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1 Introduction

Let α : [0, +∞) → R and β : [0, +∞) → R be two functions of class C3.

Let us consider the noncylindrical domain Q̂, defined by:

Q̂ =
{
(x, t) ∈ R2; α(t) < x < β(t), 0 < t < T

}
.

The lateral boundary of Q̂ is given by
⋃

0<t<T

[(α(t)× t) ∪ (β(t)× t)].

This work investigates the following problem of exact control: given T > T0 ,
for some fix T0 > 0 and inicial data

{uo, u1} ∈ L2(α(0), β(0))×H−2(α(0), β(0)),

we find the controls g1 ∈ L2(0, T ), g2 ∈ L2(0, T ) , such that the solution u
of the following system:

(I)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

utt + uxxxx = 0 in Q̂

u(α(t), t) = u(β(t), t) = 0 in ]0, T [

ux(α(t), t) = g1(t), ux(β(t), t) = g2(t) in ]0, T [

u(x, 0) = u0, ut(x, 0) = u1 in ]α(0), β(0)[

verifies that u(x, T ) = 0 , ut(x, T ) = 0 in ]α(T ), β(T )[.
Different authors have already studied the problem of the exact controllability
of problem (I), in the case of bounded n-dimensional cylindrical domains. We
can mention among them D. L. Russel [12], J. Lagnese and J. L. Lions [3], J.
L. Lions [5], [6], [7]. This last author introduced a new method to solve this
kind of problems, called Hilbert Uniquenees Method (HUM), which is a simple
and direct way to deal with these problems. Other authors followed this way
of thinking, for instance E. Zuazua [11], [14], [15], who studies problem (I)
in unidimensional cylindrical domains. In [13], he studied the exact control-
lability of (I) in an arbitrarily small time. Our work is focused on studying
problem (I) in non-cylindrical domains of a broad generality, which was not
so much studied, with a restriction, for enough long time.
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2 Notations and main results

Let us consider the real functions α(t) and β(t) satisfying the following con-
ditions:

(H1) α, β ∈ C3([0,+∞)R), with α′, α′′, β′, β′′ ∈ L1(0, ∞).

(H2) α(t) < β(t) for all t ≥ 0 and 0 < γ0 = inft≥0 γ(t), where γ(t) =
β(t)− α(t).

Remark 2.1. It follows from (H1) and (H2) that α, α′, β, and β′ are
bounded. In fact,

||α(t)| − |α(0)|| ≤ |α(t)− α(0)| =
∣∣∣∣
∫ t

0

α′(s) ds

∣∣∣∣

≤
∫ t

0

|α′(s)| ds ≤
∫ ∞

0

|α′(s)| ds.

Thus

|α(t)| ≤ |α(0)|+
∫ ∞

0

|α′(s)| ds.

hence, α is bounded. The proof is similar for α′, β, and β′.

In what follows we use the notations:

γ1 = sup
t≥0

γ(t), s0 = sup
t≥0

{|α′(t)|, |β′(t)|},

l1 =
∫ ∞

0

|γ′(t)| dt < ∞, l2 =
∫ ∞

0

|γ′′(t)| dt < ∞,

l3 =
∫ ∞

0

|α′(t)| dt < ∞, l4 =
∫ ∞

0

|α′′(t)| dt < ∞.

Notice that when (x, t) varies in Q̂ the point (y, t) with y = (x − α)/γ

varies in the cylinder Q =]0, 1[×]0, T [. The application τ : Q̂ → Q given by
τ(x, t) = (y, t) is a diffeomorphism.
By the change of variables u(x, t) = υ(y, t) with y = (x− α)/γ we transform
the operator

L̂ u = utt + uxxxx in Q̂

into the operator

Lυ = υtt + a(t) υyyyy + b(y, t) υyy + c(y, t) υyt + d(y, t) υy in Q
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where

(1)

∣∣∣∣∣∣∣

a(t) = 1
γ4(t) ; b(y, t) = (α′+γ′y

γ )2;

c(y, t) = −2(α′+γ′y
γ ); d(y, t) = −γα′′−yγγ′′+2γ′α′+2y(γ′)2

γ2 .

So, the problem of the noncylindrical control (I) is transformed into the fol-
lowing problem of cilyndrical control:

Given T > T0 , T0 > 0 fix, and the initial data υ0 ∈ L2(0, 1), υ1 ∈ H−2(0, 1),
find the controls f1 ∈ L2(0, T ), f2 ∈ L2(0, T ) , such that the solution v of
the system below

(II)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lυ = 0 in Q

υ(0, t) = υ(1, t) = 0 in ]0, T [

υy(0, t) = f1(t) , υy(1, t) = f2(t) in ]0, T [

υ(y, 0) = υ0(y) , υt(y, 0) = υ1(y) in ]0, 1[

verifies υ(y, T ) = 0, υt(y, T ) = 0 in ]0,1[.

