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Abstract

Two subclasses M(a) and N («) of certain analytic functions f(z)
in the open unit disk U are considered . The object of the present
paper is to discuss some properties for f(z) belonging to the classes

M(a) and N(a) by applying Jack’s lemma .
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1 Introduction

Let A denote the class of functions f(z) of the form
(1.1) f(2) :z—f—Zanz”
n=2
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which are analytic in the open unit disk
(1.2) U ={z€eC|z| <1}.

Let M(a) be the subclass of A consisting of all functions f(z) which satisfy

1
< 5 (z € U)

e 1
2f'(z) 2«

(1.3)

for some o (0 < a < 1). We also define f(z) € N(«) if and only if
z2f'(z) € M(a).
It is easy to see that if f(z) € M(a), then
zf ’(2))
1.4 Re >a (ze€l).
-y (6 =y
Therefore, we know that if f(z) € N(a), then

(1.5) MO+?§»>Q(MU)

To discuss some properties for functions f(z) belonging to the classes M («)

and N («), we recall here the following lemma due to Jack [1].

Lemma. Let w(z) be regular in the open unit disk U with w(0) = 0 and
lw(2)| <1 (2 €U). If|w(z)| attains its mazimum value on the circle |z| = r

at a point zo, then we have
(1.6) 2ow'(20) = kw(zp)

where k > 1 is a real number.
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2 Properties of the classes M(a) and N (a)

Our first result for the class M(«) is contained in

Theorem 1. If f(z) € A satisfies

(2.1) %?— (1+ Zﬁ;z))‘ <1-2 (z€)
for some « <i <a< %), then
(2.2) z];(?z)) - ‘ < 2i ~1 (zel),

therefore, f(z) € M(a).
Proof. Let us define the function w(z) in U by
2
of()

200 — 1 '

w(z) =

Then, clearly, w(0) = 0 and w(z) is analytic in U. We want to prove

that w(z) satisfies |w(z)| < 1 in U. By the definition for w(z), we have that

20/(z) a = (2a—1lw(z
(23 I =2 = (0= ),
that is, that
flz) 2a—1wz _ (2a — Dw(z) + 2«
24) 2f'(z2) 2« () +1 20 '

Differentiating both sides of (2.4) logarithmically, we obtain
)2 (e Daw(e)

(2:5) ) F) ~ Qo Du(z) +2a
and hence
Q) (O] w/(2)
@6 |7 (” 716 )‘ 2 1"<2a—1>w<z>+2a <
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< 1-—2«

by the condition of the theorem. Suppose that there exists a point zy in U

such that

(2.7) max |w(z)| = |w(z)| = 1.

|2[<|z0]

Applying Jack’s lemma to w(z) at the point zy, we can write that w(zy) = e

and
zow'(20) =k (k>1). This gives us that
w(2)
Zof/(20> ZOf”(ZO) — i
Sy et (s R e B
1

> 2a—1 ,
z [2a |'(2a—1)+2ae—w

This implies that

(2.9 wf'() | 2f'(2) 2 (1 —20)2
' f(z0) f'(z0) | = Qa—1)2+4a?+4a(2a —1)cosl’
Since the right hand side of (2.9) takes its minimum value for cosf = —1,

we have that

20f"(20) I 20" (20) ? (1 = 20)? =
(z0) filz) | = (2a—1-2a)?
= (1- 20z)2

This contradicts our condition of the theorem. Thus, there is no point zg

in U which satisfies (2.7). This shows that

20.f (2)

-1
(2.10) w(z)| = Zf;c(j—)_l —1l<1
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for all z € U. This implies that

f(2) 1
(2.11) T <5 1 (z€U)
1 1 1 1 1
< Z.Si — - < —, (2. i
for 1S a < 5 Since 5 > 1 for 1S a < 5 (2.11) satisfies
flz) 1 1
(2.12) P 2a < 5 (z € U)

for i <a< %, so f(z) € M(a).

Noting that f(z) € N(«) if and only if zf'(z) € M(«), we have
Corollary 1.  If f(z) € A satisfies

() 220"(2) + 2£"(2)

@1 e T P )

‘< 1-2a (z€0)

1 1
for some (Z <a< 5), then

f'(2)
f'(z) +2"(2)
therefore, f(z) € N(«).

