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Cauchy problem for a class of elliptic systems of
third order in the plane with Fuchsian differential
operator !

S. K. Burgumbayeva, A. B. Tungatarov

Abstract
The solutions of a class of complex partial differential equations of
third order in the plane with Fuchs type differential operator are con-
structed in explicit form and the Cauchy problem with prescribed growth
at infinity is solved in unbounded angular domains within specified func-

tion classes.
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1 Introduction

Let 0 < o1 <21, G ={z=7re¥:0<7r <00, 0 << ¢} Consider in G

the equation

BV o*V ov —
(1) 8f1(90)53g + 4f2(90)52ﬁ + 2f3(80)5£ + fa(@)V = fs(p)r”,
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v > 0 is a real parameter, fi(¢) € C|[0, ¢1], (I =1,5), fi(y) # 0;

o 1/0 0\ oV 9 [V
(S tis), o= = (o ~2.3).
9z 2 (8:): +28y> B EE <azk—1 )  (k=2,3)

Equation (1) is investigation for fi(p) = 0, fa(p) = const # 0, f3(p) =
const # 0 in [1],[2] and for fa(p) = fa(p) =0, f3(¢) = const # 0 in [3].

2 Solutions of the equation

Using these operators in polar coordinates

9 (o id
0z 2 \or rop)’
P e %P 10 10 20
022 4 \or2  rordp r20e* ror r20p)’
&S 3 P 3 &P i 38
0z3 8 \or3  ror2dp r20p20r r30¢3 1 or?
% 60 30 80
r20rde 30?2  r2dr  r3dp

equation (1) is written in the form

B’V BV P’V B’V
3Y v . 2 Yy sy v
(2) fl (SO)T ors + 3’Lf1((,0)7“ 87“28@ 3f1(80)ra7”8§02 Zfl (90) (9(,03

2 2
) = 3P Gy + (2he) ~ OhDirg o

2
+(6/1(p) — fz(w))g; + (3f1(p) — falp) + fg(w))r%‘:

F(8A1(0) — 2/a() + f3<so>>z"2‘; L@V = f5(@)r.

The solutions of equation (2) are searched for in the Sobolev class [4]
3) Wy(G),

Where1<p<%, ifr<3dandp>1,ifrv>3.
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One can see easily, that the function

(4) Vi(r, o) =1"9(p)

represents a solution of equation (2) from class (3), if ¥(p) € C3[0, ¢1] is

satisfying the equation

(5) "+ a1()Y" + az(@)Y + as(@) = as(p) — as()¥,
where
_ 6fily) = f2(e) = 3vfily)
alp) = f1(v) ’
~ v(9f1(p) = 2fa(p)) = 3v(v = 1) fi(p) — 8fi(p) + 2f2(p) — f3(»)
az(p) = f1(<P) ’
_v(v=1)@=2)fi(p)+r(v—1)(f2(p) =3 f1(¢)) +3f1(p) — fa(p) + f3(¢) .
az(p) = ,
fi(v)
_ f5(#), (o) — 140#)
“WO=Fen B =R

Let 0(p) = {11(p), ¥2(p), ¥3(p)} be a fundamental system of solutions of

homogeneous equation

(6) "+ a1 ()" + az(0)Y + as(e)y = 0.

Using the general solution of this equation

Y(p) = c1p1(p) + catha(p) + c3vhz(p),

where ¢, (I = 1,3) are arbitrary constants, in that case by applying the

method of variation of constant equation (5) becomes the integral equation

(7) V() = (BY)(p) + cJo(p) + Go(p),

where

Ji(p) = {J1,6(®)s J2k(0), J3k(9)}s Jr0(p) = Y1(p),
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Jo0(p) = 2(p), J30(p) = ¥3(p), c = {c1, ca, cs},

@ ®
(B)(¢ :/bso, . /gsa,
0 0

b(e,7) = as(7) - (e, 7), g, 7) = aa(r) - (e, 7),

V(e 7) = m((%(ﬂiﬂé(ﬂ = P3(T) (7)) Jro(p) — (r(7)d5(7)
—¥3(7)11 (7)) Ja,0(9) + (1 (7)Y (7) — Yo (T)91(7)) J5,0());

Y1 Y2 13
Alp)=| vy oy vy |, |A(p) is the determinant of the matrix A(¢p).

" " "
1 2 3

For solving equation (7) the functions and operators

® ®
Jis(0) = / b T Tega(P)dr,  Gilp) = / b, ) Cri(dr,  (j = T,50),
0 0

(BB f)())(e) = (B f)(9), (k=T,00), (B°f)(¢) = (Bf)(¥)

are used.
Applying the operator B to both sides of equation (7) gives an expression

for the function (Bf)(y). Inserting it again into (7), we have

(8) ¥(p) = (B3y) () + c(Jo(w) + J2(9)) + i) + Go(p) + G1(p) + Ga(p)

Continuing this process 2k + 1 times, we get

k 2k
9 ¢(p) = (B y)(p +cZJ2n )42 Jano1(p) + Y Gle)
n=1 n=0

As a consequence it is easy to check the inequalities

k , j
10 (B < bl DI T ()] < e D - G
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where

lb(e, Tl = | _max  [b(p, 7).