Our main results are:

Theorem 2.1Let us assume that the hypotheses (H1) and (H2) are satisfied.
Then there exists T0 > 0, such that for T > T0 and the initial data {u0, u1} ∈
L2(α(0), β(0)) × H−2(α(0), β(0)), there exists a pair of controls {g1, g2} ∈
L2(0, T )×L2(0, T ) such that the ultra weak solution of (I) satisfies u(x, T ) =
ut(x, T ) = 0 for all α(T ) < x < β(T ).

Theorem 2.2Let us assume that the hypotheses (H1) and (H2) are satisfied.
Then there exists T0 > 0, such that for T > T0 and the inicial data {υ0, υ1} ∈
L2(0, 1)×H−2(0, 1). there exists a pair of controls {f1, f2} ∈ [L2(0, T )]2 such
that the ultra weak solution of (II) satisfies υ(y, T ) = υt(y, T ) = 0 for all
0 < y < 1.
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3 The problem of exact control in the cylinder

3.1 The Homogeneus Problem

Let us consider the operator R, given by:

Rw = wtt + a(t)wyyyy + b(y, t)wyy + c(y, t)wyt

+ e(y, t)wy + g(y, t)w + h(y, t)wt,

where
a1 ≥ a(t) ≥ a0 > 0 for all t ≥ 0,

b, c, e, g, h ∈ W 1,∞(0, T ; L∞(0, 1)), cy ∈ L∞(Q).

Our objetive in this section is to find a solution for the following problem:

(III)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Rw = G in Q

w(0, t) = 0, w(1, t) = 0 in ]0, T [

wy(0, t) = wy(1, t) = 0 in ]0, T [

w(0) = w0 , wt(0) = w1 in ]0, 1[.

Theorem 3.1(Strong solution) Given w0 ∈ H2
0 (0, 1)∩H4(0, 1), w1 ∈ H2

0 (0, 1),
G,Gt ∈ L1(0, T ; L2(0, 1)), then there exists a unique solution w of (III) in the
class w ∈ C([0, T ];H2

0 (0, 1)∩H4(0, 1))∩C1([0, T ]; H2
0 (0, 1)) verifying Rw = G

in L1(0, T ; L2(0, 1)).
Theorem 3.2(Weak solution) Given w0 ∈ H2

0 (0, 1), w1 ∈ L2(0, 1), G ∈
L1(0, T ; L2(0, 1)), then there exists a unique function w : Q → R, solution of
(III) in the class w ∈ C([0, T ];H2

0 (0, 1)) ∩ C1([0, T ];L2(0, 1)) satisfying

(i) − (wt, zt)L2(Q) + (a(t)wyy, zyy)
L2(Q)

+ (bwyy, z)
L2(Q)

− (c wt, zy)
L2(Q)

+(ewy, z)
L2(Q)

+ (g wt, z)
L2(Q)

+ (hw, z)
L2(Q)

= (G, z)
L2(Q)

,

for all z ∈ L2(0, T ; H2
0 (0, 1)) with zt ∈ L2(Q), z(0) = z(T ) = 0 and w(0) =

w0, wt(0) = w1.
(ii) Rw = G in L1(0, T ;H−2(0, 1)).

(iii) E(t) = E(0) +
1
2

∫ t

0

a′(s)|wyy(s)|2ds−
∫ t

0

(bwyy(s), wt(s)) ds
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−
∫ t

0

(ewy(s), wt(s)) ds−
∫ t

0

(hwt(s), wt(s)) ds−
∫ t

0

(g w(s), wt(s)) ds

+
1
2

∫ t

0

(cy wt(s), wt(s)) ds +
∫ t

0

(G,wt(s)) ds

(iv) E(t) ≤ c

[
E(0) +

( ∫ t

0

|G(s)| ds

)2]
ec1T , being

E(t) = 1
2 |wt(t)|2 + 1

2a(t)|wyy(t)|2 the energy of the system.

It can be observed that the Theorems 3.1 and 3.2 are valid for the operators
L and L∗( adjoint of L) given by

L∗w = wtt+a(t)wyyyy+b(y, t)wyy+c(y, t)wyt+e(y, t)wy+g(y, t)w+h(y, t)wt,

where a, b and c are given in (1) and e(y, t) = 2by + ct − d, g(y, t) = byy +
cyt − dy, h(y, t) = cy.

3.2 Direct inequality

Theorem 3.3Let be w a weak solution of the problem (III). Then there exists
a positive constant c0,such that

(i) G = 0 ⇒ E(0) e−c0 ≤ E(t) ≤ E(0)ec0 , for all t ≥ 0.

