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1 Introduction

Let a: [0,+00) — R and 3 : [0, +00) — R be two functions of class C3.
Let us consider the noncylindrical domain @, defined by:

Q={(z,t) eR* a(t) <z < f(t), 0<t<T}.
The lateral boundary of @ is given by

U [(a() x ) u (B() x ).

0<t<T

This work investigates the following problem of exact control: given T > Ty ,
for some fix Ty > 0 and inicial data

{u?,u'} € L*(a(0), 5(0)) x H™*(a(0), 5(0)),

we find the controls g1 € L?(0,T), go € L*(0,T) , such that the solution u
of the following system:

Ugs + Ugzge = 0 in Q
u(a(t), 1) = u(B(0), 1) = 0 in 0.7
Uy (O‘(t)’ t) =01 (t)v uw(ﬁ(t)’ t) = 92(t) in ]07 T[

u(z,0) = u’, ug(r,0) = ul in a(0), 5(0)[

verifies that u(z,T) =0, u(z,T) =0 in Ja(T), 8(T)].

Different authors have already studied the problem of the exact controllability
of problem (I), in the case of bounded n-dimensional cylindrical domains. We
can mention among them D. L. Russel [12], J. Lagnese and J. L. Lions [3], J.
L. Lions [5], [6], [7]. This last author introduced a new method to solve this
kind of problems, called Hilbert Uniquenees Method (HUM), which is a simple
and direct way to deal with these problems. Other authors followed this way
of thinking, for instance E. Zuazua [11], [14], [15], who studies problem (I)
in unidimensional cylindrical domains. In [13], he studied the exact control-
lability of (I) in an arbitrarily small time. Our work is focused on studying
problem (I) in non-cylindrical domains of a broad generality, which was not
so much studied, with a restriction, for enough long time.
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2 Notations and main results

Let us consider the real functions «(t) and 3(t) satisfying the following con-
ditions:

(H1) o, 8 € C3([0,+o00)R), with o/, o/, 3, 3" € L*(0, c0).

(H2) a(t) < B(t) for all t > 0 and 0 < 79 = inf;>0y(¢), where v(t) =
B(t) — alt).

Remark 2.1. It follows from (H1) and (H2) that a, &/, 8, and 3’ are

bounded. In fact,
t
/ o' (s) ds
0
t 00
/|o/(s)|ds§/ 1o/(s)] ds.
0 0

()] < [a(0)] + / " o (s)] ds.

hence, « is bounded. The proof is similar for o', 3, and 3.

la(®)] = (O] < a(t) — a(0)] =

IN

Thus

In what follows we use the notations:

1 =supy(t),  so=sup{|e/(t)],|8' ()},
>0 >0

oo (oo}
h = / Y (#®)dt <oo,  lp= / Iy (8)| dt < oo,
0 0

ls:/ |/ (t)] dt < o0, 14:/ la” ()| dt < oc.
0 0

Notice that when (z,t) varies in Q the point (y,t) with y = (z — @)/
varies in the cylinder @ =]0,1[x]0,T[. The application 7 : @ — @ given by
7(z,t) = (y,t) is a diffecomorphism.

By the change of variables u(x,t) = v(y,t) with y = (x — «) /v we transform
the operator

~ ~

Lu= Ut + Ugzrs in Q

into the operator

Lv = vy + a(t) vyyyy + b(y,t) vyy + c(y,t) vy +d(y,t)v, inQ
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where
a(t) = 741(15); b(y,t) = (%)25
(1)
! 7 _ a//_ 17 /a/ "2
clyt) = ~2(LEL); - d(y,t) = T R,

So, the problem of the noncylindrical control (I) is transformed into the fol-
lowing problem of cilyndrical control:

Given T > Ty , Ty > 0 fix, and the initial data v° € L2(0,1), v' € H=2(0,1),

find the controls f; € L?(0,T), f» € L*(0,T) , such that the solution v of
the system below

Lv=20 in Q
v(0,t) =v(1,t) =0 in 10,7
Uy((),t) = fl(t) ’ Uy(lﬂt) = f2(t) in ]07T[

v(y,0) =0°(y) , vy, 0) =v'(y) in  ]0,1]

verifies v(y, T) = 0, v¢(y,T) = 0 in ]0,1].

