*(X;Gx) = mo(Hom o (I (2X), G[1])).

To give an explicit description of the right hand side, let us start by considering
a gr-category H. Recall that there exists an ”essentially exact”'® sequence of gr-
categories

o

1 Au[l] ——=H To(H)[0] — 1,

where Ay denotes the commutative group Aut(I) of automorphims of the unit
object, and the group mg(H) is considered as a discrete category. Then, if G is
another gr-category, a direct computation shows that there is an exact sequence of
pointed sets

1 — mo(Hom g (mo(H)[0], G)) — mo(Hom o (H, G)) — mo(Hom , (An[1],G)). (2.3.3)

Lemma 2.3.3. Let G = G[1], for an abelian group G. Then (2.3.3) gives an ezact
sequence of abelian groups

1 — H?(mo(H); G) — mo(Hom o (H, G[1])) — Hom ¢, (Ay, G),

where G is view as a mo(H)-module with trivial action.

18 This means that the monoidal functor i (resp. 7o) is fully faithful (resp. essentially surjective)
and that the essential image of i is equivalent to the kernel of mp as monoidal categories.
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Proof. Set H = mo(H). It is easy to see that a monoidal functor H[0] — GJ[1] is
given by a set-theoretic function A\: H x H — G such that

A(h1, ha)A(hiha, hg) = A(ha, h3)A(h1, hahs),

and that two monoidal functors A, \’ are isomorphic if and only if there exists a
function v: H — G such that

A(hi, ho)v(hiha) = N (hy, ho)v(hi)v(he).
Hence we get an isomorphism of groups
mo(Hom , (H[0], G[1]) ~ H(H: G),
where G is view as a H-module with trivial action.

Similarly, one easily checks that mo(Hom ,(Ay[1],G[1])) is isomorphic to
HOmGr(AH,G). ]

Let HomﬂO(H)(AH, @) denote the subgroup of morphisms in Hom ¢, (Ay, G) which
are 7o (H)-linear with respect to the conjugation action® on Ay and to the trivial one
on G. One easily checks that the morphism 7o(Hom g (H, G[1])) — Homg, (A, G)
factors through Homm(H) (A, @). Then one gets an exact sequence of abelian
groups

1 — H2(mo(H); G) — mo(Hom & (H, G[1])) — Hom ) (A, G) & H3(mo(H); G)

where the coboundary morphism 0 is described as follows.

Recall that to the gr-category H one associates a cohomology class?® [H] in
H3(mo(H); Ay), where Ay is endowed with the conjugation action of m(H) (see
for example [3]). Hence, to each mp(H)-linear morphism f: Ay — G, one associates
the image of [H] by the induced morphism f: H3(m(H); Ay) — H3(mo(H); G).

Lemma 2.3.4. Suppose that the class [H] vanishes in H3(mo(H); Ay). Then for any
commutative group G, there is a split exact sequence of abelian groups

1 — H?(mo(H); G) — mo(Hom o (H, G[1])) — HomWO(H)(AH,G) — 1. (2.3.4)
Proof. By the above description of §, we clearly get the exact sequence (2.3.4).

One possible way to show that it splits is the following. Since [H] is trivial in
H3(mo(H); Ay), the "essentially exact” sequence of gr-categories

1 Anl] H mo(H)[0] ——1

splits. This means that there is an equivalence of gr-categories H ~ (AH = o H)),

where e denotes the trivial homomorphism. Hence, a direct computation as in

19This is exactly the action described at the beginning of this section, since mo(H) = Picpy(e)
and Ay = Zypy)(e).

201fH=H"1% HO, this class coincides with the usual one in H3(coker d; ker d) attached to the

underlying crossed module H~1! 2, HO. See for example [4, Chapter V].
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Lemma 2.3.3 shows that there is an isomorphism of groups
mo(Hom (A = mo(H), G[1])) = H?(mo(H); G) x Hom ) (An,G).
O
For H = TI; (X)), we have mo(II1 (X)) = m(X) and Ap, (ox) = m2(X) and the

class ko(X) = [I1;(2X)] in H3(7(X); m2(X)) is the so-called Postnikov k-invariant
of X. Hence, using Lemma 2.3.3, 2.3.4 and Proposition 2.3.2, we get

Corollary 2.3.5 (Hopf’s theorem for 2-cohomology). Let X be connected and
locally relatively 2-connected and G a commutative group.