(ii) G 6= 0 ⇒ E(t) ≤ c

{
E(0)+

( ∫ t

0

|G(t)|dt

)2}
ec0 for t ∈ [0, T ].

Proof. From (III)1, we have :

d

dt
E(t) =

a′(t)
2
|wyy(t)|2 − (bwyy(t)wt(t))− (ewy(t), wt(t))− (hwt(t), wt(t))

− (g w(t), wt(t)) +
1
2
(cy wt(t), wt(t)) + (G, wt(t)).

Then we obtain
∣∣∣∣
dE(t)

dt

∣∣∣∣ ≤
( |a′(t)|

a(t)
+

|b|√
a(t)

+
λ0|e|√

a(t)
+2|h|+ λ2

0|g|√
a(t)

+|cy|
)
E(t)+|G(t)||wt(t)|,
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where λ0 is Poincare’s constant. Then, from (H1)-(H2), we get

(5)
∣∣∣∣
d

dt
E(t)

∣∣∣∣ ≤ K(t)E(t)+|G(t)| |wt(t)|,

where
K(t) = c1(|γ′|+ |γ′′|+ |α′′|+ |γ′|2 + |α′|2), with

c1 =
1
γ2
0

max { 2
γ3
0

(2γ4
1 + 3γ2

0), 2γ2
1(1 + 6λ0 + 3λ2

0), 3λ0γ
3
1(1 + λ0)}.

If G = 0 then, from (5), we have

−K(t)E(t) ≤ d

dt
E(t) ≤ K(t)E(t).

Then, from Remark 2.1, it can be concluded that (i) is verified with c0 =
c1[(1 + 2s0) l1 + l2 + s0l3 + l4]. If G 6= 0 then, from (5), we conclude that

E(t) ≤ E(0) +
∫ t

0

{K(s)E(s)1/2 +
√

2|G(s)|}E(s)1/2ds.

From the definition of K(t) it can be concluded that (ii) is verified.

Next, we will obtain the Fundamental Identity which will allow us to have
estimates for wyy(0, .) and wyy(1, .).

Lemma 3.4. If q ∈ C3([0, 1]) and w is the strong solution of problem (III),
then w satisfies the identity,

(6)
1
2

∫ T

0

a(t) q |wyy|2
∣∣∣∣

1
0 dt = (wt+

c

2
wy, q wy)

∣∣∣∣
T
0

+
1
2

∫ T

0

∫ 1

0

qy|wt|2dy dt +
3
2

∫ T

0

∫ 1

0

a(t)qy|wyy|2dy dt

+
∫ T

0

∫ 1

0

gqwtwy dy dt+
∫ T

0

∫ 1

0

(
b

2
qy +

by

2
q− a(t)qyyy − 1

2
ctq + eq)|wy|2dy dt

−
∫ T

0

∫ 1

0

(h qy + hy q)|w|2dydt−
∫ T

0

∫ 1

0

q G wy dy dt,

named Fundamental Identity.

Besides this, when q(y) = y − 1
2 , we have
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(7)
∫ T

0

a(t)|wyy(1, t)|2dt +
∫ T

0

a(t)|wyy(0, t)|2dt

≤ C

{
E(0) +

( ∫ T

0

|G(t)|dt

)2
}

Proof. Multiplying (III)1 by qwy and integrating in Q , we obtain :

(8)
∫ T

0

∫ 1

0

wttqwy dy dt +
∫ T

0

∫ 1

0

a(t)wyyyyqwy dy dt

+
∫ T

0

∫ 1

0

bwyyqwy dy dt +
∫ T

0

∫ 1

0

cwyt q wy dy dt +
∫ T

0

∫ 1

0

ew2
y q dy dt

+
∫ T

0

∫ 1

0

gwtqwy dy dt +
∫ T

0

∫ 1

0

hwqwy dy dt =
∫ T

0

∫ 1

0

Gqwy dy dt.

Observe that

(9)
∫ T

0

∫ 1

0

wtt q wy dy dt = (wt, q wy)|T0 +
1
2

∫ T

0

∫ 1

0

qy|wt(y, t)|2dy dt

(10)
∫ T

0

∫ 1

0

a(t) wyyyy q wy dy dt = −1
2

∫ T

0

a(t) q|wyy|2|10dt

+
3
2

∫ T

0

∫ 1

0

a(t) qy|wyy|2dy dt−
∫ T

0

∫ 1

0

a(t) qyyy|wy|2dy dt

(11)
∫ T

0

∫ 1

0

bqwywyy dy dt = −1
2

∫ T

0

∫ 1

0

(bqy + byq)|wy|2dy dt

(12)
∫ T

0

∫ 1

0

cwytqwydydt =
1
2
(cqwy, wy)|T0 −

1
2

∫ T

0

∫ 1

0

ctq|wy|2dy dt
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(13)
∫ T

0

∫ 1

0

hqwwydydt = −1
2

∫ T

0

∫ 1

0

(hqy + hyq)|w|2dy dt.

