Pseudo linear transformations and
evaluation in Ore extensions.

André Leroy*

Abstract

The relations between evaluation of Ore polynomials and pseudo-linear
transformations are studied. The behavior of these transformations under
homomorphisms of Ore extensions, in particular with respect to algebraicity,
is analyzed leading to characterization of left and right primitivity of an Ore
extension.

Necessary and sufficient conditions are given for algebraic pseudo-linear
transformations to be diagonalizable. Natural notions of (S, D) right and left
eigenvalues are introduced and sufficient conditions for a matrix to be (S, D)
diagonalizable are given.

1 Introduction

Skew polynomial rings were introduced by Oystein Ore in 1933 [0] but some earlier
works related to the differential case already appeared e.g. in Landau (see [La]) We
will mainly be interested in the case when the coefficients belong to a division ring
but occasionally we will have to work with more general rings, so let A be a ring,
S € End (A) and D a left S-derivation i.e. D is an additive endomorphism of A
such that

for any a,b € A D(ab) = S(a)D(b) + D(a)b (1.1)
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A skew polynomial ring (also called Ore extension) A[t; S, D] consists of polynomials
0 a;t', a; € A which are added in the usual way but are multiplied accordingly
to the following commutation rule

foranya€ A ta= S(a)t+ D(a) (1.2)

In an attempt to study modules over K|[t; S, D], K a division ring, we are forced
to consider pseudo-linear transformations since they translate the action of the in-
determinate. This situation is completely similar to the standard relations between
modules over k[t], k a field, and linear algebra. This similarity is based on some
common properties shared by these polynomial rings and skew polynomial rings; di-
vision algorithm, "unique” factorization into irreducibles,... These properties were
established in the skew case by Ore himself and used later by Jacobson (cf. [J]) to
study pseudo-linear transformations.

Let K be a division ring and V be a K vector space. A pseudo-linear transfor-
mation is an additive map 7" : V — V such that

T(aw) =S(a)T(v)+ D(a)v forae K, veV (1.3)

We will often use the abbreviation (S, D)PLT for a pseudo-linear transformation
with respect to the endomorphism S and the S-derivation D. Jacobson [loc. cit.]
was mainly interested in irreducibility (absence of invariant subspace), indecom-
posability (absence of direct summand) normal form (matrices over K|t; S, D] are
(S, D) similar to diagonal matrices whose elements are the invariant factors).

In the second section of this paper we will recall the folklore of (S, D) similarity
give examples and show how the use of (S, D) PLT enables us to generalize formulas
of earlier work connected to skew evaluation.

An important particular feature of (S, D)PLT (or even of usual K linear trans-
formations when K is a non commutative division ring) is the absence of a Cayley
Hamilton theorem. In the third section, we analyze this problem and give differ-
ent necessary and sufficient conditions for 7', an (S, D)PLT to be algebraic we
show that this property is preserved under the image of an (S’, D')C.V. polynomial
p(t) € K[t; S, D] (see definition 3. 1). These considerations enable us to exhibit a
class of skew polynomial rings for which all the (S, D)PLT’s on finite-dimensional
vector spaces are algebraic. We obtain an analogue of the Amitsur-Small’s theorem
namely a characterization of skew polynomial rings which are primitive. In this
characterization the notion of (S, D)-algebraicity plays the role of (usual) algebraic-
ity.

In section 4, we first consider the question of diagonalization of an algebraic
(S, D)PLT and we obtain different necessary and sufficient conditions for the exis-
tence of a basis consisting of eigenvectors, e.g. we show that the minimal polynomial
of the pseudo-linear transformation must be the minimal polynomial of the set of
eigenvalues. In the second part of this section, assuming S € Aut(K'), we introduce
the notions of right and left ” (S, D) eigenvalues” for a matrix A € M, (K) we show
that this set is (S, D) closed and that if it consists of n (.S, D) conjugacy classes
then A is (S, D) similar to a diagonal matrix (cf. definition 1.3 (b) for the notion of
(S, D) conjugacy classes).
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Let us now end this introduction with a few notations.
For any element a in a ring A equipped with an endomorphism S and an S-
derivation D we have, in A[t; S, D], and for any n € N

t"a = Z Il (a)t’ (1.4)

where the maps f]* € End (A, +) consist of the sum of all products with i factors S
and n—i factors D. This formula generalizes (1.2) and will be in its turn generalized
in section 2 (cf. remark 2.11).

In earlier works we introduced (cf. [LL1], [LL2]) a natural notion for the eval-
uation f(a) of a polynomial f(t) € R = Alt; S, D] at some elements a € A : f(a)
is the remainder of f(t) = S0 ,a;t' divided on the right by t — a i.e. f(t) =
q(t)(t —a) + f(a), for some polynomial ¢(t) € A[t; S, D]. It is easy to show by
induction that f(a) = Y7 ,a;N;(a) where the maps N; are defined by induction in
the following way : For any a € A Ny(a) = 1 and N;j1(a) = S(N;(a))a+ D(N;(a)).
This natural notion seems to be important and we offer in section 2 another per-
spective on it in terms of pseudo-linear transformations leading to generalizations
of formulas obtained earlier.

2 Basic properties and examples.

Let K,S, D,V be a divison ring, an endomorphism of K, a (left) S-derivation and
a left K-vector space respectively.

Definition 1. A map T :V — V such that

T(vy+ve) =T (v1) +T(v2) foruvy,ve €V
T(aw) = S(a)T(v)+ D(a)v forae K veV

is an (S, D) pseudo-linear transformation of V.
The abbreviation (S, D) PLT will stand for an (S, D) pseudo-linear transforma-
tion.
If V' is finite-dimensional and e = {ey, ..., e,} is a basis of V' let us write Te; =
i1 aijej, a;; € K or with matrix notation Te = Ae where A = (aij) € M,(K).
The matrix A will be denoted M, (T") and A(T') will stand for the set {M,.(T)|e is a
basis of V'}.

Lemma 2. a) Let T :V — V be an (S, D) PLT then V becomes a left module
over R = K[t; S, D] via f(t)-v = f(T)(v) for f(t) € R and v € V. Conversely, any
left R-module V' gives rise to an (S, D)PLT on V wia T'(v) =t - v.

b) If Vi is a vector space isomorphic to V and o : V. — Vi is an isomorphism
then 0 oT oo™ is an (S, D) PLT on V;.

Proof The easy proofs are left to the reader.

Part b) of the above lemma motivates the following
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Definition 3.  a) Let V and Vi be isomorphic vector spaces and let T and
Ty be (S,D)PLT’s on 'V and Vi respectively. Ty is similar to T' if there exists an
isomorphism o - V — V; such that Ty = ocoT oo™ 1.

b) Let A, S, D be a ring, an endomorphism of A and an S-derivation of A respec-
tively. Two elements a,b € A are (S, D) conjugate if there ezists ¢ € A, ¢ invertible,

such that b = S(c)ac™' + D(c)c™'. We will use the notations a ~ b to express that

a and b are (S, D) conjugate and a® := S(c)ac™' + D(c)c™ . It is easy to check that
> s an equivalence relation on A.

Proposition 2.4. Let V and Vy be isomorphic left K-vector spaces of finite di-
mension , say n, and let T and Ty be (S, D)PLT’s on'V and Vy respectively. Extend
S and D in the natural way from K to M,,(K) and denote U := M, (K)[t; S, D] and
R:= K|[t;S,D]. Then the following are equivalent

(i) T is similar to Ty.
(ii) There exists an isomorphism o : V — V; such that Ty = 0o T o o7 L.

(iii) The R-module structure on V' induced by T is isomorphic to the R-module
structure on Vy induced by T .

(i) Mc(T) 2 Moe)(Th) for any basis ¢ of V- and some K isomorphismo : V — V.
(v) Mc(T) ~ My(T1) in My, (K) for some basis e of V' and some basis u of V;.
(vi) M.(T) SN;)ME(Tl) in M, (K) for any basis e of V and any basis u of V1.

(vii) {M.(T)|e is a basis of V'} = {M,(T1)|u is a basis of Vi }.