Our main results are:

Theorem 2.1Let us assume that the hypotheses (H1) and (H2) are satisfied.
Then there exists Ty > 0, such that for T > Ty and the initial data {u®,u'} €
L?(a(0), 3(0)) x H=2(a(0),3(0)), there exists a pair of controls {gi,g2} €
L2(0,T) x L%(0,T) such that the ultra weak solution of (I) satisfies u(x,T) =
ut(x,T) =0 for all a(T) < x < B(T).

Theorem 2.2Let us assume that the hypotheses (H1) and (H2) are satisfied.
Then there exists Ty > 0, such that for T > Ty and the inicial data {v°,v'} €
L2(0,1) x H=2(0,1). there exists a pair of controls { f1, f2} € [L?(0,T)]? such
that the ultra weak solution of (II) satisfies v(y,T) = v:(y,T) = 0 for all
0<y<1.
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3 The problem of exact control in the cylinder

3.1 The Homogeneus Problem
Let us consider the operator R, given by:
Rw = wy+ at)wyyyy + by, H)wyy + c(y, t)wy,
+e(y, hwy + g(y, )w + h(y, t)we,

where
ay > a(t) >ap >0 forallt>0,
b,c,e,g,h € Whe(0,T; L>(0,1)), ey € L®(Q).

Our objetive in this section is to find a solution for the following problem:
Rw=G in Q
w(0,t) =0, w(l,t) =0 in 10,77

(I11)
wy(0,t) = wy,(1,t) =0 in 10,77

w(0) = w’ , w(0) = wt in 10,1[.

Theorem 3.1 (Strong solution) Givenw® € HZ(0,1)NH*(0,1), w* € HZ(0,1),
G,Gy € L'(0,T; L*(0,1)), then there exists a unique solution w of (III) in the
classw € C([0,T); H3(0,1)NH*(0,1))NC([0,T); HZ(0,1)) wverifying Rw = G
in L1(0,T;L?(0,1)).

Theorem 3.2(Weak solution) Given w® € HZ(0,1), w! € L?(0,1), G €
L'(0,T; L?(0,1)), then there exists a unique function w : Q — R, solution of
(II) in the class w € C([0,T); H3(0,1)) N C1([0,T]; L*(0,1)) satisfying

(i) — (wy, Zt)L2(Q) + (a(t) Wyy s Zyy)Lz(Q) + (bwyyv Z)LQ(Q) — (cwy, Zy)Lz(Q)

+(ewy, 2) + (gwy, 2) + (hw,z2)

12(Q) £2(Q) @ = (G2
for all z € L%(0,T; H3(0,1)) with z € L*(Q), 2(0) = 2(T) =0 and w(0) =

w?, wy(0) = wk.

(i)  Rw=G in L'(0,T; H=2(0,1)).

Git) B0 = B0)+5 [ d @y ()Pds = [ by (s). () ds
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—A@w@ﬂMW@—AUWMMMwﬁ—A@M%M@MS
1 t t
—&—5/0 (cywt(s),wt(s))ds—&—/o (G,w(s))ds

(iv) E@®) < C[E(O) + (/Ot |G(s)| ds) 2} e“T being

E(t) = $lw(t)]* + La(t)|wy, (t)|* the energy of the system.

It can be observed that the Theorems 3.1 and 3.2 are valid for the operators
L and L*( adjoint of L) given by

L'w = ’LUtt—FCL(t)IUyyyy"‘b(y, t)wyy‘FC(Z% t)wyt+e(y7 t)“’y"'g(yv t)w+h(ya t)wta

where a, b and ¢ are given in (1) and e(y,t) = 2b, + ¢, — d, g(y,t) = byy +
cyt — dy, h(y,t) =cy.

3.2 Direct inequality

Theorem 3.3Let be w a weak solution of the problem (III). Then there exists
a positive constant co, such that

(i) G=0= E(0)e % < E(t) < E(0)e, forall t > 0.
(i) G£0= E(t) < C{E(0)+</O G(t)|dt> }eco for t € [0, 7.

Proof. From (III);, we have :

D500 = Ty (01 — (o (1) — (e, (1), 10(8) — (e (2) w,(0)

~ (gu®), wi(0) + 3 (e wi(6), w(0) + (G, wilt).