From (8)-(13), we deduced (6).

As a consequence of the Lemma 3.4, we obtain the following result:

Theorem 3.5 If q ∈ C3([0, 1]) and {w0, w1, G} ∈ H2
0 (0, 1) × L2(0, 1) ×

L1(0, T ; L2(0, 1)) then a weak solution w of problem (III) verifies the inequal-
ity

(14)
∫ T

0

a(t)|wyy(1, t)|2dt +
∫ T

0

a(t)|wyy(0, t)|2dt

≤ C

{
E(0) + (

∫ T

0

|G(t)|dt)2
}

.

Proof. Consider F as being the vector space consisting of weak solutions of
(III), with initial data {w0, w1} ∈ H2

0 (0, 1)×L2(0, 1)} and G ∈ L1(0, T ; L2(0, 1)).
We define the application

ξ : H2
0 (0, 1)×L2(0, 1)×L1(0, T ;L2(0, 1)) → F by ξ({w0, w1, G}) = w.

Observe that ξ is bijective. We define also the aplication || . ||ξ: F → R, given
by

‖w‖ξ = |w0
yy|+ |w1|+ |G|L1(0,T ;L2(0,1)),that is a norm in F.

Observe also that (F, ‖.‖ξ) is a Banach space. Consider now H as being the
vector space consisting of strong solutions of (III), with initial data
w0 ∈ H2

0 (0, 1) ∩H4(0, 1), w1 ∈ H2
0 (0, 1), and G ∈ W 1,1(0, T ;L2(0, 1)).

Note that H is dense in F . On the other side using Lemma 3.4, it results
that,

|wyy(1, .)|L2(0,T ) ≤ c{|w0
yy|+ |w1|+ |G|L1(0,T ;L2(0,1))}, for all w ∈ H

or

(15) |wyy(1, .)|L2(0,T ) ≤ c‖w‖ξ, for all w ∈ H.

Analogously, we obtain

(16) |wyy(0, .)|L2(0,T ) ≤ c||w||ξ, for all w ∈ H.
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Motivated by (15) and (16), we define the continuous operators

φ0 : H → L2(0, T ), φ1 : H → L2(0, T )

by
φ0(w) = wyy(0, .) and φ1(w) = wyy(1, .),

respectively. Since H is dense in F , there exist continuous operators

φ̃0 : F → L2(0, T ), φ̃1 : F → L2(0, T ),

such that φ̃0|H = φ0, φ̃1|H = φ1. Therefore, if w ∈ F then there exists a
sequence (wm) ∈ H, such that wm → w in F . Then,

lim φ0(wm) = lim φ̃0(wm) = φ̃0(w)

or
wmyy(0, .) = φ̃0(wm) → φ̃0(w)in L2(0, T ).

Analogously, we have

wmyy(1, .) = φ̃1(wm) → φ̃1(w) in L2(0, T ).

On the other hand, there exist w0
m ∈ H2

0 (0, 1) ∩ H4(0, 1), w1
m ∈ H2

0 (0, 1),
Gm ∈ W 1,1(0, T ;L2(0, 1)), in the way that ξ({w0

m, w1
m, Gm}) = wm and

(17) w0
m → w0 in H2

0 (0, 1)

(18) w1
m → w1 in L2(0, 1)

(19) Gm → G in L1(0, T ;L2(0, 1))

Besides this,

(20) wm → w in C([0, T ];H2
0 (0, 1))

(21) wmt → wt in C([0, T ]; L2(0, 1)) .

Then, wmyy(0, .) → wyy(0, .) in D′(0, T ).

As L2(0, T ) ↪→ D′(0, T ) then φ̃0(w) = wyy(0, .). Therefore

(22) wmyy(0, .) → wyy(0, .) in L2(0, 1).

Analogously, we have

(23) wmyy(1, .) → wyy(1, .) in L2(0, 1).

Taking account of assertions (17)-(23), we can show the result.
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3.3 Inverse Inequality

Theorem 3.6 There exists T0 > 0 such that for T > T0 the weak solution of
problem (III) with G = 0 verifies

(24)
∫ T

0

a(t)|wyy(1, t)|2dt +
∫ T

0

a(t)|wyy(0, t)|2dt ≥ 4e−c0(T − T0)E(0).

