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ABSTRACT. The existence of positive solutions are established for the multi-point bound-
ary value problems

(=1)"u®(2) = Ap(2) f(u(z)), 0<z<1
{ U(Qi)(o) = Z] 1 aJu(2 )(77]) u(2i+l)(1) = Zm b'u(2i+l)(77')7 t=0,1,...,n—-1
where a;,b; € [0,00), j = 1,2,...,m, with 0 < }>™ a; <1, 0 < 37" b; < 1, and
€ (0,1) with 0 < m1 < m2 < ... < nm < 1, under certain conditions on f and p using

the Krasnosel’skii fixed point theorem for certain values of A. We use the positivity of the
Green’s function and cone theory to prove our results.

1. INTRODUCTION

In this paper, we are concerned with determining eigenvalues, A, for which there exist
positive solutions of the 2nth order boundary value problem,

1) (—1)"u® = xp(a)f(u(@)), O <a<1

2)  u®)(0) = Zaju(%)(nj), (21 Z b; D ( 77]) i=0,1,...,n—1,

where a;j,b; € [0,00), j = 1,2,...,m, with 0 < >7% a; <1, 0 < >, b; < 1, and
€(0,1) withO<m <m<...<nn<1,and

(A) the function f : [0,00) — [0, 00) is continuous,
(B) p:[0,1] — [0,00) is continuous and is not zero on any compact subinterval of [0, 1],
f(=)

(C) fo=lim, o+ ! w) s foo = limg 4 o = exist in the extended reals.

Our methods will involve those utilized in dealing with elliptic problems in annular re-
gions. These methods have been effectively adapted for the cases when f is superlinear
(i.e., fo =0 and fo = o0) and when f is sublinear (i.e., fo = co and fo, = 0).
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A large part of the literature on multiple solutions to boundary value problems seems to
be traced back to Kransnosel’skii’s work on nonlinear operator equations [9], especially the
part dealing with the theory of cones in Banach Spaces. In 1994, Erbe and Wang [6] applied
Krasnoselskii’s work to eigenvalue problems such as the one above to establish intervals of
the parameter A for which there is at least one positive solution. Many authors have used
this approach or a variation thereof to obtain eigenvalue intervals. For a small sample of
such work, we refer the reader to works by Davis, Henderson, Prasad and Yin [2], Eloe and
Henderson [4], Eloe, Henderson and Wong [5], Erbe and Wang [6], and references therein.

The paper is organized as follow. In section 2, we are going to define the appropriate
Green’s function which is, later, used to define the operator of which the fixed points are
the solutions of our boundary value problem (1) and (2). The Krasnosel’skii fixed point
theorem stated in that section 2 will be applied in section 3 to yield positive solutions for
certain intervals of eigenvalues.

2. PRELIMINARY RESULTS

In this section, we construct the Green’s function and state it’s properties. We also state
the fixed point theorem. The following lemma helps us in constructing the Green’s function
for the problem (1) and (2).

Lemma 1. Let aj,b; € [0,00) with (1 =377 a;)(1 = >, b;) # 0. Then
{ —u'(z) = f(z), O<z<1
u(0) = >0 aju(ng), (1) =31, bju/ (n;),

where f is a continuous function and 0 < n1 < m2,... < Ny < 1, has a unique solution
given by

1
u(z) = / G(z,s)f(s)ds, 0<z<1.
0
The function G(x,s) is defined by

G(z,5) = D(z,5) + > _ A;D(ns,s) + (Y Ay +2)(O_ BiH(s — 1))
=1 j=1 '

7=1
where
D(z,s) =min (z,s), A; = aj, Bj = é’ A=1- Zaj, B=1- ij,
J=1 J=1
and H(t) is the Heaviside function, i.e., H(t) =1 fort > 0 and H(t) =0 for t < 0.
Proof. Let
1
u(z) = / D(xz,s)f(s)ds+ Cx+ D
0

where C' and D are arbitrary constants and D(z, s) is defined above.
Then u/(z) = fxl f(s)ds+C = fol H(s—xz)f(s)ds+ C, and u"(z) = — f(z).
So, u(z) is the general solution of u”(z) = — f(x).
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Using the condition u'(1) = >77%, bju/(n;), we get

C:ibj{/olH(s—nj)f(s)ds+C}

=1

.