(i) There exists an exact sequence of abelian groups
1= H?(m1(X); G) = H2(X;Gx) = Hom , (x(ma(X), G)  H(m(X); G),

where G is view as a 7 (X)-module with trivial action.

(ii) If moreover the Postnikov k-invariant ko(X) vanishes in H?(mi(X);m2(X)),
there is a split exact sequence of abelian groups

1 — H?(m(X);G) — H*(X;Gx) — Hom () (m2(X),G) — 1. (2.3.5)

Recall that H?(m1(X); G) ~ &.(m(X); G), the group of equivalence classes of cen-
tral extensions of 71(X) by G. Hence (2.3.5) takes a similar form as the Universal
Coefficient Theorem. We refer to [4] for a classical proof of the homological version
of Hopf’s theorem.

Now, let G be a not necessarily commutative group and consider C = G[1]. Then
the 2-category I'(X, End (G[1])[1]x) is equivalent to the strict 2-category Ger(Gx)
of Gx-gerbes, that is, stacks locally equivalent to G[1]x. One may show (see for
example [3]) that there is an isomorphism of pointed sets

mo(Ger(Gx)) ~ H'(X; Gx 2% Autg, (Gx)),

where the right hand side is the first cohomology set of X with values in the sheaf

of crossed modules Gx 2% Aut ¢, (Gx).
Assume that X is locally relatively 2-connected. By Theorem 2.2.5, there is an
equivalence of 2-categories

Ger(Gx) — Hom (IIx(X), End (G[1])[1]).
Since Pic(G[1]) ~ Outg,(G), from (2.3.2) we get

Proposition 2.3.6 (Hurewicz-Hopf’s formula II). Let X be connected and
locally relatively 2-connected. Then for any group G there is an isomorphism of
pointed sets

HY(X;Gx % Autg (Gx)) = mo(Hom o (T (QX), G 2% Aut,(G)))/ Outer(G).

With similar computations as for the commutative case, we get the following
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Lemma 2.3.7. Let H be a gr-category and G = G ad, Aut ¢ (G), for a group G.
Then (2.3.3) gives an exact sequence of pointed sets

1 — &(mo(H); G) — mo(Hom o, (H, G 2d, Aut, (G))) — Homg, (An, ker d),
where the first term is the set of equivalence classes of extensions of mo(H) by G.

For a group H, denote by H*(H; G 24, Aug o (G)) the first cohomology set of H

with values in the crossed module G 2% Aut, (G) (see for example [2]). By defini-

. . . . . d
tion, there is a pointed set isomorphism H(H;G 5  Autg(G)) =~

&(H; G)/ Outg,(G), where the action of Outg,(G) is by conjugation. Hence, com-
bining Proposition 2.3.6 and Lemma 2.3.7 with H = II; (X)), we get

Corollary 2.3.8 (Hopf’s theorem for non abelian 2-cohomology). Let X
be connected and locally relatively 2-connected. Then for each group G there is an
exact sequence of pointed sets

1 —— H(my(X); G 2L Aut, (@) — HY(X;Gx 2L Aut,(Gx)) —

— Hom, (m2(X), Z(G))/ Outer(G),

where Oute,(G) acts on the left on Hom ¢, (12(X), Z(G)) by composition. If moreover
m1(X) is trivial, one gets an isomorphism (“Hurewicz’s formula”)

HY(X;Gx 2% Aut, (Gx)) = Hom, (m2(X), Z(G))/ Outer (G),

A similar result holds replacing G 24, Aut o (G) by a general crossed module G~! 4,

GY.