(2.14) -

1
—1‘ < ——-1 (2€D),

Example. Let us consider the function f(z) given by
f(z) =2+ a2* (2€0)
with

B 2 -3 —+vV2—4a+ a2

@ = 2(1 — 2a)

1 1 1
for 1 <a< 7 Then we see that 0 < ay < 3 and

2f'(z) (1+ zf”(z))‘ _ '( —ay%

f(z) 1+ ag2)(1+ 2ay2) <

f'(2)
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< @2
(1 —a2)(1 —2as)
Therefore, the function f(z) satisfies the condition (2.1) of Theorem 1. Also,

=1-2a.

if we take the function g(z) = 2 + by2? (2 € U)
with

. 2 -3 —+vV2—4a+ a2
: 4(1 = 2a)

for i <a< %, then g(z) satisfies the condition (2.13) of Corollary 1.
Remark. In view of the proof of Theorem 1, we know that there exists
some (3 such that f(z) € M() for the function f(z) satisfying the condition
(2.1) of Theorem 1. But we don't find such /3 in this paper.

Next, we consider

Theorem 2. If f(z) € M(«) (% <a<1), then

(7)1

where, 0 <y <1land0< B <1 —1.

(2.15) <1l-v (ze€D),

Proof. Let us define the function w(z) in U by

B
(7) -
(2.16) w(z) = f_—7
Then w(z) is analytic in U and w(0) = 0. We need to prove that |w(z)| < 1

in U. Since

p B
(2.17) (f(z)) = (1—7y)w(z) + 1,
we obtain that

PR (1))
(2.18) 5<1 f@))_(l—ww@%+f
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This gives us that

2f'(2) (1 —y)zw'(2)
3-19) 7o) T B =)+
Bl —=yw(z) = (1 —y)zw'(z) + 6
Bl —yw(z)+p ’
2af(x) | Bl—)@a— Dwl) + (- 7)) + H2a— 1)
220 Spe Bi-ue) — (-G48
Note that f(z) € M(«) satisfies
(2.21) i‘?‘ff((j - 1' <1 (zeD).

If there exists a point zg € U such that

max [w(z)| = [w(z20)| = 1,
|2|<|20]
zow'(2g)

Jack’s lemma gives w(zy) = € and
w(zo)

—k (k>1)

Therefore, we have that

20f(z0) | [BA=Q2a—1)+ (1 —9)k+B2a— e
(2.22) Zof’(z(ﬁ ) - ‘ 6(1 . 7) . (1 _ fy)k n ﬁe—w ;
that is, that
023 i

(1 —9)H2a8 +k — B)*+5%2a — 1P +231 — v)2a — 1)2a8 + k — 3) cos @
(1—)AB — k)? + 2 +28(1 — 7)(8 — k) cos 0 '
Let us define the function g(¢) by
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(224) o(t) =
_ (L=7?(2af+ k= ) + (20— 1 +28(1 = 7)(2a — )(2af + k = )t

B (L =728 —k)>+ 32 +28(1 —)(B — k)t
with t = cos .

Taking the differentiation of (2.24) for ¢, the numerator of ¢'(¢) becomes
that

(225)  4afk(l—v) {FQ2a—1)— (1-7)*(B—k)(2aB+k—p)} =

= 4aBK1-7) {320 — 1)— (1 = vA(B — k)B2a — 1)— (1 —vA(B — kk} > 0,

because f —k <0 from0<~v<1,0<fB<1—~,k>1.

Thus, g(t) is monotone increasing for ¢ where % <a<l

Therefore,

(1-7)@a+k=p)-BRa—1)
B—=(1=)(B—k)

2(-8-7)
A=7)(k=p)+5 ~
This contradicts the condition f(z) € M(«).

(2.26) g(t) = g(=1) =

=1+

Therefore, there is no point zg € U such that |I|n<a|tx‘|w( 2)| = |w(zo)| = 1.
20
Hence,
B
(7a) !
(2.27) w(z)| = f_—7 <1 (z€0),

or

)
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Taking v = 0 in Theorem 2, we have

Corollary 2. If f(z) € M(«) (% <a< 1), then

(2.29) ‘ (%)6 —1

where 0 < § < 1.

<1 (2€0)

For f(z) € N(«), we also have

Theorem 3. If f(z) € N(a) (% <a< 1), then

<f%2)>ﬁ_1

where 0 <y <land 0 < (<1 —7.

(2.30)

<1l-—7 (2€0),

Making v = 0 in Theorem 3, we see

Corollary 3. If f(z) € N(a) (% <a< 1), then.

)

where 0 < § < 1.

<1 (z€0),
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