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On analytic functions with positive
real part !

B. A. Frasin

Abstract

We find conditions on the complex-valued functions
A,B,C : U — C defined in the unit disc U such that the differential

inequality
Re [A(2)p" (2) + B(2)p™ ! (2) + C(2)p™ 2(2) + a2/ (2) = 1)~

—38(2p(2))? + 3y2p/(2) + 6] > 0

implies Re p(z) > 0, where p € H[1,n], o, 3,y € C and n, k are two

positive integers.
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1 Introduction and preliminaries
We let ‘H[U] denote the class of holomorphic functions in the unit disc
U={z€C: |z|] <1}.
For a € C and n € N* we let
Hla,n] = {f € H[U], f(z2) =a+az" + an 12" +..., 2€ U}
and
A ={f € H[U], f(2) =2+ @n1 2" + apoz" ™+ ..., 2€ U}

with ./41 = .A

In order to prove the new results we shall use the following lemma, which

is a particular form of Theorem 2.3.i [1, p. 35].

Lemma A. [1, p. 35] Let ¢ : CxU —C be a function which satisfies
Re ¢(pi,o;2) <0,

where p,o €R, 0 < —2(1+p?), z€ U and n > 1.
If p € H[1,n] and

Re 9 (p(2), 2p'(2); 2) > 0,

then
Re p(z) > 0.
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2 Main results

Theorem. Let a« € C(Reaw > 0), 8,7 € C,(a + ), (e +v) € R,
6§§Rea+%n2(a+ﬁ)+%n(a+7) and n, k be two positive integer. Suppose
that the functions A, B,C : U —C satisfy:

3

i) — <% + 1) Rea — %nQ(a + ) — gn(a +7) <ReA(z) <0

(2.1) it) ReC(z) > 0

iii) Im *B(z) < —4ReA(z)ReC(2).

If p e H[1,n] and

Re [A(2)p"(2) + B(2)p™ ! (2) + C(2)p™*(2) + a2p/(2) — 1)°=

(2.2) —36(2p'(2))* + 3v2p/(2) +6] > 0

then
Re p(z) > 0.

Proof. We let ¢ : C?> x U — C be defined by

V(p(2), 2/ (2); 2) = A(2)p™ (2)+B(2)p™ ™ (2)+C(2)p™ () +a(2p'(2) 1)~

—3B(2p(2))* + 3v2p'(2) + 6.
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From (2.2) we have

Re ¥ (p(2),2p'(2);2) > 0 for z € U.

2

For 0,p € R satisfying 0 < —2(1 + p?), hence —o? < —2-(1 + p?)?,

o < —%3(1 + p?)? and z € U, by using (2.1) we obtain:
Re ¢(pi,0;2) =
= Re [A(2)(pi)* +B(2)(pi) " +C(2)(pi) " > +a(0—1)* 300" +370+6] =
= p*ReA(2) + p* ' ImB(2) — p* ?ReC(2) + (¢® — 1)Rea—
—3(a+ p)o* +3(a+7)o+6 <

n3

< p*ReA(2) + p* ' ImB(2) — p*?ReC(2) 3 (1+ p*)*Rea — Rea—

Sk B)(L+ ) — Snlak)(1+ )+ =

3
_ p4k—2 [pZReA(Z) + pImB(z) — ReC(Z)] — %pf?Rea_

3
- (%Rea + ZnQ(a + ﬁ)) pt—

3
— <3%Reoz + gnQ(a + B) + gn(a +7) + ReA(z)) pP—

n? 3, 3
- §+1 Rea—zn (a+ﬁ)—§n(a+’y)+5§0.
By using Lemma A we have that Re p(z) > 0.

If § = (%3 + 1) Rea + 3n*(a + 3) + 3n(a + ), then the Theorem can

be rewritten as follows:
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Corollary 1. Let a« € C(Rea > 0), 3,7 € C,(a+0), (a+7) € RY, andn, k
be two positive integer. Suppose that the functions A, B,C : U —C satisfy:

i) — 3?nSReOz — an(a + /) — gn(a +7) <ReA(z) <0
(2.3) i) ReC(2) > 0

iii) Im *B(z) < —4ReA(2)ReC(2).
If p e H[1,n| and
Re [A(2)p™ (2) + B(2)p™ ' (2) + C(2)p™ *(2) + a(zp/ () — 1)°~

—=3B(2p'(2))* + 3v2p' (2)+

(2.4) + (%3 + 1) Reor + ZnQ(a +B) + ;n(a +7)] >0

then
Re p(z) > 0.
Taking = v = @ in the above Theorem, we have
Corollary 2. Let a € C(Rea > 0), 6<("% + 3n? + 3n + 1)Rea and n, k be
two positive integer. Suppose that the functions A, B,C : U —C satisfy:
3n3 3

i) (—? - 5722 —3n)Rea < ReA(z) <0

(2.5) i1) ReC'(2) >0
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iii) Im *B(z) < —4ReA(z)ReC(z2).
If pe H[1,n| and

(2.6)  Re [A(2)p™(2) + B(2)p™ ' (2) + C(2)p™ () + alep/(2) = 1)*~

—3a(zp/(2))? + 3azp'(z) + 6] > 0
then
Re p(z) > 0.

Taking o + = a4+ v = 1 in the above Theorem, we have

Corollary 3. Let a € C(Rea > 0), §< (%3 + 1) Rea + 3n® + 3n and n, k
be two positive integer. Suppose that the functions A, B,C : U —C satisfy:

3n? 3, 3
) — —— - — - — <
i) 3 Rea 2 g < ReA(z) <0
(2.7) i1) ReC(z) >0

iii) Im *B(z) < —4ReA(2)ReC(2).

Ifpe H [1,n] and

Re [A(2)p"(2) + B(2)p™ ! (2) + C(2)p™72(2) + al2p/(2) — 1)°=

(2.8) —3(1 —a)(2p/(2))2 +3(1 —a)zp/(2) +6] >0
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then
Re p(z) > 0.

Taking o = 0 in the above Theorem, we have
Corollary 4. Let 3,v > 0, (5§%n25 + %n’y and n, k be two positive integer.
Suppose that the functions A, B,C : U —C satisfy:

3 3
i) — Zrﬂﬁ — 5 < ReA(z) <0

(2.9) it) ReC(z) > 0

iii) Im *B(z) < —4ReA(2)ReC(2).

If p e H[1,n| and

(2.10)
Re [A(2)p"™ (2)+B(2)p" 1 (2)+C(2)p" 72 (2) =321 (2))*+372p (2)+0] > 0,

then
Re p(z) > 0.

Taking = v = 0 in the above Theorem, we have
Corollary 5. Leta > 0, 6< (% + 1> a—l—%nza#—%n and n, k be two positive
integer. Suppose that the functions A, B,C : U —C satisfy:

3
i) — (% + 1) Rea — %n%z - ;na < ReA(z) <0

(2.11) i1) ReC'(2) >0
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iii) Im *B(z) < —4ReA(z)ReC(z2).

If p € H[1,n| and

Re [A(2)p™ (2) + B(2)p™* ' (2) + C(2)p" 2 (2) + a(zp(2) = 1)° + 0] > 0

then
Re p(z) > 0.
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