Proof. Taking q(y) = y − 1
2 in the identity (6) of the Lemma 3.4. we obtain

the following result

1
2

∫ T

0

a(t)(y − 1
2
)|wyy|2|10 dt =

∫ T

0

∫ 1

0

[
1
2
|w(t)|2 +

3
2
a(t)|wyy|2] dy dt

︸ ︷︷ ︸
I1

+(wt +
c

2
wy, (y − 1

2
)wy)|T0

︸ ︷︷ ︸
I2

+
∫ T

0

∫ 1

0

g(y − 1
2
)wtwydy dt

︸ ︷︷ ︸
I3

+
∫ T

0

∫ 1

0

[
b

2
+

by

2
(y − 1

2
)− 1

2
ct(y − 1

2
) + e(y − 1

2
)]|wyy|2 dy dt

︸ ︷︷ ︸
I4

+−
∫ T

0

∫ 1

0

[(h + hyq)|w|2dy dt

︸ ︷︷ ︸
I5

.

Then we have the following estimates:

• |I1| ≥ T e−c0 E(0),

• |I2| ≤ (λ0γ
2
1 + 6s0λ2

0γ4
1

γ0
) ec0 E(0),

• |I3| ≤ λ0γ2
1

2γ2
0

(6l1 + 3γ1l2) ec0 E(0),

• |I4| ≤ λ2
0γ4

1
γ2
0

(17l21 + 7l23 + 4γ1l2 + 4γ1l4) ec0 E(0),

• |I5| ≤ 4λ4
0γ4

1 l1
γ0

ec0 E(0).
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Combining the above estimates, the proof of the Theorem 3.6 is completed
where

T0 = e2c0

[
λ0γ

2
1 +

6s0λ
2
0γ

4
1

γ0
+

λ0γ
2
1

2γ2
0

(6l1 + 3γ1l2)

+
λ2

0γ
4
1

γ2
0

(17l21 + 7l23 + 4γ1l2 + 4γ1l4) +
4λ4

0γ
4
1 l1

γ0

]
.

For the study of problem (II), we introduce the concept of ultra weak solution.
Definition 3.7 Let be v0 ∈ L2(0, 1) , v1 ∈ H−2(0, 1) , f = {f1, f2} ∈
[L2(0, 1)]2. Let us say that v ∈ L∞(0, T ;L2(0, 1)) is an ultra weak solution of
(II) if it satisfies

(25)
∫ T

0

(v, G) dt = 〈v1, w(0)〉H−2×H2
0
− (v0, wt(0))

+ (
2γ′(0)
γ(0)

v0, w(0)) + 2(
α′(0) + γ′(0) y

γ(0)
v0, wy(0))

+
∫ T

0

a(t) f1(t)wyy(0)dt−
∫ T

0

a(t) f2(t)wyy(1) dt

for all G ∈ L1(0, T ; L2(0, 1)) and w is the solution of (III) associated to G.

Theorem 3.8 Let {v0, v1} ∈ L2(0, 1)×H−2(0, 1), and {f1, f2} ∈ [L2(0, T )]2.
Then there exists a unique ultra weak solution of problem (II).
Proof. Define the application S : L1(0, T ; L2(0, 1)) → R by

〈S,G〉 = 〈v1, w(0)〉H−2×H2
0
− (v0, wt(0)) + (

2γ′(0)
γ(0)

v0, w(0))

+ 2(
α′(0) + γ′(0)y

γ(0)
v0, wy(0)) +

∫ T

0

a(t) f1(t)wyy(0, t) dt

−
∫ T

0

a(t)f2(t)wyy(1, t) dt,

G ∈ L1(0, T ; L2(0, 1)), where w is a weak solution of (III).
From Theorem 3.2 we have that w ∈ C([0, T ]; H2

0 (0, 1)) ∩ C1([0, T ];L2(0, 1)).
From Theorem 3.5, it follows that

(26) |wt(0)|2 + |wyy(0)|2 ≤ C(
∫ T

0

|G|dt)2,
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(27)
∫ T

0

|wyy(0, t)|2dt ≤ C(
∫ T

0

|G|dt)2,

(28)
∫ T

0

|wyy(1, t)|2dt ≤ C(
∫ T

0

|G|dt)2.