U N U

(viii) Ut — M,(T)) Ut — My(T1))

and Vi respectively.

as left U-modules for any basis e and u of V

In particular if Vi =V, Ty =T, o = idy, (vi) above shows that for any basis
e, u of V the matrices M.(T') and M,(T) are (S, D) conjugate and the set A(T') =
{M.(T)|e is a basis of V'} is an (S, D) equivalence class in M, (K).

Proof The equivalence of the five first assertions is easy.
(v) < (vi) Let ¢ and u be basis of V' and Vi respectively. there exist P,Q €
GL,(K) such that ¢ = Pe and u = Qu' then M. (T)Pe = My (T)e = Te =
TPe = S(P)Te + D(P)e = (S(P)M.(T) + D(P))e and we conclude M. (T")
S(P)M,(T)P~' + D(P)P~'. Similarly we have M,(T1) = S(Q)M.(T1)Q™" +
D(Q)Q™. S0 M (T) 2 M(T), My(T1) ~ My (Th). By hypothesis M, (T) ~ My(T)
and by transitivity we get Mo/ (T") ~ My (17) .

u
s,p =

(vi) — (vii) By symmetry it is enough to show that for any basis e of V' we have
M.(T) = M,(Ty) for some basis u of V4. By (v) we know M, (T)" = M, (Ty)
(notation as in Definition 3 (b)) for some P € GL,(K) and some basis u' of ;. Let
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u be the basis of V; defined by u = P~!4/. it is easy to check M,(Th) = My (Tl)P_1
and so M, (T1) = M.(T) as desired.

(vil) — (iv) If M.(T) = M,(T1) e basis of V', u basis of V;. It suffices to define o
by o(e) = u.

(vi) — (viil) By hypothesis we know there exists P € GL,(K) such that M.(T) =

M,(T1)” and this implies that (t — M/(T))P = S(P)(t — M,(T1)) in

U = M,(K)[t;S,D]. 1t is then easy to check that there exists a well defined
U

U-module isomorphism between —————— and ————, where A = M,.(T") and

Ut —A) U(t— B)’
B = M,(T}). Explicitly this isomorphism ¢ is given by

(1 +U(t — A)) =P+ U(t - B)

U
(viii) — (vi) If ¢ is an isomorphism of U-modules between 0= 4) and Ult—B)

let (I +U(t— A)) =P+ U(t— B). Since 1 is surjective we easily conclude that
there exists C' € M,,(K) such that C'P = I and, as is well known, this implies that
P is invertible. Since 1 is a morphism of left U-modules we get (t — A)P € U(t— B).
So S(P)(t—B)+ S(P)B+ D(P) — AP € U(t — B) and thus S(P)B + D(P) = AP
i.e. A= B". Using A= M,(T) and B = M,(T}) we obtain the desired conclusion
M. (T) %ME(T 1). The final assertions are now easy to check.

Remarks 2.5. a) If § € Aut(K) we can also add to the above equivalences
the following one :

i v = v ight U-modul h d basis of
(ix) L= M(T))0 o = My (T))0 as right U-modules where e and u are basis o
V' and Vj respectively.

This is easily proved using the fact that for any B € M, (K) left division by t — B
can now be performed in U.

b) Most of the above is part of folklore but has been recalled for the convenience
of the reader.

c¢) Of course it is also possible to define PLT’s with respect to an endomorphism o
and a right o-derivation § (i.e. §(ab) = é(a)o(b) +ad(b))). They correspond to right
A-modules where A = K[T';6, 0] in which polynomials are written with coefficients
on the right and the commutation law is at = to(a) + d(a) for a € K. For a,b € K,
we define as-b if there exists ¢ € K \ {0} such that b = ¢ tao(c) + ¢ (c). If
S € Aut(K) and D is a left S derivation then (K[t; S, D])? = K[t; S~ —DS™!]
i.e. —DS7!is aleft S~! derivation of K° and so a right S~! derivation of K. It is

worthwile to remark that asmz)b iff a ~ b. These observations will shed some
’ —-DS™ -+, 5™

light on definitions and apparent lack of symmetry in section 4.

d) Even if M.(T') = 0 this does not mean that 7" = 0. In fact the zero map
0:V—-V:v—0isnotaPLT if D #0.

e) Even if M. (T') is invertible this does not mean that 7" is bijective. In fact it
may happen that M, (T) = 0 but M.(T) is invertible for some other basis e of V.
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Let us consider, for instance, the case V = K and T' = D. Of course D itself is a
PLT and D(1) = 0 so Mg(D) = 0.

) If 71, T are (S, D) PLT in a K vector space V, T} + 15,11 o Ty, oT1(a € K)
are not necessarily pseudo-linear transformations.

Example 2.6. Of course D : K — K is an (S, D) PLT. More generally any
¢ € K gives rise to an (S, D) PLT on K denoted 7T, and defined by

To(x) :=S(x)c+ D(z) forze K (2.7)

It is easy to check that all the (S, D) PLT’s on K are of this form (e.g. D = Ty).

To convince the reader of the importance of these maps, let us mention that they
give back.

a) The maps N; : K — K used in [LL1] [LL2] (cf. §1 for definition) which
can be seen as generalization of both the standard i* power and i** norm. If fact
Ti(1) = N;(c) for i > 0 (see Theorem 2.8 b) hereafter).

b) The left R-module structure on K in relation with evaluation at ¢ defined in
[LL1] Remark 2.8. Explicitely this R-module structure was given by g(t)*x = g(c*)x
for x € K g(t) € R = K[t; S, D]. In fact this R-module structure is nothing else
but the one given by T, (cf. Remark 2.11 (a) below).

Let us notice that the maps 7. defined by (2.7) have a meaning also for an
element ¢ in a ring A equipped with an endomorphism S and a S-derivation D.

Recall from the introduction that the N;’s are maps from K to K defined by
induction : For a € K, Ny(a) =1 and N;41(a) = S(N;(a))a+ D(N;(a)). Let us also
define for i > j h%(T.) € End (A, +) to be the sum of all products with j symbols
S and ¢ — j symbols T, (e.g. hy(T.) = T2, h(T,) = S™) with these notations we
easily prove the following.

Theorem 2.8. Let A be a ring, S € End (A) and D an S-derivation of A. For
f(t) =" ait" € R=A[t; S, D], and ¢,z € A we have

a)

=0 \i=j

ft)x = zn: (zn: aih§(Tc)(x)) (t —c) (2.9)

In particular we have (f(t)z)(c) = f(Tc)(x) and f(c) = f(T.)(1).
b) If x is invertible in A then for any n € N N, (c¢*)x = T™(x) and f(T.)(x) =

Yo a;Ni(c)x. In particular we get N,(c) = T2 (1) and we obtain the classical

formula f(c) = X% a;Ni(c). We also have f(T.)(x) = f(c*)x.

Proof We will prove formula 2.9 by induction on deg f(t) = n. Let us first assume
that the polynomial f(t) is of the form f(¢) = ¢".
For n = 0 both sides of 2.9 boil down to z.
For n =1 we have tx = S(z)(t — ¢) + To(z) = hi(T.)(z)(t — ¢) + h§(T.) ().
Assuming the formula 2.9 valid for f(t) = ¢" we compute :

"=t (i} hi (T.) () (t — c)j)
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and using the case n = 1 we get :

"y =

M-

<
Il
=)

(SR} (T) (@)t = e+ To(h} (To) (@) (¢ = ¢ |

I
M=

[S(h2 (T2 (@) + Te(h2(T) (2))] (¢ = c)?

.
I
—

+S(hn(Te) (@))(t — )" + To(hg (T.) (x))

e = 3 BT (2)(t = o) + hifi(To) (@) (t — )" +hg T (T ()

i=1
n+1

and finally we obtain t"*'a = >~ W' (T,)(x)(t — ¢)’ as required.
i=0

Now if f(t) = Y, a;t’ we easily compute

Zat’x—Zaz (Zh’ t—c))
and hence

- Z (Z aih§<Tc><x>) (t— cp

as we wanted to prove.