1 m
= C:/O jlejH(s—nj)f(s)ds

and using the condition, u(0) = > aju(n;), we get

D= Zaj </ D(n;, ) ds+C77]+D>
= D:/OléL:AjD(nj,s) ds+/ (ZA]m) (iBjH(Sm)) f(s)ds

1 m m m
[ () (B )
0 =t j=1 j=1
D(z,s) + Z D(nj, s (Z Ain; + :U) (Z B;H(s — nj))] f(s)ds
j=1

1
= / G(z,s)f(s)ds
0

Note that the Green’s function G(z, s) satisfies G(x, s) > 0 on (0, 1]x(0, 1], and a%G(x, s) >
0 a.e. on [0,1] x [0,1].

ie.,

Now, if we let G1(z,s) := G(z,s) and for i = 2,3,...,n,

1
Gi(m, S) = / G1 (1‘, t)Gi_l(t, S)dt,
0
then it turns out that G,,(z, s) is the Green’s function for
(-)"u® =0, O0<z<1

satisfying the boundary conditions

m

m
u®)(0) = Zaju@j)(m), (2it1) Z (2i+1)( i=0,1,...,n—1.
j=1

So, u € C[0,1] is a solution of (1) and (2) if and only if u(x fo (x,8)Ap(s) f(u(s))ds.

EJQTDE, 2007 No. 26, p. 3



It is straight forward from the properties of Gy (z, s) to see that G,,(z,s) > 0 on (0,1] x
(0,1], and B%Gn(x,s) >0 a.e. on [0,1] x [0,1].

Lemma 2. Let § = inf{ggg’zg 0<s< 1}. Then, 6 > 0 and for all 0 < x < 1 and

0<s<1,0"Gp(l,s) < Gr(0,s) < Gp(z,s) < Gp(l,s).

<
Proof. Note that G1(0,s) and G1(1, s) have the following bounds.
m m m
Gi(0,s) = > A;D(mj,s)+ [ > A | [ D BiH(s —ny)
j=1 j=1 j=1

m
> s Z A;n; [Note: equality holds for s = 0]
j=1

and

Gi(L,s) = s+) A;D(njs)+ (ZAJUJ'+1) (ZBJH(SW))
pust =1

j=1
< s+ A+ [ D> Am 1] (Do) p 0<n <)
j=1 j=1 j=1 '
So, for 0 < s < 1, we have
> o1 Ajngs
m m m B
s {1 +2 o4+ <2j:1 Ajn; + 1) (ijl n_j)}

= (Do Am |1+ A+ D) A+ | [ D >0
j=1 j=1 j=1

Gl(O, 8)
Gl(l, 8)

>

andso,&zinf{%:0<s§1}>0.

Note that, for 0 < s <1,

i.e., 5G1(1,8) < Gl(O,S).
Also, G1(0,8) < Gy(z,s) < Gi(1,s) for 0 < x <1 as Gi(z,s) is increasing in x.

Therefore, 6G1(1,s) < G1(0,s) < Gi(z,s) < Gi(1, s).
Now, since Ga(z,s) = fol G1(z,t)G1(t,s)dt and 0G1(1,s) < G1(0,s) [6 <1 as G1(0,s) <

G1(1,s), 0 < s < 1], we have
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1 1
§2Gy(1,8) = 5/0 (6G1(1,t))G1(t,s)dt§6/0 G1(0,t)G1(t, s)dt

IN

1 1
/ Gl(O, t) ((SGl(l, S)) dt S / Gl(O, t)Gl (0, S)dt
0 0
< G9(0,s) for0<o<1.