Then we obtain

dE(t "(t b A A2
‘ gwg(mou_||+ olel o4 Al

a(t) — Valt)  a(t) Valt)
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where )\ is Poincare’s constant. Then, from (H1)-(H2), we get

(%) d E<t>\ < K(t) E()+G0) [ur (1),

% =

where
K(t)=c(|y|+ '+ | + 7]? + /%), with

1 2
= po max{$(2’7f +372), 292(1 46X + 3)2), 3Xov3 (14 Ao)}.
0 0

If G = 0 then, from (5), we have

1 g < KW E®).

~K()B(t) < £E(t) <

Then, from Remark 2.1, it can be concluded that (i) is verified with ¢y =
a1 [(1+2s0) l1 + Iz + sols + 14]. If G # 0 then, from (5), we conclude that

E(t) < E(0) + / t{K (s)E(s)'? + V2|G(s) |} E(s)"/*ds.
0

From the definition of K (t) it can be concluded that (i) is verified.

Next, we will obtain the Fundamental Identity which will allow us to have
estimates for wy,(0,.) and wy,(1,.).

Lemma 3.4. If g € C3([0,1]) and w is the strong solution of problem (III),
then w satisfies the identity,

T
(©) 3 o0 at,p

C

2

+ f/ / qy|wt|2dydt—|— f/ / a(t)qy|wyy|2dydt
2Jo Jo 2Jo Jo

T 1 T 1 b by 1 9
+/ / gquywy, dydt+/ / (iqy+5qfa(t)qyyy**th+eq)|wy| dy dt
0 0 0 0

1 T
0 dt = (wi+= wy, qwy) 0

2

T 1 T 1
7/ /(hqy+hyq)|w|2dydt—/ / qGw, dydt,
0 0 0 0

named Fundamental Identity.

Besides this, when q(y) =y — %, we have
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T T
(1) / a(t)wyy (1, ) Pdt + / a(t) 1wy (0, £) 2t

<C {E(O) + (/OT |G(t)|dt>2}

Proof. Multiplying (III); by qw, and integrating in @) , we obtain :

T 1 T 1
(8) / / wyqu, dy dt + / / a(t)Wyyyyquy, dy dt
o Jo o Jo
T 1 T /1 T /1
+/ / bwyquydydt+/ / C Wyt qudydtJr/ / 6w§qdydt
o Jo o Jo o Jo
T 1 T 1 T 1
+ / / gwsquy dy dt + / / hwqw, dy dt = / / Gquw, dy dt.
o Jo o Jo o Jo

Observe that
9) / / Wyt q Wy dy dt = (wy, g wy) |O / / qylwe(y, t | dy dt
T 1 1 (T
(10) / / a(t) Wyyyy g wy dy dt = —5/ a(t)q\wyy\2|(1)dt
o Jo 0
3 (T 1 T 1
+§ / / a(t) qz/|wyy‘2dy dt — / / a(t) nyy|wy‘2dy dt
o Jo o Jo
T 1 1 (T
(11) / / bgwywy, dy dt = —— / / (bgy + byq)\wy|2dy dt
o Jo 2Jo Jo

(12) / / cwyquydydt = (cqu,wy —5/ / ctq|wy|2dydt
o Jo
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T 1 1 (T !
(13) / / hquwydydt = —— / / (hqy + hyq)|w|*dy dt.
o Jo 2Jo Jo

From (8)-(13), we deduced (6).

As a consequence of the Lemma 3.4, we obtain the following result:

Theorem 3.5 If ¢ € C3([0,1]) and {w’,w', G} € HZ(0,1) x L?(0,1) x
L'(0,T;L?(0,1)) then a weak solution w of problem (III) verifies the inequal-
ity

T T
(14) / a(t) wyy (1,1) 2dt + / a(t) 1wy, (0, )| 2dt

T
<C {E(O) + (/0 |G(t)|dt)2} )

Proof. Consider F' as being the vector space consisting of weak solutions of
(I1T), with initial data {w®, w!} € HZ(0,1)xL?*(0,1)} and G € L'(0,T; L?(0,1)).
We define the application

€1 H3(0,1)xL?(0,1)xL*(0,T; L*(0,1)) — F by {({w’,w',G}) = w.