Let us now prove the particular case; the remainder of f(t)x divided by ¢t — ¢ is,
by definition, the evaluation of f(¢)x at ¢, i.e. (f(t)x)(c¢). This remainder is also the
independant term of the R.H.S. of 2.9 we obtain

)= S k(T () = 3 alTi(e) = F(T)

as desired. For x = 1 this last formula gives f(c) = f(7.)(1).

b) Let us prove the formula N, (¢*)x = T?(x) by induction on n.
For n = 0 the formula boils down to z = x. Assume the formula true for n € N and
let us compute

Nppr(¢)z = [S(Nu(c))e” + D(N, ( 9K
= [S(Nu("))(S(x)ex™ + D(a
= S(Nu(c)z)e + (S(Na(c")) D
= T(Nu(c)z) =T (2).

From this it is easy to establish f(T}.)(x) = X a;N;(c*)x.
For n = 1 these formulas become N, (c) = T7*(1) and f(1¢)(1) = >, a;N;(c). But
by a) above we have f(c) = f(7¢.)(1) and so we conclude f(c) = >, a;Ni(c). The
last formula is now clear : f(T¢)(z) = Y a;N;(¢*)x = f(c)z. =

)
) z7!) + D(No(c"))] 2

)
(2) + D(Na(c"))z
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As a corollary we obtain a formula which generalizes the standard one (e.g. [LL2],
2.1) for the evaluation of a product of polynomials at a point ¢ € A.

Corollary 2.10. Let A, S, D be as in Theorem 2.8 and let f(t),g(t) be polyno-
mials in R = A[t; S, D]. Then for any ¢ € A we have (f(t)-g(t))(c) = f(T:)(g(c)).
In particular if g(c) is invertible in A we have (f(t) - g(t))(c) = f(c99)g(c).

Proof Since A is an Alt; S, D] left module via the action of 7., we have
(f-9)(T.) = f(T.) - g(T.). Hence the last formula of part a) of the above theo-
vem implies that (f - g)(c) = (f - 9)(T)(1) = FT)(g(T)(1) = F(T)(g(c)). Now,
if g(c) is invertible in A we have, thanks to the last formula of the above theorem,
F(T)(9(0)) = F(e)g(c) and 50 (f - g)(c) = £(e)g(c)

Remarks 2.11.

a) For any element ¢ in a division ring K, we introduced in [LL1] a left R-module
structure via f(t) x x = f(c¢*)x ; v € K*. Since f(c¢")x = f(T.)(x) it is now
clear that this R-module structure in K is the one induced by T..

b) For ¢ =0, T, = D and h}?(1T.) = fI where the f"’s are defined in section 1
(cf. (1.4)).

¢) Formula 2.9 also gives the quotient of the division of f(t)x by t —c: f(t)x =
q(t)(t —c¢) + f(T.)(x) where

n

q(t) = zn:l (Z aihé(Tc)(x)) (t—c)yt

i=j

d) Formula 2.9, for x = 1, can potentially be used for checking the multiplicity of
a root. In this respect the expression i a;h}(T.)(1) is the analogue of the
standard ;' derivative of f(t) evaluated at c.

As noticed earlier if K is a division ring, S € End (K) and D an S-derivation
of K, then S and D extend in a natural way to M, (K). Still denoting by S and
D the extended maps we may associate to every matrix C' € M,(K) the map
Te : Mp(K) — My(K) : X — S(X)C + D(X). Of course this is a PLT on
V = M,(K). Let us remark that for any i, 1 < i < n, the K subspace consisting
of the i*" row is Tz-stable. We thus get a PLT on a vector space isomorphic to K™.
Up to the end of the paper we will use the notation T¢, C' € M, (K), for this last
PLT. To make this clear and for easy further references we state the

Definition 2.12. Let K, S, D stand for a division ring, an endomorphism of K
and an S-derivation. For C € M,(K), we define a map Tc: on the vector space K™
of rows by

Te : K" - K" :v+— S(w)C + D(v)
where v = (a1,...,a,) € K" Sw) = (S(a1,...,S(an)) D) = (D(aq),
..., D(ay)).

Proposition 2.13. Let T :V — V be an (S, D) PLT on a left K vector space
V. If dimg V < oo then T is similar to T where A= M.(T') and e is any basis of
V.
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Proof Let (e1,...,e,) be a basis of V. Define a linear map o : V. — K" by
o(e;) = (0,...,0,1,0,...,0) the row with 1 in the i"* entry and 0 elsewhere. By
definition T is similar to T = 0 0 Too ™! defined on K™. For (au,...,a,) € K™ and
M. (T) = A= (a;;) € M,,(K) let us compute

Tl(Oq, ey Ozn) = O'(T(Z aiei)) =0 (zn: (i S(Odi)aij + D(Oéj)) €j>

j=1 \i=1

— (i S(ai)ain + D(an), ..., i S(ai)aij + D(ay;), . . )

=1

= Talaq,...,an) O

3 Algebraicity of a P.L.T.

In this section we will investigate polynomials in a PLT. Let us first recall from
[LL1] the following

Definition 3.1. A polynomial p(t) € R = K|[t;S, D] is a c.v. polynomial with
respect to an endomorphism S’ and an S’-derivation D' of the division ring K, if
for any x € K we have

p(t)z = S'(x)p(t) + D' (z) (3:2)

The notion of c.v. polynomials with respect to (S’, D') appears naturally while
investigating K-ring homomorphisms ¢ : R = K[t';S",D') — R = K]|t;S,D].
In this case ¥(t') is a cv polynomial in R. The name comes from the fact that
polynomials of the form at + b are cv polynomials (with respect to (8" = I, o
S, aD + Dy g)) and they define a ”change of variables”.

If Tis an (S, D) PLT on V and g(t) = Y. bit' € R = K[t, S, D] ¢(T) will stand
for > 0,T" € End (V,+). For A € M,(K) g(A) = ¥ b;N;(A) = > b;T4(I,,) where S
and D have been extended to M,(K) in the natural way and I,, € M,(K) is the
standard identity matrix of size n x n.

Lemma 3.3. Let T : V — V be a PLT with respect to (S, D) and let g(t) =
S bitt € K[t; S, D]. Then with the above notations

a)

g(T)(av) = zn: (Z bifj’f(a)> T (v) forv eV and a € K (3.4)

i=j

(Recall that f;ﬁ € End (K, +) is the sum of all words of length i with j letters
S and i — j letters D).

In particular

) = 3 £ )T () (3.5)
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b) If e = (e1,...,en) is a basis of V and A = (a;;) = M(T) € M,(K) then
9(T)(e:) = 35_1 g(A)ije; for i =1,...,n orin matriz form

Me(9(T)) = g(Mc(T)) (3.6)

c) If p(t) € R = K[t; S, D] is a c.v. polynomial with respect to (S’, D') then p(T)
is a PLT with respect to (S'D'). In this situation we have

— 1) p({Mc(T)|e is a basis of V}) = {M.(p(T))|e is a basis of V'}
e, p(A(T)) = A(p(T)) (3.7)

— 2) If T and Ty are similar (S, D) PLT’s then p(T') and p(Ty) are similar
(S, D) PLT’s.
ie. T ~Ty=p(T)~p(T) (3.8)

— 8) For A € M,(K) the (S',D') PLT’s on V = K™ defined by p(Ta) and
T,y are equal

1.€. p(TA) = Tp(A) (39)

—4) If AeM,(K) and PeGL,(K) then p(S(P)AP~'+D(P)P1)
=S"(P)p(A)P~'+D'(P)P~".

i.e. p(AY) = p(A)* (3.10)

where the L.H.S. conjugation is relative to (S,D) and the
R.H.S. conjugation is relative to (S', D’).

d) If g(T) is an (S',D") PLT then there exists a c.v. polynomial r(t) € R =
K|t; S, D] with respect to (S’, D") such that g(T) = r(T).