From (26)-(28), we obtain

(29)
|〈S, G〉|

|G|L1(0,T ;L2(0,1))
≤ C{|v0|+ |v1|H−2(0,1) + |f1|L2(0,T ) + |f2|L2(0,T )}

or

(30) |S|(L1(0,T ;L2(0,1)))′ ≤ C{|v0|+ |v1|H−2(0,1) + |f1|L2(0,T ) + |f2|L2(0,T )}.
From (30), we conclude that S ∈ (L1(0, T ;L2(0, 1)))′. Therefore, by the Riez
Theorem there exists a unique v ∈ L∞(0, T ; L2(0, 1)) such that

〈S, G〉 =
∫ T

0

(v,G) dt for all G ∈ L1(0, T ; L2(0, 1))

and also, |v|L∞(0,T ;L2(0,1)) = |S|(L1(0,T ;L2(0,1)))′.
Then, v is the ultra weak solution of problem (II) and it satisfies :

(31) |v|L∞(0,T ;L2(0,1)) ≤ C{|v0|+|v1|H−2(0,1)+|f1|L2(0,T )+|f2|L2(0,T )}.
This completes the proof of the theorem.

Our objetive now is to know the regularity of the ultra weak solution of
problem (II).

Lemma 3.9 Let v0 ∈ H2
0 (0, 1), v1 ∈ L2(0, 1), and {f1, f2} ∈ [H2

0 (0, 1)]2.
Then problem (II) admits a unique solution

v ∈ C([0, T ]; H2
0 (0, 1)) ∩ C1([0, T ];L2(0, 1)).

Proof. Let v(y, t) = y2(y − 1)f2(t) + y(y − 1)2f1(t). Since f1, f2 ∈ H2
0 (0, 1)

then v ∈ H2
0 (0, T ;H1

0 (0, 1) ∩H4(0, 1)). Besides, we have

v(0, t) = v(1, t) = 0, vy(0, t) = f1, vy(1, t) = f2.

The solution of (II) will be v = v̂ + v where

v̂ ∈ C([0, T ];H2
0 (0, 1)) ∩ C1([0, T ];L2(0, 1))
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is the solution of

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lv̂ = −Lv in Q

v̂(0, t) = v̂(1, t) = 0 in ]0, T [

v̂y(0, t) = v̂y(1, t) = 0 in ]0, T [

v̂(y, 0) = v0, v̂t(y, 0) = v1, in ]0, 1[.

This complete the proof of this lemma.

Theorem 3.10 If v0 ∈ L2(0, 1) , v1 ∈ H−2(0, 1) ,{f1, f2} ∈ [L2(0, 1)]2.
Then the ultra weak solution v of (II) is such that v ∈ C([0, T ]; L2(0, 1)) ∩
C1([0, T ];H−2(0, 1)).

Proof. Let be the sequences (v0
n) ∈ H2

0 (0, 1), (v1
n) ∈ L2(0, 1), {f1n, f2n} ∈

[H2
0 (0, 1)]2, such that

v0
n → v0 in L2(0, 1)

v1
n → v1 in H−2(0, 1)

(f1n, f2n) → (f1, f2) in [L2(0, T )]2.

Consider the problem

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lvn = 0 in Q

vn(0, t) = vn(1, t) = 0 in ]0, T [

vny(0, t) = f1n(t) , vny(1, t) = f2n(t) in ]0, T [

vn(0) = v0
n , vnt(0) = v1

n in ]0, 1[.

From Lemma 3.9, we deduce that vn ∈ C([0, T ];H2(0, 1))∩C1([0, T ];L2(0, 1)).
By the linearity of the system above we have
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lvn − Lvm = 0

(vn − vm)(0, t) = (vn − vm)(1, t) = 0

(vn − vm)y(0, t) = f1n(t)− f1m(t) , (vn − vm)y(1, t) = f2n(t)− f2m(t)

(vn − vm)(0) = v0
n − v0

m , (vnt − vmt)(0) = v1
n − v1

m .

From (31), it follows that

(32) |vn − vm|L∞(0,T ;L2(0,1)) ≤ C
(
|v0

n − v0
m|+ |v1

n − v1
m|H−2(0,1)

+ |f1n − f1m|L2(0,T ) + |f2n − f2m|L2(0,T )

)
.

Since (v0
n) , (v1

n) , (f0
1n) , (f1

2n) are Cauchy sequences, it result from (32)
that (vn) is a Cauchy sequence in C([0, T ];L2(0, 1)). Then, there exists ṽ ∈
C([0, T ]; L2(0, 1)), such that vn → ṽ in C([0, T ]; L2(0, 1)). It is proved that
ṽ is the ultra weak solution of (II). By uniqueness, we conclude that ṽ = v
and so v ∈ C1([0, T ]; L2(0, 1)). In analogous form it is verified that v ∈
C1([0, T ];H−2(0, 1)).
Now, the objetive is to prove the main result of exact control in the cylinder.
Proof of Theorem 2.2.
By the Theorems 3.2, 3.5 and 3.6, it is proved that for each pair {ϕ0, ϕ1} ∈
H2