Final comments

What’s next? It seems clear that, using the same techniques, one should expect
for each n-category C and each locally relatively m-connected space X a natural
n-equivalence

p™: T(X,Cx) = Hom ., (II,(X), C), (2.3.6)

where I'(X, Cx) denotes the global sections of the constant n-stack with stalk C,
I1,,(X) the homotopy n-groupoid of X and Hom . (-,-) the n-category of n-
functors. However, some care has to be taken since there are several non-equivalent
definitions of n-categories for n > 3 (see for example [11]). We will not investigate
this problem any further here. An answer in this direction, using the formalism of
Segal categories, is partially given in [13] for C = (n — 1)Cat, the strict n-category
of (n — 1)-categories, and X a pointed and connected CW-complex.

Let us suppose for a while that formula (2.3.6) is valid and consider a commuta-
tive group G. Denote by G[n] the strict gr-n-category with a single element, trivial
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i-arrows for ¢ < n — 1 and G as n-arrows. Then one may check that there is an
isomorphism of groups

H"(X;Gx) ~my(T'(X,Gn]x)),

where the right-hand side is the group of n-equivalence classes of global objects in
G[n]X
Set H*(I1,,(X); G) = mo(Hom ,, (I1,,(X), G[n])). Then, if X is locally relatively
n-connected, from (2.3.6), we have an isomorphism of groups

H"(X;Gx) ~ H*"(I1,(X); G). (2.3.7)

This isomorphism should be interpreted as the “Hurewicz-Hopf’s formula”. Indeed,
if we suppose that X is connected and that m;(X) ~ 1 for all 2 <i < n—1, we get
an "essentially exact” sequence of gr-(n — 1)-categories

1> (X)[n — 1] —> [T, (2X) —> m (X)[0] —> 1,
and hence an exact sequence of groups

1 —— mo(Hom g (71 (X)[0], G[n — 1])) —— wo(Hom o (II,,—1 (X)), G[n — 1])) —

— mo(Hom , ((X)[n — 1], Gln — 1)))

From the isomorphism (2.3.7) and a direct calculation, we shall finally get the
Hopf’s exact sequence

1— H"(m(X):G) — H"(X;Gx) — Homg, (m,(X), G),

where G is view as a 7 (X )-module with trivial action. If moreover 71 (X) ~ 1, the
Hurewicz morphism H"(X;Gx) — Hom, (7,(X),G) is an isomorphism. We refer
to [8] for a classical proof of this result.

If G is a not necessarily commutative group, we define the n-groupoid G[n] by
induction as

Gl =GM],  Gn+ 1] = Aut,cat(Gn])[1],

where Aut,cat(G[n]) denotes the gr-n-category of auto-n-equivalence of G[n].
Note that, when G is commutative, if we require G-linearity at each step in the defi-
nition of G[n], we recover G[n]. Then one may define the non abelian n-cohomology
set of X with coefficients in G x as

Hy(X;Gx) = mo(T(X, G[n]x)),
and the non abelian n-cohomology set of I, (X) with coefficients in G as
Hy (I1(X); G) = mo(Hom,, ¢, (I (X)), G[n]))-

Note that, if n = 2 there is an isomorphism H7(X;Gx) ~ H'(X;Gx &d,

Autg, (Gx)), but H2(Iz(X); G) is not isomorphic to H(m1(X); G “% Aut¢, (@)
in general.
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If X is locally relatively n-connected, then the n-equivalence (2.3.6) gives an
isomorphism of pointed sets

HY(X; Gx) = H}(I1,(X): G).

This is the very non abelian version of the “Hurewicz-Hopf’s formula”.

A. The stack of sheaves with values in a complete category

We recall here the construction of the stack of sheaves with values in a complete
category C, i.e. a category which admits all small limits. (See Appendix B for the
definition of a stack.)

Let X be a topological space and denote by Op(X) the category of its open
subset with inclusions morphisms.

Definition A.0.9. A presheaf on X with values in C is a functor
Op(X)°P — C.

A morphism between presheaves is a morphism of functors. We denote by PShx (C)
the category of presheaves on X with values in C.

A presheaf is called a sheaf if it commutes to filtered limits indexed by coverings
that are stable by finite intersections, and we denote by Shx (C) the full subcategory
of PShx(C) whose objects are sheaves?!.

