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Abstract

Two kind of Dirichlet problems are solved explicitly for the in-
homogenous biharmonic equation in the unit disc of the complex

plane.
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1 Introduction

There are several possibilities to pose boundary conditions of Dirichlet type
for the inhomogeneous biharmonic equation

(0.0:)*w = f in D

for a regular domain D of the complex plane C. Of course this is neither
restricted to the complex nor to the two-dimensional case. One possibility
is to prescribe

w =y, 0,0;w = p; on 9D

an other
w =y, 0w =@, on dD.
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Obviously the second condition in the last problem can be replaced by
0,w = 1. This will lead to a dual form of the solution. Other Dirichlet-
type conditions are available, e.g.

d>w = g, 0,0; w = p; on 9D
or

0.w = g, 020: w = p; on OD

etc., see [3]. The above first problem obviously is well-posed. This can be
seen by reformulating the problem as the system

0,0:w = win dD, w = pyon 0D
0.0;:w = finD, w=;ondD.

It will turn out that the second problem is also well-posed.

Using the biharmonic Green function the solution can be given for arbitrary
regular domains in analogy to e.g. [5]. In order to get explicit solutions the
particular case of the unit disc is considered here.

2 First Dirichlet problem

Rewriting the problem

(0.0:)* w=finD
(1)
w ="y, 0,05 w =", on JD

as the system

(2) 0.0:w =w in D, w = vy on ID,

(2" 0,0:w = finD, w="; on JD
and using the solution of (2) in the form

B we) =g [ 0E0wOF + 1 [ Gl Ou)dr
oD D
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where

(4) 61(2,C) = — !

1—z§+1—5g—

1

is the Poisson kernel of the unit disc D and

(5) Gi(2,¢) = log

is twice the harmonic Green function an iteration process is providing the
unique solution to (1). The solution (3) of (2) ist well known, see e.g. [3].
Applying (3) to problem (2') and eliminating w gives

w@) = o [0GOWOE + 5 [ 8OO +
oD oD
)
4 [ GaleOf e
with
(7 a(0) =+ [ Gul. O, )
and
0 Gal2:0) = 1 [ Ga(. Q)G )

D
Evaluating the right-hand side of (7) shows
1 ~ 1
O 8a5:0) = (1P~ 1| o ou(1 = 20 + - logl1 ~ 50+ 1]
G Z¢
This can be verified by applying
1 1 1 d 1
wle) = g [0l (14 2 —1) T - 3 [ w0 e,

 2mi 1—2C ¢ =
oD D
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see [3], to ga(z, (). In the same way

1—2C
(—=z

2

Ga(2,¢) = |¢ — 2|*log

(10)

P - i) [ilogu - 20)+ 2 og(1 - 50)

follows using

1—2C
¢ —

The function (6) is easily to be verified as a solution to the first Dirichlet

L R el
1—2 1-2zC°

G1(2,C) = 0c0¢I¢ — z[*log

problem (1). Using the properties of the Poisson kernel w = 7o on 9D is
seen. Differentiating (6) leads to

1 d 1
wael) = 5 [ Om G + = [ Gula (e

oD D

from which w,; = v; on 0D and w,z,> = f in D are seen.
Theorem 1. The first Dirichlet problem for the inhomogeneous biharmonic
equation Wz, = f in the unit disc D with

w=", Wz =M1 OnaD

is uniquely solvable (in distributional sense) for f € Li(D;C),v,71 €
C(0D;C). The solution is given by (6) with the kernel functions (9) and
(10).

3 Second Dirichlet problem

For the second Dirichlet problem the biharmonic Green function given by
Almansi [1] is proper. For the unit disc it is

2

Lol a ey (o).

Galz.€) = |¢ - #f*log |
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Applying the Gaufl theorems in complex form

1 1
— | w(2)dxdy = —— [ w(z)dz,
»fwsdy = -5 [ute)
D oD
1 1
— [ wi(z)dedy = — [ w(z)dz
T 27
D oD

for regular domains D and continuously differentiable function w repeatedly
to .
+ [ w06tz

D

and observing

L—=Cf S P (S S
e ] e e i

=12

8¢G2(2’7 () = (QTZ) log

—91(2,Q)(1 = |2,

0:0:G(2,() = log

1 z z

(—z 1-2 (1-20)72

020:Ga(2,C) = — (1= %)

such that on JD for any z € D

GQ(Z,C) = 0, (94G2(Z,§> = O, 8<’G2(Z,C) =0

gives

+ [ weaclO0Ga(e e =
= %/{35 [weee(O)Ga(2, Q)] = Ocwee () Gag (2, ) +weg (€) Goge (2, g)}dgdn —
1 —
= o / {weec(Q)Ga(z, )dC + wee(Q) Gz, ()dC }+
oD
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1
+—

L[ {ou1u0060ct.0] - w6110 bean =

D

1

— [ welQ)Gagelz, i+

oD

1 1 > -
+;/w5(g) [C — " —ZZC * (1 _2202(1 B ’Z|2)]d§dn =
D

1

_ déd
— o [ ez 00— 1P+ e

_ C_Z
oD

%/85 [w(C) (1 —ch T —1@2 (- ’ZP))] dedn

D

1 z z
N z_m‘a@ © (1 —w Tt |Z|2))d<_
1o dc 1 dedn
g [ O 00 -G+ G

D
Using the Cauchy-Pompeiu formula, see e.g. [2],

1 dc 1 [ dédy
w<z>—%/w<o€_z—;/wgmc_z
oD D

results in a representation formula.

Lemma. Anyw € C*(D;C) N C3(D;C) is representable by

1 , e
v = 5 [0 0+ - )
_%/wcc‘cé(C)Gz(z,C)dgdn,

This represenation provides the solution to the second Dirichlet problem.
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Theorem 2. The second Dirichlet problem for the inhomogeneous bihar-
monic equation

Wezzz — .f in Da
w = 7,w; =" on JD
15 uniquely solvable. The solution is
1 ZC
we) = g [ 00|+ 1 4P

omi (1—2¢)
oD

(11) ~—/% ﬁzouwa>

do _
¢

——/f O)Ga(z, O)dédn.

Proof. Uniqueness is obvious. If there is a solution it has the representa-
tion (11). That (12) in fact provides a solution is shown by verification. At
once w = vy on JD is seen by the properties of the Poisson kernel and the
second Green function. Differentiating (12) shows

2

wg(z) 27rz

1 2
/VO(C)WQ = [2])d¢+

oD

1 1— 2
+ﬁ/%(<) [91(27 Z_(l——é}_—_/f GQz dédn-
oD

This verifies the second boundary condition. While the boundary integrals
n (12) are biharmonic functions the area integral provides a particular
solution to the differential equation. This is seen from

aiaz{— % / f(C)GQ(z,C)dgdn} —

-1 (10 - - - o s
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As this is the Pompeiu operator, see e.g. [2], and an additional analytic
function, thus

o202 | - 1 [ 10)Ga(e. ] = st2)

Both kind of Dirichlet problems can be similarly solved for the inhomoge-
neous polyharmonic equation

(0.0:)"w = f.

For the second kind problem this is done in [4]. The explicit form of the
solution to the first Dirichlet problem is not yet worked out.
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