0 (0, 1)× L2(0, 1), there exists a unique solution ϕ of the mixed problem

(IV)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

L∗ϕ = 0 in Q

ϕ(0, t) = ϕ(1, t) = 0 , ϕy(0, t) = ϕy(1, t) = 0 , in ]0, T [

ϕ(y, 0) = ϕ0 , ϕt(y, 0) = ϕ1 in ]0, 1[

such that ϕ ∈ C([0, T ]; H2
0 (0, 1)) ∩ C1([0, T ];L2(0, 1)), ϕyy(0, .), ϕyy(1, .) ∈

L2(0, T ).
On the other hand we have

(33) (T − T0)C0E(0) ≤
∫ T

0

a(t)|ϕyy(1, t)|2dt +
∫ T

0

a(t)|ϕyy(0, t)|2dt ≤ C1E(0).

With the function ϕ defined above we consider the following system :
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(V)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lψ = 0 in Q

ψ(0, t) = ψ(1, t) = 0, ψy(0, t) = −ϕyy(0, t),
ψy(1, t) = ϕyy(1, t) in ]0, T [

ψ(y, T ) = 0, ψt(y, T ) = 0 in ]0, 1[.

Considering ξ = T − t e ψ(y, t) = ψ̂(y, ξ) and using the Theorem 3.10, it
is shown that there exists an ultra weak solution ψ of (V), such that ψ ∈
C([0, T ]; L2(0, 1) ∩ C1([0, T ];H−2(0, 1)).
From the definition of the ultra weak solution we have the following identity :

(34)
∫ T

0

a(t)|ϕyy(0, t)|2dt +
∫ T

0

a(t)|ϕyy(1, t)|2dt = −〈ψ(0), ϕ1〉

−〈ψt(0), ϕ0〉 − 2〈α
′(0) + γ′(0)y

γ(0)
ψy(0), ϕ0〉.

The identity (34) suggests the following operator :

Λ : H2
0 (0, 1)× L2(0, 1) → H−2(0, 1)× L2(0, 1), such that

Λ{ϕ0, ϕ1} = {ψt(0)− 2
α′(0) + γ′(0)y

γ(0)
ψy(0), ψ(0)}.

Then

(35) 〈Λ{ϕ0, ϕ1}, {ϕ0, ϕ1}〉 =
∫ T

0

a(t)|ϕyy(1, t)|2dt +
∫ T

0

a(t)|ϕyy(0, t)|2dt.

From (H2), Remark 2.1 and remembering that a(t) = 1
γ4(t) , we have (γ1)−4 ≤

a(t) ≤ (γ0)−4. From (31), we obtain

(36) (γ0)−4{
∫ T

0

|ϕyy(1, t)|2dt +
∫ T

0

|ϕyy(0, t)|2dt} ≤ 〈Λ{ϕ0, ϕ1}, {ϕ0, ϕ1}〉

≤ (γ1)−4{
∫ T

0

|ϕyy(1, t)|2dt +
∫ T

0

|ϕyy(0, t)|2dt}.
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From (35) and (36) we conclude that Λ is an injective selfadjoint operator .
Therefore, Λ is an isomorphism of H2

0 (0, 1)×L2(0, 1) over H−2(0, 1)×L2(0, 1).
Finally, considering f1(t) = −ϕyy(0, t) and f2(t) = ϕyy(1, t), 0 < t < T , and
initial data {v0, v1} ∈ L2(0, 1) × H−2(0, 1), problem (II) has an ultra weak
solution v.
On the other side, considering problem (II) with v0 = ψ(0) , v1 = ψt(0) where
ψ is ultra weak solution of (V), it results that ψ is also ultra weak solution of
(II). By uniqueness, it can be concluded that v = ψ. So from the system (V),
we obtain v(y, T ) = 0 , vt(y, T ) = 0, which proves the Theorem 2.2.

4 The problem of exact controllability in
noncylindrical domains

4.1 Weak solutions.

Let us consider the following problem :

(VI)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

θtt + θxxxx = ĥ in Q̂

θ(α(t), t) = θ(β(t), t) = 0 in ]0, T [

θx(α(t), t) = θx(β(t), t) = 0 in ]0, T [

θ(x, 0) = θ0, θt(x, 0) = θ1 in ]α(0), β(0)[.

Definition 4.2 Let θ0 ∈ H2
0 (α(0), β(0)), θ1 ∈ L2(α(0), β(0)), and ĥ ∈

L1(0, T ; L2(α(t), β(t))). We say that θ is a weak solution of problem (VI)
if θ ∈ C([0, T ];H2

0 (α(t), β(t))), θt ∈ C([0, T ];L2(α(t), β(t))) and satisfies

−
∫ T

0

(θt, ψt)L2(α(t),β(t))dt +
∫ T

0

(θxx, ψxx)L2(α(t),β(t))dt

=
∫ T

0

(ĥ, ψ)L2(α(t),β(t))dt.

for all ψ ∈ L2(0, T ; H2
0 (α(t), β(t))) and ψt ∈ L2(Q̂) with ψ(0) = ψ(T ) = 0

and initial data θ(0) = θ0, θt(0) = θ1.