Proof

a) Formula 3.5 can be proved either by a direct induction or by using the ring
homomorphism ¢ : K[t; S, D] — End (V,+) defined by ¢ (t) =T and ¢(a) =
Ly:V -V :iviav; a€ K, veV. Indeed in R = K[t; S, D] we have the
well known formula "« = Y f"(a)t' for « € K n € N and applying ¢ we get
Formula (3.5).

b) It is enough to prove the result for g(t) = t™. We proceed by induction :
For m = 0 we have g(T')(e;) = (id)(e:;) = e; = Y0, dije; = XG_1(I)ijej. As-
sume the formula holds for g(¢) = t™ and let us compute :



Pseudo linear transformations and evaluation in Ore extensions. 331

= zn: S(Nim(A)ij)T (e5) + D(Nm(A)ij)e;

- ZZ S(No(A)ij) Asper + z DN (Ao

= > Npy1(A)ier

i
I

as desired.

c) If p(t) € R = K[t; S, D] is an (S'D’) c.v. polynomial we have for any a €

K

p(t)a = S'(a)p(t) + D'(«a). By making use of the homomorphism

defined in the proof of a) above we get p(T")Lo = Lg/(a) © P(T') + Lpr(a) and
hence p(T)(av) = S’ (a)p(T)(v) + D' (a)v, for any a € K and any v € V. This
shows that p(7') is an (S, D") PLT.

1)

d) The fact that ¢g(T)(av) = S'(a)g(T)(v) + D'(«

Formula (3.6) shows that we have p(A(T)) C A(p(T)). Now if B €
A(p(T)) then B = M, (p(T")) for some basis u of V' but then p(M,(T)) =
M,(p(T)) = B and so B € p(A(T)).

If T~ T, then Proposition 1.4 (vii) shows that A(T) = A(7T}) hence
p(A(T)) = p(A(T1)) and, by using 1) above, we conclude A(p(T)) =
A(p(Ty)) and Proposition 2.4 implies p(T") ~ p(T1).

Let ¢ = {e1,...,en} be the usual canonical basis for the space K" of rows
then M.(p(Ta)) = p(Mc(T4)) = p(A) and p(T4) is the (S, D') PLT on
K™ defined by p(A).

Let A€ M, (K) P € GL,(K) cthe canonical basis of K™ and u another
basis of K" s.t. uw = Pc. For T' = T4 the (S, D) PLT determined on K"
by A we have M, (T) = A and M,(T) = S(P)AP™' + D(P)P~! = A"
and M.(p(T)) = p(A), by (3.6) above. Moreover, we also have

p(A)" =S (P)p(A)P~" + D'(P)P™ = My(P(T))
= p(My(T)) = p(A”).

o ~—

v for o € K and v € V

o
implies that ¢(T") o Lo — Lgia) © 9(T) — Lpra) = 0 € End (V,+4). Hence
if AnngV = 0 we conclude that g(t) itself is an (S’, D) c.v. polynomial.
Otherwise, g(t)a — S'(a)g(t) — D'(a) € AnngV = Rf(t) O f(t)R where

f(t)

is a monic right invariant polynomial generating AnngV’. There exist

q(t),r(t) € R degr(t) < deg f(t) such that g(t) = q(t)f(t) + r(t) and we
easily get, for any o € K, r(t)a—S'(a)r(t) — D'(a) € Rf(t). Since degr(t) <
deg f(t) we conclude r(t)a = S'(a)r(t) + D'(«) for « € K ie. r(t) is an
(S’, D) cv polynomial. The fact that 7(7') = ¢g(T") is clear from the equalities
9(t) = q)f(t) +r(t) and f(T') = 0.
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Remarks 3.11. With the notations of the lemma we have, for C € C5P(A) =
{C € M,(K) |S(C)A+ D(C) = AC}, g(Ta)(vC) = g(Ta)(v)C for any v € K".
And we conclude that Ker g(T4) is a right C%P(A)-module. For n = 1 this gives
back the classical fact (cf. [LL2] §3) that E(g,a) = {y € K*|g(a¥) = 0} U {0} is a
C%P(a)-right vector space.

As noticed earlier, if p(t) € R = K|[t;S, D] is an (S’, D) c.v. polynomial there
exists a ring homomorphism ¢ : R = K[t;5',D'] — R = K]|t;S,D]. So any
left R-module inherits an R’-module structure. The next proposition analizes this
situation.

Proposition 3.12.  Let T : V. — V be an (S,D) PLT and let
v R = K[t)5' D] - R = K|[t;S, D] be the K-ring homomorphism defined by
n (S, D) cv. polynomial p(t) € R. The R'-module structure induced on V wvia
@ by T corresponds to the R'-module structure given by the (S’, D) PLT p(T). In
particular if g(t') € R we have for A € M,,(K)

9)(Ta) = g(Tp(a)) (3.13)
and for A € M,(K), P € GL,(K)
9(p)(A") = g(p(A)") (3.14)

where g(p) € R, Ta and Tyay stand for an (S, D) and (S’,D") PLT respectively,
AP = S(P)AP~ l—i—D(P)P_1 and p(A)F = S'(P)p(A)P~ + D'(P)P~1.

Proof By definition of the induced R’-module structure of V' via ¢ we have for
g(t') =Xigait" € R andv €V g(t')v = p(g(t")v = g(p(t)v = Tig aip(t)'v =
S g aip(T)(v) = g(p(T))(v) and p(T') in an (S’ D’) PLT as remarked in the lemma.

From these equalities we extract g(p(t)) - g(p(T))(v) and so g(p)(T) =
g(p(T)). In particular g(p)(Ta) = g(p(Ta)) = (Tp(A ) (by 3.9). We have, by making
use of Theorem 2.8 and Formula (3.13), g(p)(A")P = g(p)(T4)(P) = g(Tya)(P) =
g(p(A)")P. This proves formula (3.14). =

Notice that formula (3.14) was obtained for n =1 P =1 in [LL2]. This was
called the composite function theorem. In this respect we could say that Proposi-
tion 3.12 generalizes the composite fonction theorem and says that the R’-module
structure induced by ¢ on V' is given by p(7T).

~— —~

Definition 3.15.

a) An (S,D) PLT T : V — V s algebraic if there exist n € N¥
ag, a1, ..., a, € K, a, # 0 such that a,T" + -- -+ a1T + apl = 0.

b) A set A C M,(K) of matrices is (S, D) algebraic if there exists g(t) = . a;t' €
K|t; S, D] such that g(A) = > a;N;(A) =0 for any A € A.

Remarks 3.16. a) Unlike classical linear transformations of a finite dimen-
sional vector spaces over a commutative field, a pseudo-linear transformation need
not be algebraic.
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b) A finite set of matrices A C M,(K) is always (S, D) algebraic. Indeed if
A = {A} then I, A, Ny(A),...,N,2(A) are matrices in M,(K) and are left K-
dependant. For A = {A;,..., A}, s € N, it suffices to consider the left least
common multiple in R = K|[t; S, D] of polynomials annihilating the A;’s.

Lemma 3.17. Let T be an (S, D) PLT on'V and f(t) € R = K[t; S, D].

a) If T is algebraic, its monic minimal polynomial fr is invariant in R and
frR C Rfr = anngV where the left R-module structure on V is induced
by the action of T'.

b) If f is semi-invariant (i.e. (S’,0) c.v. polynomial) and e is a basis of V
then f(T') = 0 if and only if f(M.(T)) = 0. In particular this is true if f is
mvartant.

c) If Ty is an (S, D) PLT on Vi similar to T, then T is algebraic if and only if Ty
18 algebraic and moreover T’ and Ty have the same monic minimal polynomial.

Proof
a) is easy and left to the reader.

b) Of course if f(7") = 0 then Formula 3.6 shows that f(M. (1)) = M.(f(T)) = 0.

On the other hand, if f(M.(T)) = 0 then M. (f(T))
= 0 but, by Lemma 3.3, f(T") is an (S’,0) PLT and so for v = > aye; € V we
have

P = F(T) (Z a) =3 @) (T)e) =0

c¢) This is straightforward since T' ~ T} iff T and 7} induce isomorphic left R-
module structure on V' and Vj respectively and this implies anngV = anngV;

O

Theorem 3.18. Let T be an (S,D)PLT on'V and let f(t)e R=K][t; S, D] be a
monic invariant polynomial. Then the following are equivalent.