Observe that ¢ is bijective. We define also the aplication || . |[¢: ' — R, given
by
|w|e = |w2y| + |wt| + |G| (0,7522(0,1)),that is a norm in F.

Observe also that (F,|.|l¢) is a Banach space. Consider now H as being the
vector space consisting of strong solutions of (IIT), with initial data
w® € H3(0,1) N H*(0,1),w! € HZ(0,1), and G € WH1(0,T;L%(0,1)).
Note that H is dense in F'. On the other side using Lemma 3.4, it results
that,

|wyy (1, )] 220,7) < e{|wyy| + [ +|Glriom2 0y}, for allw € H
or
(15) |wyy (1, .)|L20,1) < cllwlle, for allw € H.

Analogously, we obtain

(16) \wyy(O, -)|L2(0,T) < CHU}H&, for allw € H.
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Motivated by (15) and (16), we define the continuous operators
¢ : H— L*(0,T), ¢1: H — L*(0,T)

by
Po(w) = wyy(0,.) and  ¢1(w) = wyy(1,.),

respectively. Since H is dense in F', there exist continuous operators
¢o: F — L*(0,T), ¢ :F — L*0,T),

such that éO‘H = ¢, q31|H = ¢1. Therefore, if w € F then there exists a
sequence (wy,) € H, such that w,, — w in F. Then,

lim ¢ (wy, ) = lim ¢ (wy,) = do(w)

or

Wiy (0,.) = Go(wy) — do(w)in L*(0,T).

Analogously, we have
Wingy(1,.) = ¢1 (W) — d1(w) in L2(0,7).

On the other hand, there exist w?, € HZ2(0,1) N H(0,1), w}, € HZ(0,1),

m

Gm € WHL(0,T5 L%(0,1)), in the way that £({wd,,wl,Gpn}) = w, and
— in HZ(0,1)

—w'  in L*0,1)

(19) Gn — G in LY(0,T;L?(0,1))

Besides this,

(20) Wy, — W in C([0,T); H3(0,1))

(21) Wy — wy  in C([0,T]; L?(0,1)) .

Then, Wmyy(0,.) — wyy(0,.) in D'0,7).

As L%*0,T) — D'(0,T) then éo(w) = wy,y(0,.). Therefore
(22) Winyy (0,.) — Wy (0,.) in L%(0,1).

Analogously, we have

(23) Winyy(1,.) = wyy(1,.) in L2(0,1).

Taking account of assertions (17)-(23), we can show the result.
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3.3 Inverse Inequality

Theorem 3.6 There exists Ty > 0 such that for T > Ty the weak solution of
problem (III) with G = 0 verifies

T T
(24) /0 a(t)wy, (1, ¢)[dt +/0 a(t)|wy, (0,)?dt > de= (T — Ty)E(0).

Proof. Taking q(y) =y — % in the identity (6) of the Lemma 3.4. we obtain
the following result

s [ a0 Pl = [ [ G+ St ava

I

c
+ (wy + Wy Y (y — wu )5 + / / wtwydy dt

Iy

T 1
—/ / [(h + hyq)|w|*dy dt .
0 0

Then we have the following estimates:

[I] > T e E(0),

6s0A2yE\ &
L] < (Aov? + =250 ) e E(0),

2
|I5] < (611 + 31l2) e B(0),

|14] <

2_4
*0031 (1712 + 712 + 4Ay1 1y + 47114) e E(0),

5] < Bt e ()
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Combining the above estimates, the proof of the Theorem 3.6 is completed
where

6500571 | Aot

Ty = 20 [Awf n + 29 61, 4 3 ly)

273
)\2 4 4)\4 4[
+ 20T 78l + ala) + T
0 0

For the study of problem (II), we introduce the concept of ultra weak solution.
Definition 3.7 Let be v° € L?(0,1) , v € H2(0,1) , f = {f1,f2} €

[L2(0,1)]2. Let us say that v € L>(0,T; L?(0,1)) is an ultra weak solution of
(IT) if it satisfies

T
) [ Gt = (0 w0 = (01 (0)

2/(0) o @0 +7(O)y ,

+/0 a(t) f1(t) wyy(O)dt—/o a(t) fa(t) wyy (1) dt

+

for all G € L*(0,T;L?(0,1)) and w is the solution of (III) associated to G.