Note that if U C X is an open subset and F is a sheaf on X, then its restriction
F|u is also a sheaf. Hence we can define the prestack of sheaves on X, denoted by
Shx(C), by assigning X D U + Shy(C).

Let &, G be two presheaves on X. We have a natural bijective map of sets

HomPShX(C)(?ag) = lim Hom (F(U),5(V))

U,v)
vcu

where (U, V) is considered as an object of Op(X)°P x Op(X). Now let U C X be an
open subset, F a presheaf on X and G a presheaf on U. Then it is easy to see that
we have the isomorphism of sets

HomPShU(C)(§|U79):_> lﬂl Hom (F(V),5(W))

(V,W)
WcCVvcu

= lim Hom(F(V),§(W M)

(V,W)
WCcVvcx

21Recall that, if F is a presheaf of sets the sheaf condition means that for any open subset U C X,
and any open covering {U; };cs of U, the natural sequence given by the restriction maps

FU) — S Fo) —= C e FOsy)

is exact in the usual sense.
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Lemma A.0.10. Let F be a presheaf and G a sheaf on X. Then the presheaf
Hompgy () (F, ) defined by

X DU = Homps, (c)(F,9)(U) = Hompgy, (o) (Flv, Slv)
is a sheaf of sets.

Proof. We have to show that Hom PShX(C)(S", G) commutes to small filtered limits
indexed by coverings that are stable by finite intersection. Let {U,;};cs be such a
covering of an open subset U C X. Then we have

Hompgy, () (F, 9)(U) = Hompgy, oy (Flu, Slv)
~ lim Hom(F(V),5(UNW))

(v, w)
wcv

~ lim Hom (F(V),im§(U; N W))

(V,W) i€l
wcv

~ lim lim Hom(5(V), §(U; N W)
vow) i€l
~ lim lim Hom (F(V),5(U; N W))

i€l (V,W)
wcv

~ lim Hompg,, (¢)(Flu,. Slu,)
i€l
~ limHompgy, () (F, 9)(Us).
i€l
O

Lemma A.0.11. Let F be a presheaf on X. Then F is a sheaf if and only if for
any object A € ObC and any open subset U C X the presheaf

UDVi—Hom(A F(V))
is a sheaf of sets.
Proof. Follows immediately from Yoneda’s Lemma. O
Proposition A.0.12. The prestack &hx(C) of sheaves with values in C is a stack.

Proof. By Lemma  A.0.10, the prestack is separated. Now let
{Uitier, {Fi}ier, {0i;}ijer) be a descent datum for &by (C) on open subset U C X.
By taking a refinement, we can assume that the covering {U; };c; is stable by finite
intersections.

Let V C U. Then the cocycle condition allows us to define

F(V) = im3;(V NU;).
iel

It is then obvious that F is a sheaf (for instance using Lemma A.0.11 and the fact
that this is true if C = Set) which by construction is isomorphic to F; on U; by an
isomorphism 6¢; such that 0;; 0 0; = 0; on U; N Uj. O
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Proposition A.0.13. The stack Sh (C) admits all small limits.

Proof. Let f: 1 — Shx(C) be a functor, with | a small category. Then, for each
open subset U C X, set

F(U) = Imb@) (V).

i€l
It is immediately verified that F is a sheaf on X that satisfies ' ~ limf3(i). O
i€l

Definition A.0.14. Let J be a presheaf. A sheaf F together with a morphism
F — F is called the sheaf associated to J if it satisfies the usual universal property,
i.e. any morphism from F into a sheaf G factors uniquely through F:

F——=G

./

F

In general, there may not exist a functor which assigns to each presheaf its
associated sheaf. However, we have

Proposition A.0.15. Assume that X is locally connected. Then for each M € ObC
the sheaf associated to the constant presheaf with stalk M exists.

Proof. Let U C X be an open subset. Denote by #U the set of connected compo-
nents of U and set

Mx(U) = M#Y.

Let x € U. We denote by Ty its class in #U. Then for any inclusion V' C U of open
subsets and for any € V, the natural morphisms

MX(U) - MTU - va
define the restriction morphism
Mx(U) — Mx (V).