(i) T is algebraic and f is its minimal monic polynomial.

(ii)) fR C Rf = anngV where the left R-module structure on V is given by the
action of T'.

(i4i) For any basis ¢ of V, the (S,D)PLT on K", Ty, (r) is algebraic and f is its
minimal monic polynomaial.

(iv) There exists a basis e of V' such that the (S,D)PLT on K", Ty, 1) is algebraic
and f is its minimal monic polynomial.

(v) There exists a basis e of V' such that the f(M.(T)) = 0 and f is of minimal
degree among invariant polynomials annihilating M.(T').
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(vi) A(T) = {M.(T)|e is a basis of V'} is (S, D) algebraic and f is its minimal
polynomial.

Proof Let us first remark that a monic invariant polynomial of degree m is in
particular an (S™,0) c.v. polynomial.

The implications (i) «<» (ii) and (iii) — (iv) are obvious.
(i) «» (iii) is a direct consequence of the above lemma and of the fact that for any
basis e of V', T' is similar to T, ().
(iv) < (v) is clear in view of Lemma 3.17 b).
(v) — (vi) Assume f(M.(T)) = 0 and let M,(T) € A(T) then there exists P €
GL,(K) such that M,(T) = M,(T)" = S(P)M,(T)P~* + D(P)P~" and since
fis an (S™,0) c.v. polynomial we get, by Lemma 3.3 c) - 4 that f(M,(T)) =
S™(P)F(M,(T)) P! = 0.
(vi)— (i) For any basis e of V' we have M. (f(T")) = f(M.(T)) = 0. Hence f(T) =0
and the minimality of deg f amongst f € AnngV is obvious from the already proved
implication (i) — (vi). D

We will now look to the question of the transfer of algebraicity via c.v. polyno-
mials. We need the following easy but useful

Lemma 3.19. Let p € R = K[t; S, D] be any polynomial of degree > 1 and f
any non zero polynomial in R. Then Rf N K[p] # 0 where K|p| is the left Kvector
space generated by powers of p: K[p| = {3 a;p'|a; € K}.

Proof If Rf N K[p] = 0 then K[p] embeds in R/Rf but dimg K|[p| = co and
dimg R/Rf < oc. 0

Theorem 3.20. Let p be an (S’, D) c.v. polynomial of degree > 1 and let T be
an (S,D)PLT on the vector space V.. Then

a) T is algebraic iff the (S’, D) PLT p(T) is algebraic.
b) A C M,(K) is (S, D) algebraic iff p(A) is (S’, D) algebraic.
Proof

a) Assume T is algebraic then anngV = Rf O fR where f is the monic minimal
polynomial of 7. Thanks to the above lemma there exist ag,...,a; € K s.t.
Sap(t)' € Rf and we conclude that 3 a;p(T)" = 0 i.e. p(T) is algebraic.

Conversely if p(T) is algebraic, say g(p(T")) = 0 then g(p(t)) € anngV .

b) Assume A C M,(K) is (S, D) algebraic and let f(t) € K]Jt;S, D] be such
that f(A) = 0 for any A € A. By the lemma we have Rf N K[p] # 0 and
thus there exists ag,...,a; € K such that 0 # ,_ga;p(t)’ € Rf(t). Let
g(t) =X jait” € R = K[t'; ', D'] we have g(p(t)) € Rf and g(p)(A) =0
(since in M, (K)[t; S, D] t — A divides on the right f(¢) and so also g(p(t))).
By making use of 3.14 we conclude that for any A € A g¢(p(4)) = 0 i.e.
g(p(A)) = 0 and this shows that p(A) is (S'D’) algebraic. The converse is an
easy application of Formula 3.14.
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Corollary 3.21.

Let K,S,D be a division ring, an endomorphism of K and an S-derivation of
K respectively. Suppose that :

e for anyn € N* and any A € M, (K), A is algebraic over Z(K) the center of
K.

e R=KI[t;S, D] contains an (id.,0) c.v. polynomial of degree > 1.

Then every (S, D) PLT on a finite dimensional left K -vector space is algebraic.

Proof Let T : V' — V be an (S, D) PLT and put n =dim V. Let g(t) € R be an
(id.,0) c.v. of degree > 1 whose existence is asserted in hypothesis 2. Theorem 3.18
shows that 7" is algebraic iff A(T") C M, (K) is (S, D) algebraic and by Theorem
3.20 A(T) is (S, D) algebraic iff g(A(T")) is algebraic i.e. iff A(g(7")) is algebraic.
But hypothesis 1 implies that any conjugacy class in M, (K) is algebraic and so
A(g(T)) is algebraic as desired. 0

The next remarks concern the hypothesis made in the above corollary.

Remarks.
a) The hypothesis 1) in the corollary is satisfied in particular when either K is locally
finite dimensional over its center or when K is algebraic over its center Z(K) which
is in turn uncountable..

The hypothesis 1) is equivalent to asking that every linear transformation on a
finite dimensional K vector space is algebraic.
b) The hypothesis 2) is satisfied when R is non simple and a non zero power of S is
inner.

We will now give, as an application of the preceeding results, different charac-
terizations of the primitivity of R = K|t; S, D].

Theorem 3.23. Let K,S, D be a division ring, an endomorphism of K and a
S-derivation respectively. Then the following are equivalent

(i) R = K][t; S, D] is left primitive.
(ii) There exists a faithful left R-module V' such that dimg V' < oo.
(i1i) There exists a non algebraic (S, D) PLT T :V — V such that dimg V < oo.

(iv) There exists a positive integer n and an (S,D) conjugacy class
ASP(A) € M, (K) which is not (S, D) algebraic.

(v) There exists n € N and A € M,(K) such that A is not annihilated by an
tmwvariant polynomial of R.

Proof (i) — (ii) This is clear since any left ideal of R is of the form Rg(t) for
some ¢(t) € R and dimg R/Rg(t) = degg(t).
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(ii) — (i) This comes from the fact that R is prime and for prime rings primitivity is
equivalent to the existence of a faithful left R-module of finite length ([MR] Lemma
9.6.10).

(ii) < (iil) It suffices to notice that R-modules correspond to (S, D) PLT’s and in
this correspondence faithfulness corresponds to non algebraicity.

(iii) «» (iv) Follows from equivalence (i) < (vi) in Theorem 3.18.

(iv) < (v) Also follows from Theorem 3.18. m

Equivalence (i) <> (v) of the above theorem gives a characterization of primitivity
of R = K|[t; S, D] similar to the classical one obtained for K[t| (and more generally
for K[t1,...,t,]) by Amitsur and Small (cf. MR Chap 9). We will soon give a
characterization of the primitivity of R which avoids (S, D) evaluations. This will
enable us to show that R is left primitive if and only if it is right primitive. For this
we need the following.

Proposition 3.24. Suppose there exists a non constant (S', D) c.v. polynomial
pin R= KI[t; S, D] and let R' be the Ore extension K[t';S", D']. Then

a) R is left primitive if and only if R is left primitive.
b) If R is right primitive then R is right primitive.

Proof Let us prove that if R’ is left (resp. right) primitive then R is left (resp.
right) primitive. There is a ring embedding ¢ : R — R define by ¢(a) = a fora € K
and ¢(t") = p(t), hence we can replace R’ by its image ¢(R') = K[p] C R. So let us
suppose that Klp| is a left (resp. right) primitive subring of R and let m be a left
(resp. right) maximal ideal in K[p] which contains no non zero 2-sided ideal. Let M
be a left (resp. right) maximal ideal of R containing Rm (resp mR). Since Rm # R
(resp. mR # R) we have M # R. Since m is maximal in K[p] and M N K[p] D m
we conclude that M N K[p] = m. Assume M contains I a 2-sided ideal of R then
INKIp] # 0, by Lemma 3.19, and this contradicts the fact that m does not contain
non zero 2-sided ideals. We conclude that M is a maximal left (resp. right) ideal
of R which contains no non zero 2-sided ideals. It remains to show that if R is
left primitive then R’ is left primitive. Now if R is left primitive, Theorem 3.23 (iv)
shows that there exists AP (A), A € M, (K), an (S, D) conjugacy class which is not
(S, D)-algebraic and so p(ASP(A)) = AP (p(A)) is not (S, D) algebraic thanks
to Formula 3.10 and Theorem 3.20 b. Theorem 3.23 (iv) enables us to conclude that
R = K[t';S', D'] is left primitive. O

Remark 3.25. Corollary 3.27 will show that the converse of (b) in the above
proposition is also true.