Theorem 3.8 Let {v°,v'} € L?(0,1) x H=%(0,1), and { f1, f2} € [L?(0,T)]2.
Then there exists a unique ultra weak solution of problem (II).
Proof. Define the application S : L'(0,7; L?*(0,1)) — R by

(5.6 = (w0 gsas — (0w ©) + D0 (o))

S w0 + [ alt) i0) (0.0

- / alt) Fa(B)wyy (1, 1) dt,

+2(

G € LY(0,T;L?(0,1)), where w is a weak solution of (IIT).
From Theorem 3.2 we have that w € C([0,T]; H3(0,1)) N C1([0, T]; L?(0, 1)).
From Theorem 3.5, it follows that

T
(26) e () + [ty () < C( / Gldr)?,
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T T
(27) / |wyy<o,t>|2dt§c</o Gldt)?,

T T
(28) /O|wyy(1,t)|2dt§0(/0 IGldb)2.

From (26)-(28), we obtain

(5, G)l

29)
( |G| L1 0,7;02(0,1))

< C{1°| + [ 20,1y + | fil20,0) + [ f2lL2 01}

or

(30) IS0z, < CLV° I+ 10t r-2(01) + 1 f1le20m) + [ fol 20 }-
From (30), we conclude that S € (L'(0,T;L?(0,1)))". Therefore, by the Riez
Theorem there exists a unique v € L>(0,T; L*(0, 1)) such that

T
(S,G) = / (v,G)dt for all G € L'(0,T;L?(0,1))
0

and also, |v|re(0,1;22(0,1)) = [Sl(z1(0,7522(0,1)))".
Then, v is the ultra weak solution of problem (II) and it satisfies :

(31) 0| Lo 0,7:L2(0,1)) < C{I0° |+ v [m-2(0,1)+ | f1]L20.1)F | f2l L2 0.1 }-
This completes the proof of the theorem.

Our objetive now is to know the regularity of the ultra weak solution of
problem (II).

Lemma 3.9 Let v° € HZ(0,1), v! € L?(0,1), and {f1, f2} € [HZ(0,1)]2.
Then problem (II) admits a unique solution

v e C([0,T); H3(0,1)) n C*([0,T]; L*(0,1)).

Proof. Let 0(y,t) = y*(y — 1) f2(t) + y(y — 1)*f1(t). Since f1, f2 € HF(0,1)
then v € HZ(0,T; H}(0,1) N H*(0,1)). Besides, we have

©(0,t) =v(1,t) = 0, T,(0,t) = f1, Ty(1,t) = fa.
The solution of (II) will be v = ¥ 4+ ¥ where

v e C([0,T); H3(0,1)) nC*([0, T); L*(0,1))
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is the solution of

Lv=—-Lv in Q
0(0,t) =v(1,¢t) =0 in 10,7
Uy(0,t) =0,(1,t) =0 in 0,7

0(y,0) =%, Uy(y,0) = vt in 0,1

This complete the proof of this lemma.
Theorem 3.10 If v° € L?(0,1) , v* € H%(0,1) ,{f1, f2} € [L*(0,1)]

2
Then the ultra weak solution v of (II) is such that v € C([0,T]; L?(0,1)) N
CH([0,T); H~3(0,1)).

Proof. Let be the sequences (v9) € HZ(0,1), (v}) € L?(0,1), {fin, fon} €
[HZ(0,1)]2, such that

v — 0% in L2(0,1)

vl — ol in H72(0,1)

n

(f1n7 f2n) - (f].a f?) in [L2(07T)]2
Consider the problem

Lv, =0in Q
vp(0,8) = vy (1,¢) = 0in 0, T
Uny(07t) = fln(t> ) vny(Lt) = f2n(t) in ]OvT[

vn(0) = 08, v, (0) = v} in ]0, 1].

From Lemma 3.9, we deduce that v,, € C([0,T]; H2(0,1))NC([0, T]; L?(0, 1)).
By the linearity of the system above we have
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Lv, — Lv,, =0
(Un - ’Um)(o,t) = ('Un - Um)(l’t) =0

(Un - Um)y(ovt) = fln(t) - flm(t) , (Un - 'Um)y(Lt) = f2n(t) - f2m(t)

(Vn — vm)(0) = U?z - Ug@ s (Unt — vmt)(0) = vrll - U;@ .