Let us consider the following relations

Divulgaciones Matemáticas Vol. 11 No. 1(2003), pp. 19–38



36 Cruz S. Q. de Caldas, J. Limaco, P. Gamboa, R. K. Barreto

(37) u(x, t) = v(x−α
γ , t)

(38) θ(x, t) = 1
γ w(x−α

γ , t)

(39) g1(t) = 1
γ f1(t)

(40) g2(t) = 1
γ f2(t).

From (38) we conclude that problem (VI) is equivalent to the problem (III).
Therefore by Theorem 3.2 we guarantee the existence of weak solutions of the
problem (VI).
It can be noted that the previus results are also valid when we replace the
initial conditions of problem (VI) by θ(x, T ) = θ0 , θt(x, T ) = θ1 .

4.2 Ultra weak solutions

Definition 4.3 Given (u0, u1) ∈ L2(α(0), β(0))×H−2(α(0), β(0)), (g1, g2) ∈
[L2(0, T )]2,we say that u ∈ L∞(0, T ; L2(α(t), β(t))) is an ultra weak solution
of problem (I) if

∫ T

0

(u, ĥ)L2(α(t),β(t)) dt = 〈u1, θ(0)〉H−2×H2
0
− (u0, θt(0))L2(α(0),β(0))

+
∫ T

0

g1(t)θxx(α(t), t) dt−
∫ T

0

g2(t)θxx(β(t), t) dt.

for all ĥ ∈ L1(0, T ;L2(α(t), β(t))where θ is a weak solution of problem (IV)with
θ(x, T ) = 0, θt(x, T ) = 0 in the place of (IV)4.
Using (37) we deduce that the ultra weak solution of problem (I) is equivalent
to that of problem (II).

4.3 Proof of Theorem 2.1

As problems (I) e (II) are equivalent, like (III) and (IV), we can consider the
following isomorphisms:
G1 : L2(0, 1)×H−2(0, 1) → L2(α(0), β(0))×H−2(α(0), β(0)), such that
G1{v0, v1} = {u0, u1}, and
G2 : H2

0 (0, 1)× L2(0, 1) → H2
0 (α(0), β(0))× L2(α(0), β(0)), such that

G2{w0, w1} = {θ0, θ1}.
Let us consider also the following isomorphisms :

σ : L2(0, 1)×H−2(0, 1) → H−2(0, 1))×L2(0, 1), such that
σ{v0, v1} = {v1 − 2α′(0)+γ′(0)y

γ(0) v0
y , − v0}
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Λ : H2
0 (0, 1)×L2(0, 1) → H−2(0, 1)×L2(0, 1), such that

Λ{w0, w1} = {v1 − 2α′(0)+γ′(0)y
γ(0) v0

y, −v0}.
Therefore, the composed function Λ1 = G2 ◦Λ−1 ◦ σ ◦G−1

1 is an isomorphism
of L2(α(0), β(0))×H−2(α(0), β(0)) in H2

0 (α(0), β(0))× L2(α(0), β(0)).
By that, for the initial data {u0, u1} ∈ L2(α(0), β(0)) ×H−2(α(0), β(0)), we
determine {θ0, θ1}. Then with these data we find a weak solution to problem
(IV). In a similar way with {w0, w1} = G−1

2 {θ0, θ1} , we find the weak
solution w to problem (III).
Therefore we determine the ultra weak solution of the problem below:

(VII)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lv = 0 in Q

v(0, t) = v(1, t) = 0 in ]0, T [

vy(0, t) = −wyy(0, t) , vy(1, t) = wyy(1, t) in ]0, T [

v(0) = v0 , vt(0) = v1 in ]0, 1[

where {v0, v1} and {w0, w1} are related by the aplication Λ. Then by Theorem
2.2, v(T ) = vt(T ) = 0.
Finally, from (37) we obtain that u satisfies the condition u(T ) = ut(T ) = 0.
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995–960.

[10] Milla Miranda, M. A., Medeiros, L. A. Contrôlabilité exacte de l’équation
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de L’École Polytechnique, 251, October 1991.

[12] Russel, D. L. A unified boundary controllability theory for hyperbolic and
parabolic partial differential equations, Studies in Appl. Math., 52 (1973),
189–221.

[13] Zuazua, E. Contrôlabilité exacte d’ un modèle de plaques vibrantes en un
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