It is now an easy task to express primitivity of R = K[t; S, D] in terms of "usual”
algebraicity over Z(K) the center of K.

Theorem 3.26.
With the same notations as in Theorem 3.23, the following assertions are equiv-
alent :

(i) R= K][t; S, D] is left primitive
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(i) R = K][t; S, D] is right primitive
(#ii) One of the following conditions holds

a - R s simple
b - R is not simple but S* is not an inner automorphism for any £ > 0

¢ - R is not simple, a non zero power of S is an inner automorphism and
the (usual) polynomial ring K[x] is primitive.

(iv) One of the following conditions holds

a’ - R is simple
b’ - R is not simple but S* is not an inner automorphism for any £ > 0

¢’ - R is not stmple, a non zero power of S is an inner automorphism and
there exists n € N and A € M,(K) such that A is not algebraic over
Z(K).

Proof (i) — (iii) : If R is left primitive but a) and b) above are false then R
is not simple and a non zero power of S is an inner automorphism so the center
of R is non trivial (cf. [LTVP] Proposition 2.3). In particular there exists and
(Id,0) c.v. polynomial p € R and thanks to the above proposition we conclude that
K[p] = K|z] is primitive.

(ii) — (iii) : Suppose R is right primitive but a) and b) are false then R is not simple
and a non zero power of S is an inner automorphism. We conclude in particular
that the center of R is non trivial. Since S € Aut(K) the left primitive ring R
is equal to K°P[t, S~ —DS™!] and R’ has a non trivial center. Let p € R’ be a
central no constant polynomial. Proposition 3.24 shows that K°]p| is left primitive
and so K[p| = K|z] is right primitive.

(iii) — (i) and (iii) — (ii) : We will prove these two implications simultaneously
by showing that if one of the conditions a), b) or c) is satisfied then R is both left
and right primitive. If R is simple then obviously R is left and right primitive.
If R is not simple but no non zero power of S is inner then there exists a semi
invariant monic polynomial p € R of degree n > 1 ([LLLM], Theorem 3.6) and
T := K[z;S"] = K[p; S"] C R but since no power of S is inner, the 2-sided ideals
of T = K[x;S"] are all of the form Tz' i > 0 and it is easy to check that none of
them is contained in the maximal left ideal T'(xz — 1) nor in the maximal right ideal
(x —1)T. So T is left and right primitive and Proposition 3.24 shows that R is left
and right primitive. Let us now assume that c) is satisfied then the center of R is
non trivial [loc. cit.] and if p is a non constant central polynomial then K|[x| = K|p]
is right and left primitive and hence, using Proposition 3.24 again, we conclude that
R is left and right primitive.

(iii) < (iv) : It is enough to prove that c) is equivalent to ¢’); but this follows
from the classical Amitsur-Small’s theorem which characterizes the primitivity of a
polynomial ring in commuting variables over a division ring (cf. [MR] Chapter 9).0

We are now able to complete Proposition 3.24.
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Corollary 3.27. Letp € R = K[t;S,D] be an (S",D’) c.v. polynomial of
degree > 1. Let R’ denote the skew polynomial ring K|[t'; S’, D'|. Then the following
assertions are equivalent

(i) R is left primitive.
(ii) R is right primitive.
(iii) R is left primitive.
(iv) R is right primitive.
Proof The obvious proof is left to the reader. 0
Remarks 3.28. 1) If S € Aut(K) the equivalence (ii) < (iv) in Corollary 3.27
can be obtained directly using the fact that R is then a left and right principal ideal
domain.

2) If S € Aut(K) the equivalence (ii) < (iii) in Corollary 3.27 can be obtained
via a corollary of a result due to Jategaonkar and Letzter (cf. GW] Corollary 7.17).

4 Eigenvalues and diagonalization.

We will use the results of Sections 2 and 3 to study eigenvalues and diagonalization
of algebraic PLT’s. We will also give sufficient conditions for A € M, (K) to be
(S, D) equivalent to a diagonal matrix. In this section we will assume that S is an
automorphism and D an S-derivation of a division ring K. We recall without proof
a few properties of invariant polynomials of R = K|t; S, D].

Proposition 4.1. (cf. [LL1]) With the above notations if a monic polynomial
f € R is right invariant (fR C Rf) then :

a) Rf = R,
b) f is an (S 0) c.v. polynomial where { = deg f,
¢) g € R divides f on the right iff g € R divides f on the left

d) Fora € K, if f(a) =0 then f(A%P(a)) = 0 where Ai;)D = {a” = S(x)az™" +
D(z)xz™' |z € K*}.

e) If A C K is (S, D)-algebraic and closed by (S, D)-conjugation then its monic
minimal polynomial fn € R is right invariant and if ¢ € K is such that
fa(q) =0 then q € A. O

Proposition 4.2. Let T be an (S, D) PLT on a vector space V.
If v1,...,7s € K are eigenvalues belonging to different (S, D) conjugacy classes
and vy, ...,vs € V are corresponding eigenvectors (T'(v;) = vivi, @ = 1,...,5) then
v1, ..., are left linearly independant.
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Proof Assume vq, ..., v, are linearly dependant and choose a shortest depen-
dance relation : Yf_ Bv; =0 B € K [y = 1. Applying T we get S¢_, (S(8;)v: +
D(B;))v; = 0 from this relation we substract Zf:o YeBiv; = 0 and we obtain
NS (B + D(Bi) — veBi)vi = 0. Since v, is not (S, D) conjugate to 7;, this
equation is a shorter non trivial relation for the v;’s. This contradiction shows that
the v;’s are linearly independant. O

Proposition 4.3. Let T :V — V be an (S,D) PLT and o € K, v € V be an
eigenvalue and its corresponding eigenvector : T'(v) = aw. Then :

e 1" (v) = Ny(a)v =T2(1)v for any n € N. More generally for any g(t) € R =
K[t; S, D) we have g(T')(v) = g(a)v.

o For B € K~ {0}, T(Bv) = a’Bv where o’ = S(B)aB~t + D(B)3~L. More
generally for any g(t) € R = K|t; S, D] g(T)(pv) = g(a?)Bv.

o [fdimgV =n and e = (ey,...,e,) is a basis of V', writing v =3 ae; and
v=(ai,...,0an) we have S(v)M.(T) + D(v) = av.

Proof 1) Let us prove that 7" (v) = N,(a)v by induction on n € N. If n = 0
we have T° = id Np(a) = 1 and the formula is true. Now assume T"(v) =
N, (a)v and let us compute T (v) = T(N,(a)v) = S(Ny ()T (v) + D(Ny,(a))v =
[S(Np(a))a+D(N,(«))]v = Npi1(a)v. From this we immediately get the conclusion
9(T)(v) = g(a)v.

2) Let us compute : T'(Bv) = S(B)T(v) + D(B)v = (S(B)a + D())v. Hence
T(Bv) = (S(B)apB~t+ D(B)371)Bv = a’Bv. From this and part 1) we easily obtain
the more general result.

3) This is straightforward and is left to the reader. m

Let us denote I'r := {a € K|T'(v) = aw for some non zero v € V'}.

Remarks 4.4. a) Proposition 4.3 2) shows that I'r is closed by (S, D) con-
jugations. If dimg V = n we will write 'y = Iy U... U, where I'; = ASP(y;) =
{v¥|z € K*}. Notice that r < n.

b) f T =T, : K+ K then I'r = A%P(a) = {S(z)az™! + D(z)z "tz € K*}.