From (31), it follows that

(32)  |vn = vmlre=(0,m;02(0,1)) < C(WL — o+ on — vnlE-2(0,1)
+ | fin = fim|L20,7) + | fon — f2m|L2(o,T))-

Since (v9) , (v}t) , (f2,) , (f4,) are Cauchy sequences, it result from (32)

that (v,) is a Cauchy sequence in C([0,T]; L?(0,1)). Then, there exists ¥ €
C([0,T); L?(0,1)), such that v, — o in C([0,T]; L*(0,1)). It is proved that
U is the ultra weak solution of (II). By uniqueness, we conclude that v = v
and so v € C1([0,T]; L?(0,1)). In analogous form it is verified that v €
CH([0,7); H~3(0,1)).

Now, the objetive is to prove the main result of exact control in the cylinder.
Proof of Theorem 2.2.

By the Theorems 3.2, 3.5 and 3.6, it is proved that for each pair {¢", ¢!} €
HZ2(0,1) x L?(0,1), there exists a unique solution ¢ of the mixed problem

L*p =0 in Q
(IV) (P(Oat) = (P(lat) =0, (py(o,t) = L:074(17t> =0, in ]O’T[
@(y,0) = ¢° , ¢i(y,0) = ¢! in ]0,1

such that ¢ € C([0,T]; HA(0,1)) N CL([0, T L2(0,1)), 24y (0,.), 2y (1,.) €
L2(0,7).
On the other hand we have

T T
(33 (T=TCoEO) < [ alblen(LOPdt+ [ ey, (0.0Pd < C1E(O).

With the function ¢ defined above we consider the following system :
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Ly =0 in @
(V) 1/)(0715) = %/J(Lf) =0, 1/Jy(0,t) = 7(pyy(0’t)7

%(Lt) = @yy(lat) in 0,77

Yy, T) =0, ¥:(y,T) =0 in ]0,1[.

Considering £ = T —t e Y(y,t) = @(y,{) and using the Theorem 3.10, it
is shown that there exists an ultra weak solution ¢ of (V), such that ¢ €
C([0,T}; L2(0,1) N C1([0, T); H-2(0, 1)).

From the definition of the ultra weak solution we have the following identity :

T T
(34) /Oa(t)lwyy(ovt)|2dt+/0 a(t)pyy (1,1)]*dt = —(1(0),¢")

—((0),¢") — 2(2

The identity (34) suggests the following operator :
A: H2(0,1) x L?(0,1) — H~2(0,1) x L?*(0,1),such that

A" 0"} = {1:(0) - 2

Then
T T

(35)  (A{ @} {0 ¢')) = / a(t) oy (1, 1) 2dt + / a(t) 93y (0, ) Pdt.
0 0

From (H2), Remark 2.1 and remembering that a(t) = 7%(”, we have (y,)7* <
a(t) < (7o)~ From (31), we obtain

T T
(36) ('yo)"‘{/0 |§0yy(1’t)|2dt+/0 loyy (0,1)7dt} < (A{e® '}, {e% 0'})

T T
< (n)™ / oy (1 D[2dt + / oy (0, 1) 2},
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From (35) and (36) we conclude that A is an injective selfadjoint operator .
Therefore, A is an isomorphism of HZ(0,1)x L?(0,1) over H=2(0,1)x L?(0, 1).
Finally, considering fi1(t) = —gy,(0,¢) and fa(t) = ¢y (1,t), 0 <t < T, and
initial data {v°,v'} € L?(0,1) x H2(0,1), problem (II) has an ultra weak
solution v.

On the other side, considering problem (IT) with v = v(0) , v = 9;(0) where
t is ultra weak solution of (V), it results that ¢ is also ultra weak solution of
(II). By uniqueness, it can be concluded that v = %. So from the system (V),
we obtain v(y,T) =0, v,(y,T) = 0, which proves the Theorem 2.2.