If pass to the limit as & — oo in the representations (9), by virtue (10) we

receive

(11) Y(p) = cQ(p) +cP(p) + G(p),

where

Qp) = (Q1(p), Q2(v), Qs(v)),  Plp) = (Pip), P2(v), Ps3(¢)),

Qi(p) = Jjon(®), Pi(e) =D Jj2n-1(),
n=o n=1
G(p)=> Gulp), (j=1.3)

For these functions Q;(¢), Pj(¢), (j = 1,3) and G(yp) it is easy to check the

relations

© @
Qi) = J0(0) + / b, )P, (T)dr,  Pi() = / b, )@, (7 dr,
0 0
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P! () = —a5(9)Q;(p) + /
0

bys(, T)Qj(1)dr,  (=1,3),

%)

)
as(p) + /g;’g(cp, T)dT — a5(gp)@+ /b///
0

Ga(p)

o3, T)G(T)dr.
0
It is also easy to check the equalities

(13) b(p, ) =0,

bi(@,0) =0, bla(, ) = —b(y),
g(p, ) =0,

9o(0:0) =0, gz, 0) = f5()

By using formula (12) and (13) we receive the equalities

P}'(p) + a1 P} () +a2P() + asP;() = ~as(2)Q;(p).
Q;’H

() + a1Q7 (@) + a2Q’ (@) + a3Q;(¢) = —aa(p) Pj(¢p),

G" () + a1G"(p) + a2G'(p) + a3G(p) = as(p) — as(p)G(p)
Hence, we receive

)G(7)dr,

® ®
W) = el + ¢ [0 (p, 7B (T)dr + ¢ [ 0, 7)Q (T)dr
0 0

¥ ¥
_|_ng;2 (QO? T)dT + fb:;2 (907 T
0 0

© ®
+ [ 95,0, T)dT + [0, (0, T
0 0

G(r)dr,
- ®
1/]///(@) = CQ;’S — CCL5(Q0)P](Q0) —+ Cfb:;lg (QD, T)P](T)dT

~eas(0)0;(9) + g" b

o

@ _
+Ofg§;’3(90, 7)dT — a5(¢)G(p) + bf

Since Jj0(p), b, T), g(p, T) represent a solution of equation (6), then by

virtue of formula (14) we receive, that the function ¥ (p), given by formula
(11) is satisfying equation (5).
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Using inequality (10), it is easy to receive the estimates

Qj(@) < [ (wr)leh(lble, T)I1),
(15) [Pi(@)] < 45 (1)l sh(lb(e, 7)),
1G(P)l < @ilg(e, Tl exp(lble, )11), (G =1, 3).

By estimate (15) we can assure that the function V (r, ), given by formulas
(4), (11), is solving equation (1) in the class (3).

Thus, the following result holds

Theorem 1 Equation (1) has a solution in the class (3), which is given by
formula (4), (11).

3 Cauchy problem

Consider the Cauchy problem with prescribed growth at infinity for system

(1).

Problem C. Find a solution of equation (1) from the class (3), satisfying the

conditions

ov 0*V
(16) Oé]ﬂV(T, 0) + ak’Z%(T’ 0) =+ ak’367()02(r O) = ﬁkr (k = 1a 3)a
(17) V(r, )| =O0(@"), r— o0,

where ag;, k = (1,3), j = (1,3) are given real numbers.

For solving problem C formulas (4), (11) are used. In that case (17) holds
automatically. The constants cj, co, c3 in formula (11) are determined, in
order that the solution of equation (1), represented in the form (4) and (11),

satisfies condition (16). For that, insert function V' (r, ¢) according to formulas
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(4), (11) into (16). Thus we receive a system of linear algebraic equations in

C1, C2, C3:
T

(18) (a(0))c" = B,
where

a1 12 03 B c1

T
= Q21 (a2 (23 , B= B2 y € = c2
a3l a3y (33 B3 c3

Solving system (18) under |aA(0)| # 0, we receive
(19) I = (a/(0)715.
Thus, the following result holds

Theorem 2 Let the roots the characteristic equation (6) be different and dif-
ferent from zero. Under |a/A(0)| # O the Cauchy problem has a unique solu-
tion, which is given by formulas (4), (11) and (19).

If |aA(0)] = 0 for the solvability of the algebraic systems (18) the condi-

tions:
(20) |[A1] =0, |A2]=0, |A3]=0

are necessary and sufficient. Here A; ia a matrix, which is received by replacing

the ¢ matrix column of the matrix a/A(0) by the column 3.

Theorem 3 Let |a/A(0)] = 0, then for the solvability of the Cauchy problem
the condition (20) is necessary and sufficiently. In that case the Cauchy prob-
lem has an infinity number of solutions. They are given by formulas (4), (11),

where ¢ is determined from equation (18) under condition (20).
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