¢) If T"and T} are similar (S, D) PLT’s on V' and V} respectively then I'r = I'r,.

d) If p(t) € R=K]|t; S, D] is an (S", D') c.v. polynomial then p(I'r) 2 I'y(7).

The proofs of these remarks are left to the reader.

We now turn to algebraic PLT’s.

Proposition 4.5. Let T' be an algebraic (S, D) PLT on'V and let fr(t) € R =
K|[t; S, D] be its minimal polynomial, the following are equivalent

(i) o € K is an eigenvalue for T (i.e. « € I'r)
(ii) t — « divides on the right the polynomial fr(t) in R = K|t; S, D].

(1ii) t — « divides on the left the polynomial fr(t) in R = K[t; S, D].
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Proof (i) — (ii) Let v € V'~ {0} be such that T'(v) = av and put fr = > a;t' € R
then 0 = fr(T")(v) = fr(a)v (by Proposition 4.3. (1)), and so fr(a) = 0. Hence we
conclude t — o divides fr on the right in R.

(ii) — (iii) This is an easy and well known property of invariant polynomials (cf.
4.1)

(iii) — (i) Suppose we have fr(t) = (t — a)g(t) in R. Since fr(t) is the minimal
(monic) polynomial of 7', there exists v € V s.t. w = g(t)(v) # 0 and we get
0= fr(t)(v) =T(wv) — aw. O

Corollary 4.6. Let T be an algebraic (S, D) PLT on'V and let fr(t) € R be its
minimal polynomaual, then

a) I'r is an (S, D)-algebraic (S, D) closed subset of K and the minimal monic
polynomial of I'r, fr, divides fr in R.

b) fr has roots in at most n = dim 'V (S, D) conjugacy classes

Proof a) and b) are easy consequences of Propositions 4.2. and 4.5. O

Let us write Vp (resp. Vr, i = 1,,...,r) for the vector space spanned by the
eigenvectors of T' (resp. the eigenvectors of T associated to an eigenvalue in T';)
(recall that I' = U_,T).

Lemma 4.7. With the above notations we have
a) r < min{deg fr,dim V'}

b) For any i € {1,...,r} Vr, is a left R submodule of V. If fr, denotes the
minimal monic polynomial of I';, we have Rfr, = annVr,. Moreover fr,fr, =
Jr,fr, foranyi,j € {1,... r}.

c) Vo = @_, Vi, and if fr denotes the minimal polynomial of I'r then

1) fr divides fr
2) Rfr = annVp
5) fr=1li= Ir,

Proof a) Proposition 4.2 implies 7 < dim V, on the other hand T'; = AP (v;)
where 7; is not (S, D) conjugate to v; if i # j and Proposition 4.5 shows that
fr(vi) = 0. But fr can have roots in at most deg fr distinct (S, D) conjugacy
classes (cf. [LL3]) and hence r < deg fr.

b) Let us remark that if I; = A%P(v;) then Vp, = Vect{v € V|T(v) = v}
this is clear since if T(w) = Yw,w € V, x € K*, then T(z 7 'w) = 27w and so
we need only take into account eigenvectors relative to ~;. It is easy to observe
that I'; C I'r is an (S, D) algebraic subset of K and that fr,(t), being divisible on
the right by t — ~7 for any = € K*, is such that fr,(T)(Vr,) = 0. On the other
hand if ¢(t) € R = K]Jt; 5, D] is such that g(7)(Vr,) = 0 and if T'(v) = v we
have T'(xv) = ~Fzv for any x € K*, so 0 = g(T")(2v) = g(7F)xv. Hence g(7F) =0
for any » € K* and finally g(t) € Rfr,. The fact that fr, and fr, commute is an
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obvious consequence of the fact that fr,fr, and fr, fr, are both the monic miminal
polynomial of I'; U T';.

c) Fori € {1,...,r}. let {vi,vio,...,...0in, } be a basis for Vp, s.t. T(v) =
v; “vi; where I'; = ASP(7;) and x;; € K*. We will show that the vectors vy, . . ., v1ny,
V21y -+« +y Vapys - -« Upp,. are linearly independant over K. Assume at the contrary that

V11 = D4 QujU1; + 30 i#1 uivg; is a minimal relation among the v;;’s. By the
Jj=1l..n;

standard method we get

> (Sl ™ + Dlasy) = 7" anj)) v
1

+ Y (S 4 D(o;) — A agg)vig =0
il

Jj=1l...n;

which is a shorter relation.

By minimality we conclude that for i # 1 and j € {1,...,n} we have S(ay;)7; ” +
D(a;j)—~i"ayj = 0. Since ~; and y; are not (S, D) conjugate this implies that a;;—o
for ¢ > 1 and our initial relation is in fact a non trivial relation between vy1, ..., V1p,.
But this is impossible since {v11, ..., v1,, } is a basis of Vi, by hypothesis. From this
it is easy to conclude that Vr = @Vr, and the properties of fr and the fr,’s are
direct consequences of previous results. O

As usual we will say that 7" is diagonalizable if there exists a basis of V' consisting
of eigenvectors. We need the easy technical but useful

Lemma 4.8. Let T : V — V be an algebraic (S, D) PLT with minimal monic
polynomial fr and let T = A%P(a), a € K, be an algebraic (S, D) conjugacy class
with minimal polynomial fr. If fr = fr then T is diagonalizable. If dimV = n
there exists a basis e = {e1,...,en} of V such that T'(e;) = ae; ice. M(T) =
diag(a, ..., «).

Proof Since fr = fr we have fr(t) = (t — a)q(t) for some polynomial ¢(t) € R =
K|[t; S, D]. Let Vi be the vector space generated by the eigenvectors associated to
eigenvalues in I'. We have to prove that Vr = V. V¢ is a left R-submodule of V' and
for any v € V we have (T — «)(q(T)(v)) = fr(T)(v) = 0; hence ¢(T)(V) C Vr or
in other words ¢(t) € anng(V/Vr). Assume that V/Vi is non zero and let h(t) € R
be a non constant monic polynomial such that Rh(t) = anng(V/Vr). By the above
observations we conclude that h(t) divides ¢(¢) and in particular h(t) divides fr(t)
and 1 < degh(t) < deg fr. Let us write fr = fr = gh for some g € R. Since h
is invariant we easily see from 4.1 that if h(y) = 0, for some v € I', then for any
r € K*, h(y*) = SYx)h(y)z~t = 0 where £ = deg h. This means that if there exists
v € I' such that h(y) = 0 then A(I') = 0 but this contradicts the fact that fr = fr
is the minimal polynomial for I". On the other hand if for any v € I',h(y) # 0
then since fr = fr = hg, using Corollary 2.10, we get that ¢g(I') = 0 which also
contradicts the minimality of fr. This shows that V/Vp must be the zero module
and so V = Vp. Let fi,..., f, be a basis of V' consisting of eigenvectors associated to
o™, ... a" {xy,...,x,} C K* respectively. Then the vectors e; =z f1,..., e, =
z, ! f, form a basis of V such that T'(e;) = ae; i=1,...,n O
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Theorem 4.9. Let T be an (S,D) PLT on a left K vector space V' such that
dimV = n. Let fr be its minimal monic polynomial and T = U;_ ASP(v;) the set
of eigenvalues of T'. Then the following assertions are equivalent :

(i) T is diagonalizable,

(ii) there exists e a basis of V' such that M.(T) is diagonal (in other words A(T')
contains a diagonal matriz),

(i) there exists e a basis of V and {61,...,0n} C K such that Tyy,qry =T5, ©--- D
Ts, where @ Ts, : K" — K" : (v, ..., ) — (T5,(a1),, ..., Ts, (),

n

(iv) Vi =V, where Vi is the vector space generated by the eigenvectors of T,
(v) fr = fr, where fr is the minimal polynomial of T,

(vi) deg fr = deg fr,

(vii) fr =[] fr., where fr, is the minimal polynomial of T;=A%P (v;);
i=1

(viii) 7y [K 2 CP (%) ]vignt = deg fr where C¥P(y;) = {z € K* | 7 =7} U{0} is
a subdivision ring of K.