If we continue this way, we would get that for 0 < s < 1, §"Gy(1,s) < G,(0,s) which
implies that

A

"Gr(1,8) < Gp(0,8) < Gplz,s) < Gu(l,s).
O

Now we are going to define the Banach Space and the cone where we will produce the
solution of our boundary value problems.

Consider the Banach space B = C[0,1], with norm |[ul| = supyg ) [u(2)]
and the cone P = {u € B | u(x) > §"||ul| on [0, 1]}.

The following straightforward results will be used in proving our main theorems.

(D1) When fp = 0, there exist an n > 0 and H; > 0 such that f(z) < nz for 0 < x < Hy,
and An fol Gn(1,s)p(s)ds <1 for any fixed A EA(O, 00). A

(D2) When f = oo, there exist a u > 0 and Ho > 0, such that f(x) > ux for x > Hs, and
Apdn fol Gn(1,8)p(s)ds > 1 for any fixed A € (0, 00).

(D3) When fy = oo, there exist 7 > 0 and J; > 0, such that f(z) > 7z for 0 < z < Jj, and
A2 fol Gn(1,5)p(s)ds > 1 for any fixed A € (0,00).

(D4) When f» = 0, there exist a i > 0, and J > 0, such that f(z) < jax for & > Jy, and
ALl fol Gn(1,s)p(s)ds <1 for any fixed A € (0, 00).

We seek a fixed point of the integral operator T : P — B defined by

)\/G x,s)p(s) f(u(s))ds, u € P

which is a solution of the equation (1) satisfying the boundary conditions (2).
Note that the operator T" preserves P; i.e., T : P — P and is completely continuous.

To see this, let 0 < A < oo be given and u € P. Then, u(z) > §"||ul, on [0,1].
Since, (Tu)(x) = A J}* Gz, $)p(s)  (u(s))ds,

we have

1
Tw'@) = A [ GEGula (o) f(uls)ds
>

which implies that (T'u) is increasing on [0,1] and so, ||[Tu| = Tu(1).
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Also,
1
Tu(x) = )\/ Gn(z, 8)p(s) f(u(s)ds

> / 5G1 (1, 5)p(s)  (u(s))ds
= "Tu(1l) = 6"||Tul.
Hence, Tu € P, thatis, T :P — P. Moreover, the standard argument shows that T is

completely continuous.

The fixed point theorem by Krasnosel’skii which can be found in [9] and used to obtain
our results in next section is as follows.

Krasnosel’skii Fixed Point Theorem Let X be a Banach space and let K be a cone
i X. Assume th_at Q1 and Qo are two bounded open subsets of X with 0 € Qy, Q1 C Qo,
and let ® : KN (Q2\ Q1) — K be a completely continuous operator such that either

(i) || Pu|| < Jull,Yu € K N6y, and ||Pul| > |lu]|,Vu € K NQa; or
(i) || Pu|| > ||ul],Vu € K NdQy, and ||[Pul| < ||u|,Vu € K NINs.

Then, ® has a fized point in K N (Qz \ Q).

3. MAIN RESULTS

Now we are going to prove the existence of at least one positive solution of the above
mentioned boundary value problems.

Theorem 3. Let 0 < A\ < oo, and the function f satisfies superlinearity conditions, that
is, fo =0, foo = 00 and the conditions (A), (B), and (C) hold. Then the boundary value
problem (1) and (2) has at least one solution belonging to the cone P.

Proof. Let 0 < A\ < co. Let u € P with |ju|| = Hy,
then for 0 < <1 (Note: f(u(s)) < nu(s))

1
Tu(z) = )\/0 Gn(z,8)p(s)f(u(s))ds
1
< o [ Gt sl

1
< Ml /0 Go(L,8)p(s)ds < [Jul by DL,

So, [[Tul| < |ul]
Now, let Q; ={u € B | ||u|| < Hi}, then ||[Tu|| < ||u| for w € P N OQ.
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Next, let Hy = max{QHl,éfnljfg}, and Qp = {u € B | ||Ju|| < Ha}.