4 The problem of exact controllability in
noncylindrical domains

4.1 Weak solutions.

Let us consider the following problem :

Htt + ea:a::mv = /ﬁ in Q

b.(a(t)) = 0,(8(t),) =0 in 0,

0(z,0) =0° 04(x,0) = 6" in Ja(0), 5(0)].

Definition 4.2 Let #° € H2(a(0),5(0)), 8' € L%*(a(0),5(0)), and h €
LY(0,T; L?(a(t), B(t))). We say that 6 is a weak solution of problem (VI)
if 0 € C([0,T); H3(a(t), B(t))), 6, € C([0,T]; L*(a(t), B(t))) and satisfies

T T
*/0 (9t,¢t)L2(a(t),5(t))dt+/0 (Ozas V) L2 (a(),8(2)) At
T ~
=/O (hs ) L2 (a0), (1)) -
for all ¢ € L2(0,T; H(a(t), 8(t))) and 1y € L2(Q) with 1(0) = o(T) = 0
and initial data 6(0) = 6°, 6;(0) = 6.

Let us consider the following relations
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(37)  ulz,t) = v(22,1)
(38) (1) = Lw(zz2,0)
(39) @) =1H0)
(40)  ga(t) = Lfa(0).

From (38) we conclude that problem (VI) is equivalent to the problem (III).
Therefore by Theorem 3.2 we guarantee the existence of weak solutions of the
problem (VI).

It can be noted that the previus results are also valid when we replace the
initial conditions of problem (VI) by 0(z,T) = 6° , 0;(z,T) = 6* .

4.2 Ultra weak solutions
Definition 4.3 Given (u°, u') € L?(«(0), 8(0))x H=2(«(0), 3(0)), (g1,92) €
a(t

[L2(0,T)]?,we say that u € L°(0,T; L?(a(t), 5(t))) is an ultra weak solution
of problem (I) if

T
/0 (u, h) L2 (a5 At = (u',0(0)) g2 112 — (u°,0:(0)) L2 (a(0),5(0))
T T
4 / 01 (D)0a(r(t), 1) di — / 02(0)0,2 (B(0), ) d.
0 0

forallh € L (0,T; L?(a(t), B(t)) where 6 is a weak solution of problem (IV) with
0(z, T) =0, 6z, T)=0 in the place of (IV),.

Using (37) we deduce that the ultra weak solution of problem (I) is equivalent
to that of problem (II).

4.3 Proof of Theorem 2.1

As problems (I) e (II) are equivalent, like (IIT) and (IV), we can consider the
following isomorphisms:

Gy : L?(0,1) x H=2(0,1) — L*(«(0), 8(0)) x H~2(a(0), 8(0)), such that
G1{v°, v} = {u® u'}, and

Gy : H3(0,1) x L*(0,1) — HZ(a(0),3(0)) x L*(«(0),5(0)), such that
Go{w®, w'} = {6°,601}.

Let us consider also the following isomorphisms :

o: L*0,1)xH~2(0,1) — H=2(0,1))xL*(0,1), such that
— '(0)++'(0)
ofv v} = {vt — 252G ) — o)
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A:  HZ(0,1)xL2%(0,1) — H~2(0,1)xL?(0,1), such that
7 20’ (0)4+4'(0)
AMuw®, w'} = {v! — «/(Og yvg, -0},

Therefore, the composed function A; = GooA~looo Gl_1 is an isomorphism
of L2(a(0), 8(0)) x H2(a(0), 3(0)) in H(a(0), 8(0)) x L2(a(0), 3(0)).

By that, for the initial data {u° u'} € L?(a(0),3(0)) x H=2(a(0), 3(0)), we
determine {0°,01}. Then with these data we find a weak solution to problem
(IV). In a similar way with {w® w'} = G5'{6°,0'} , we find the weak
solution w to problem (IIT).

Therefore we determine the ultra weak solution of the problem below:

Lv=0 in Q

v(0,t) =v(1,t) =0 in 10, T
(VII)
Uy (0,t) = —wyy(0,1) , vy(1,t) = wyy(1,7) in 10, T

v(0) =00 | vy (0) = vt in 10,1]

where {v°, v1} and {w®, w'} are related by the aplication A. Then by Theorem
2.2, v(T) = v (T) = 0.
Finally, from (37) we obtain that u satisfies the condition u(T) = us(T") = 0.
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