Since we know that this is a sheaf if C = Set, Lemma A.0.11 implies that Mx is a
sheaf which verifies the desired universal property. O

Definition A.0.16. Let M € Ob C. The sheaf associated to the constant presheaf
with stalk M is called the constant sheaf with stalk M, and we denote it by Mx.

Remark A.0.17. The hypothesis on the connectivity of X in the Proposition
A.0.15 is necessary to recover the classical definition of constant sheaf. More pre-
cisely, if M is a set and Mx is the constant sheaf defined in the usual way, there is
a natural injective map (the 0-monodromy) u°: Mx (X) — Hom (#X, M) ~ M#X
defined by p°(s)(Tx) = s(Tx) for a section s in Mx(X). Clearly, if X is locally
connected p° is a bijection.
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Let X be a locally connected topological space. Denote by CShx(C) the full
subcategory of Shx(C) of constant sheaves. The previous construction defines a
faithful functor

()x: C— CShx(C),

which is an equivalence if X is connected (a quasi-inverse is given by the global
sections functor).

Definition A.0.18. A sheaf JF is called locally constant if there is an open covering
X = U, such that F|y, is isomorphic to a constant sheaf.

We denote by £c6h x (C) the full substack of &by (C) whose objects are the locally
constant sheaves.

B. The 2-stack of stacks with values in a 2-complete 2-category

Let us recall the construction of the 2-stack of stacks with values in a 2-complete
2-category C, i.e. a 2-category which admits all small 2-limits. (References for the
basic definitions about 2-stacks are made to [2].) Recall that the 2-Yoneda lemma
states that the 2-functor

C — C = Hom (C°,Cat), P+ Hom(-,P)

is fully faithful (see for example [11, Chapter 1] for more details). Since C is strict,
the reader may assume for sake of simplicity that C is a strict 2-category.

Let X be a topological space and denote by Op(X) the 2-category of its open
subsets, obtained by trivially enriching Op(X) with identity 2-arrows.

Definition B.0.19. A prestack on X with values in C is a 2-functor
Op(X)* — C.

A functor between prestacks is a 2-transformation of 2-functors and transformations
of functors of prestacks are modifications of 2-transformations of 2-functors. We
denote by PStx (C) the 2-category of prestacks on X with values in C.

A prestack is called a stack if it commutes to filtered 2-limits indexed by coverings
that are stable by finite intersections, and we denote by St x (C) the full subcategory
of PStx(C) whose objects are stacks?2.

If & is a stack of categories, then for any objects P,Q € &(U) on some open
subset U C X, the presheaf U D V — Hom gy, (P|v, Q|v) is a sheaf of sets on U.
We say that a prestack of categories is separated if it has this property.

Note that if U C X is an open subset and & is a stack on X, then its restriction
S|y is also a stack. Hence the assignment X D U — Sty (C) defines the pre-2-stack

22Gimilarly to the definition of sheaf, if S is a prestack of categories the stack condition means
that for any open subset U C X, and any open covering {U; };c1 of U, the natural sequence given
by the restriction functors

S(U) —— QieI S(U;)) —= Qi,je[ S(Uiyj) —= Qi,j,ke] S(Uijx)

is exact in the sense of [SGA1, exposé XIII].
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of stacks on X with values in C, which we denote by Gtx (C).
Let &,% be two prestacks on X. We have a natural equivalence of categories

Hom ps . () (6, F) — 2limHom (&(U), T(V))
(U,v)
vcu

where (U, V) is considered as an object of Op(X)°P x Op(X). Now let U C X be
an open subset, G a prestack on X and ¥ a prestack on U. Then it is easy to see
that we have the equivalence of categories

Hompgy, () (6ly, T) —  2lim Hom ¢ (&(V), T(W))

(v, W)
wWCvcU

= 2lim Hom o (&(V), T(W NU)).
(VW)
wcvcx

Hence, we have

Lemma B.0.20. Let G be a prestack and T be a stack on X.
Then the prestack Hompgy (c)(6,T) defined by

Hompge (0)(6,T)(U) =Hompgy () (Slu, T|v)
is a stack of categories.
Moreover, using the 2-Yoneda’s Lemma, we get

Lemma B.0.21. Let G be a prestack on X. Then 6 is a stack if and only if for
any object P € Ob C and any open subset U C X the prestack

U DV = Homq(P,6(V))
is a stack of categories.