Then, for u € P, ||ul| = Hy, we have u(s) > 0"||u|| = 6"Hy > Hs, 0<s <1, and

1
Tu(x) = )\/0 G (z,8)p(s)f(u(s))ds
1
> A / 6" G (1, 8)p(s)pu(s)ds
" 1
> v [ G (1)) s

1
=l [ Ga(Ls)p(s)ds
0
> ||ul]| by D2 for u large.
This implies ||Tu| > |lu|| for u € P N INs.
So, by part (i) of Krasnoselskii’s Fixed Point Theorem, there is a fixed point of the
operator T, that belongs to P N (22 — Q1). The fixed point u(x) is the desired solution of

(1) and (2) for the given A.
U

The next result proves the existence of at least one positive solution when f satisfies
sublinearity conditions.

Theorem 4. Let 0 < A < o0, and the function f satisfies sublinearity conditions, that is,
fo = 00, foo = 0 and the conditions (A), (B), and (C) hold. Then the boundary value

problem (1) and (2) has at least one solution belonging to the cone P.

Proof. Let u € P with [[u]| = Ji. Then,
Tu(z) = )\/01 Gn(x,s)p(s)f(u(s))ds
> A /0 G (1. s)p(s)u(s)ds

> 30 [ Gl s ulds

1
> (A /0 Gu(L, $)p(s)ds > [lu]

for 77 large, Ji small by D3. ie., [|[Tul| > |ju.
Let Q1 = {u € B | ||ul]| < Ji}, then ||[Tu|| > ||u]| for uw € PN ON;. since fo = oo, the
conditoin (D4) holds.

Case(a) f is bounded. Let f(z) < M, M > 0.
Let J, = max {2J1, M\ fol Gn(1, S)p(s)ds}.
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Then, for u € P with |[u]| = J2, and 0 < z < 1, we have

1
Tule) = A [ Gules)ols) fluls))ds

IN

1
A /O G (1, 9)p(s) f (u(s))ds

IA

1
)\M/ Gn(1,s)p(s)ds < Jo = ||ul|.
0

Thus, |7l < Jlu].
So, if Qg = {u € B | ||ul|, J2}, then ||[Tu|| < ||u|| for u € P N ONs.

Case(b) f is unbounded. Then there exists
Jy > maX{QJl,jg} such that f(x) < f(J2) for 0 < z < Jo. Let u € P with ||Ju|| = Jo.
Then,

1
Tu(z) = A /0 Go(, 5)p(s) f (u(5))ds

IN

1
A /0 Gn(1,8)p(s)f(J2)ds

IN

1
A / Gn (1, s)p(s)iJads
0

IN

1
ull Az /0 Go(L, $)p(s)ds < |lu by (D4).

Thus, ||[Tu|| < ||ul|. For this case, if Qy = {u € B | ||u|| < J2}, then ||[Tu|| < ||u|| for
u € P NoQs.

Therefore, by part _(ii) of Krasnoselskii’s Fixed Point Theorem, there is a fixed point of T
belonging to P N (22 \ ©1) and is a solution of the problem (1) and (2) for given A. O

The following two results give us existence of at least one positive solution when fy, foo
exist as positive real numbers and A satisfies certain inequality.

Theorem 5. Let fo, foo exist as positive real numbers. Assume (A), (B) hold. Then, for
each X\ satisfying,

1 1
T <AL T ,
52nfoo fo Gn(la 5)p(8)d5 fO fo Gn(la 5)p(8)d5
there is at least one solution of (1) and (2) belonging to P.

Proof. Let € > 0 be given such that
1 1

0< T <A< T :
62n(foo - 5) fo Gn(la 5)p(8)d5 (fO + 5) fo Gn(la 5)p(8)d5
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Since fo = lim,_.q ! ( ) is a finite positive real number, there exists an H; > 0 s.t.
flz) < (fo+e)x for 0 <u < H;.
Let u € P with ||u|| = Hy, then for 0 <z <1,

1
Tu(z) = A / Go(, 5)p(s) £ (u(5))ds

IN

)\/G x,8)p(s)(fo + €)u(s)ds

< JulAGo +2) /O Go(1, 5)p(s)ds < [u].

Let Q1 ={u € B | ||u|| < Hi}, then ||[Tu|| < |lu|| for u € P N OQ.
Since foo = im0 @ is a finite positive real number, there exists an ]-:72 > 0 such that

f(x) > (foo — )z for x> Ho.
Let Hy = max {2H1,5_"ﬁ2} and Qy = {u € B | ||u|| < Ha}.

Let u € P with |lu|| = Hy. Then, we have u(z) > 6"|u|| = 6"Hy > H,. Thus,

1
Tule) = A [ Gules)pls) fluls)ds

1
> A6 / Gn(1, 8)p(s) [ (u(s))ds
> /G (1, 5)p(s)(foo — £)uls)ds
> AN"(foo —€ /G (1,5)p(s)0" ||u||lds
= Ul A (foo — / Gu(L, 5)p
S

T > Ju] for u € P N O,

So, by part (i) of Krasnoselskii’s Fixed Point Theorem, there is a fixed point of the
operator T, that belongs to P N (Qa — Q). The fixed point u(z) is the desired solution of
(1) and (2) for the given A.

U

Theorem 6. Let fy, foo exist as positive real numbers. Assume (A), (B) hold. Then, for
each A satisfying,

<A<
32 fo [} G (1, s)p(s)ds foo Jy Gn(1,8)p(s)ds’
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there is at least one solution of (1) and (2) belonging to P.
Proof. Let € > 0 be given such that
1 1
0< i <A< T :
827 (fo —e) fo Gn(1,5)p(s)ds (foo +€) fo Gn(1,s)p(s)ds

Since fo = limg_.¢ @ is a finite positive real number, there exists a J; > 0 such that

f(x) > (fo—e)x for 0 < x < Jy. Choose u € P with |Ju|| = Jp, then for 0 < z <1,

1
Tu() = A /0 G, )p(5) f (u(3)) ds

v

1
A /O G2, 5)p(3) (fo — €)u(s)ds

v

1
A fo — 8)/ 0"Gr(1, s)p(s)u(s)ds
0
1
> Afo— )" [ GalLis)p(s)3" Julds
0
1
> [l =™ [ Gu(1,p(s)ds > [l
So, if Q) = {u € B | ||ul]| < Ji}, then ||Tul| > ||lu|| for u € P N IN;.

Since foo = limy_ o @ is finite positive real number, there exists an Jo > 0 such that
(@) < (foo + &)z for & > Jy.

Case(a) The function f is bounded.
Let N > 0 such that f(z) < N for all x > 0 and Jo = max{2J1,N)\ fol Gn(l,s)p(s)ds}.
Then, for u € P with ||u|| = Ja,

1
Tue) = A [ Gules)ols) fluls)ds

1

< 2 [ Gultans) ftul)as
1

< )\/ Gn(1,s)p(s)Nds
" 1

= N)\/O Gn(1,s)p(s)ds < Jo = ||ul|.

So, if Qg = {u € B | ||u|]| < Jo}, then ||Tul| < ||lu|| for u € P N INy.

Case(b) The function f is unbounded.
Let Jy > maX{QJl,jg} be such that f(z) < f(J2) for 0 < z < Jy. Let u € P with
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|lu|| = J2. Then,
1
Tu(z) = AA(%@ﬁW@ﬁW@»@
1
< A/(%@$M$ﬂbﬂs
01
< AA G (1, 8)p(5) (foo + £)Jads

1
= [l +9) [ Gulls)ple)ds < [l
Thus, ||[Tu|| < ||u|| for u € P NIy where Qo = {u € B | ||u]| < J2}.

So, by part (ii) of Krasnoselskii’s Fixed Point Theorem, there is a fixed point of the
operator 7', that belongs to P N (Q2 — Q1), say u(x) which is the desired solution of (1) and
(2) for the given A. O
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