Proposition B.0.22. The pre-2-stack &tx(C) of stacks with values in C is a
2-stack.

Proof. By Lemma B.0.20, the pre-2-stack is separated. Now let

({Uitier: {Gitier, {Fij tijer {@iji tijker)

be a descent datum for Gtx (C) on open subset U C X. This means that {U,}ier
is an open covering of U, &; are stacks on U;, Fy;: G|y, AN &ilu,, are equiva-
lences of stacks and ;i1 ;5 0 @jr — @ir are invertible transformations of functors

from &gly,;, to &ilu,;,, such that for any 4,j,k,l € I, the following diagram of
transformations of functors from &;|y,;,, to &;|v,,,, commutes
Pijk
Fij o Fji 0 Fri Fyp, 0 Fr (B.0.8)
\ch]‘kz \Lﬂaikl
Fijo Fj s Fy.

By taking a refinement, we can assume that the covering {U; };c; is stable by finite
intersections.
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Let V C U be an open subset. Then the cocycle condition (B.0.8) allows us to define
the category
iel

It is then obvious that the assignment U D V +— &(V) defines a stack & (for
instance using Lemma B.0.21 and the fact that this is true if C = Cat) and that,
by construction, there are e quivalences of stacks F;: S|y, —~ &,. Moreover, one
checks that there exist invertible transformations of functors ;;: Fj; o F}
Fi|u,; such that wijlu,;, © @jklv,, = iklvi, © ijk-

~
—
Usj

Proposition B.0.23. The 2-stack &tx (C) admits all small 2-limits.

Proof. Let 3: I — Stx(C) be a 2-functor, with I a small 2-category. Then, for each
open subset U C X, set
S(U) = 2mA(i) (0).

i€l
It is immediately verified that & is a stack on X that satisfies & ~ 2limf3(:). O
i€l

Definition B.0.24. Let & be a prestack. A stack S together with a functor & —
G is called the stack associated to & if it satisfies the usual universal property, i.e.
any functor from & into a stack ¥ factors through & up to unique equivalence:

&—%

e

6

As for presheaves, in general there may not exist a stack associated to a given
prestack. But we still have

Proposition B.0.25. Assume that X is locally relatively 1-connected. Then for
any P € Ob C, the stack associated to the constant prestack with stalk P exists.

Proof. Let U C X be an open subset. Set
PX(U) = PHl(U)a

where PI(Y) denotes the 2-limit of the constant 2-functor A(P): I, (U) — C at
P.Let z € V C U and denote by 2y the image of « in IT; (U) by the natural functor
I, (V) — II1(U). Set P,, = A(P)(zy) and similarly for P,,,. Then we have the
natural 1-arrows in C

PX(U) — Py, — Pay,s
which define the 1-arrow

If C = Cat, then P = C is a category and by Theorem 1.2.9 there are equivalences
C(U) ~ Hom (I, (U),C) <~ Cy(U), hence the assignment X > U +s C1:(U)
o
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defines the stack of locally constant sheaves on U with values in C. In the general
case, one use Lemma B.0.21 to show that this construction gives a stack which
verifies the desired universal property. O

Definition B.0.26. Let P € Ob C. The stack associated to the constant prestack
with stalk P is called the constant stack with stalk P, and we denote it by Px.

Let X be a locally relatively 1-connected topological space. Denote by CStx (C)
the full sub-2-category of Stx(C) of constant stacks. The previous construction
defines a faithful 2-functor

(')X: C e CStx(C),

which is an equivalence if X is 1-connected (a quasi-2-inverse is given by the global
sections 2-functor). This easily follows from Corollary 1.2.8.

Definition B.0.27. A stack & is called locally constant if there exists an open
covering X = |JU; such that S|y, is isomorphic to a constant stack.

We denote by £e6Ghy(C) the full sub-2-stack of &tx(C) whose objects are the
locally constant stacks.
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