Proof (1) — (ii) is clear : take e to be a basis consisting of eigenvectors.
(il) — (ili) If A= M(T') = diag(6s, ..., 0,) we obviously have Ty = &I | Ty,.
(iii) — (iv) U T, (1) = ®, T5, we have M (T) = diag(61, . . ., 0,) and so T'(e;) = d;e;,
thus e = {ey, .. ._,en} C Vr and we conclude V = V1.
(iv) — (v) This is clear since frR = anngVr = frR.
(v) — (vi) This is clear.
(vi) — (vii) This is obvious in view of Lemma 4.7 c).
(vii)« (viil) Assume fr =[]I_, fr, then deg fr = >_I_, deg fr,, but by [LL3] Theo-
rem 5.10, we know that deg fr, = [K : CP(v;)] ignt-
(vii) — (i) Let us define V; = Kerfr,(T) for i = 1,...,r. Since fr, € R is invariant
of degree say £;, we know that fr.(7T') is an (S%,0) PLT and V; is an R submodule
of V' containing Vr, (Indeed, if v € V is such that T'(v) = v for some v; € T
then t — 7; divides fr, on the right and so fr,(T)(v) = 0). Let f; € R be such
that Rf; = anngV;. Since f;(T)(Vr,) = 0 we also have f;(I';) = 0 and we easily
conclude that f; = fr,. Lemma 4.8 above then shows that Vr, = V;. Now assume
fr =1li=; fr,- If r =1 Lemma 4.8 shows that T is diagonalizable. If r > 1 let us
put by = [l fr; i=1,...,r. We claim >>i_, h;R = R. Indeed if R = gR =
Rg degg > 1. Let g1 € R be such that hy = gg;. Since h; is the minimal polynomial
of the S, D algebraic set U, 1;, there exists d € U;I'; such that x = g1(d) # 0
but hq(d) = 0 and Corollary 2.10 gives us g(d*) = 0. Now assume d € I'y for some
¢, ¢ > 1, then since I'; is closed by (S, D) conjugation we also have d* € I'y, but ¢
divides hy also on the right since hy is invariant in R and we conclude that hy(d*) = 0
(cf. Proposition 4.1). Once more the invariance of hy then forces h, to annihilate
I’y but this contradicts the definition of h, and proves our claim : > h;R = R. We
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can thus write >.7_; h;q; = 1 and for v € V' let us put v; = h;(¢;(T))(v). We have
v =Y v, but fr = fr,h; and so fr,(T)(v;) = (fr,hi)(¢:;(T)(v)) = 0. This means
that v; € Kerfr,(T') = V; = Vp, (by the first paragraph above). We conclude that
any v € V can be written v = Y v;, v; € Vp, i.e. V = ®Vr,. This means that T is
diagonalizable.

Let us mention a few observations in the form of a

Corollary 4.10. Let T' be an algebraic (S, D) PLT on a left K-vector space V
and Ty be an (S, D) PLT on a left K-vector space Vy. Then

a) If T'~ Ty then T is diagonalizable if and only if T\ is diagonalizable.

b) If T is diagonalizable then for any (S’, D) c.v. polynomial pe R, p(T) is diag-

onalizable.
c) If T is diagonalizable and dim V' = n, there ezists a basis e = (e1,...,e,) of V
such that M.(T) = diag(on,...,a1,Q9,...,00,...,Qp,...,qp) where 1 is the

number of (S, D) conjugacy classes containing eigenvalues of T'.

Proof a) Lemma 3.17 shows that 7} is algebraic and fr, = fr hence if T is
diagonalizable we have by the theorem fr = fr and so fr, = fr which implies that
T} is diagonalizable.

b) This is clear from the fact that p(7) is also algebraic (cf. Theorem 3.20) and
A(p(T)) = p(A(T)) (cf. 3.7). So if A(T) contains a diagonal matrix A then p(A) €
A(p(T) is easily seen to be diagonal and Theorem 4.9 (ii) gives the conclusion.

c¢) Theorem 4.9 and Lemma 4.7 show that V = Vp = &]_, Vi,. But the final assertion

from Lemma 4.8 implies that for any ¢ = 1,...,r Vp, has a basis {e;1,. .., €, } such
that  T'(e;;) = e when I = A%P(q;) and so the basis
e = {€11,. -, €1n,,€21,€22, ..., €2y, ..., €1, ..., Em } satisfies the required proper-
ties.

In this final part, we will look at (S, D) diagonalization of matrices. We will use
the previous notations in particular up to the end we will assume that S € Aut(K).
Let us first give the relevant definitions.

Definitions 4.11. Let A be an n x n matriz in M, (K) and o, be elements
in K. Let u be a column in "K and v a row in K".

a) Ais (S, D) diagonalizable if there exists P € GL,(K) such that S(P)AP™' +
D(P)P~! is a diagonal matrix.

b) v is a left eigenvector for A associated to the left eigenvalues o if S(v)A +
D(v) = aw.

c) u is a right eigenvector for A associated to the right eigenvalues [ if Au —

D(u) = S(u)p.
d) SpecA is the set of right and left eigenvalues of A.

e) u and v are orthogonal if >0 viu; = 0 where u = (us,...,u,)" and v =
(1)1, c. ,Un).
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Let us make a few observations about these definitions.

Remark 4.12. a) v € K" is a left eigenvector of A associated to « if and only

if T'4(v) = aw. This shows that definition b) above is natural since T4 plays the role
of the classical linear transformation attached to a matrix.
b) The notions of right eigenvectors, right eigenvalues are also natural in view of the
following : if S € Aut(K) then (—DS™, S™1) is a right S~! derivation and hence
the application Ly : "K — "K : u+— AS™'(u) — DS™*(u) is a right (—DS™*,S™)
PLT (cf. Remark 2.5 c)); R4 is the analogue of the classical linear transformation
on the space "K of columns defined by A. Thus w € "K is a right eigenvector for A
associated to the right eigenvalues § if Ra(w) = wf i.e. AS7'(w) — DS Hw) = wf
hence Au — D(u) = S(u)B where u = S7'(w) € "K.

Proposition 4.13. Let A be an n X n matriz over K,v,vq,...,vs be rows in
K™ and u,uy,...,u, columns in "K. Then

a) SpecA is closed by (S, D)-conjugation, more precisely :
If « € K is such that S(v)A+ D(v) = aw then for v € K* S(yv)A+ D(yv) =

a’yv
If p € K is such that Au— D(u) = S(u)f then for v € K* Auy — D(uy) =
S(uv)B"

b) If v1,...,vs (resp. uy,...,us) are left eigenvectors (resp. right eigenvectors)
for A associated to non (S,D) conjugate eigenvalues then wvy,...,vs (Tesp.

Uy, ..., us) are left (resp. right) linearly independant over K.

¢) Left and right eigenvectors associated to non (S, D) conjugate eigenvalues are
orthogonal.

d) SpecA contains at most n (S, D) conjugacy classes.

Proof a) This is left to the reader.
b) We have Ty(v;) = ~v; for some 7; € K and ¢ = 1,...,s. Since the 7;’s are
assumed to be non (S, D) conjugate, Proposition 4.1 shows that vq,..., v, are left
linearly independant. The map R4 : "K — "K :u— AS™(u) — DS™'(u) is a right
(=DS~',S71) PLT and the conditions Au; — D(u;) = S(u;)3; mean that S(u;) is a
right eigenvector of R4 associated to the right eigenvalue 3; i.e. R4(S(u;)) = S(u;)0;
and the analogue of Proposition 4.2 for right (—DS™!, S7!) PLT implies that the
S(u;)’s are right independant and so the wu;’s are also right linearly independant
over .
¢) Suppose that v = (vy,...,v,) € K" u = (uy,...,u,) € "K and
7,3 € K are such that S(v )A + D(v) = yv and Au — D(u) = S(u)p. If ¢ :=
> viu; 7 0 then [yo — D(v)Ju = (S(v)A)u = ( )(Au) = 5(v)[S(u)B+ D(u)] and so
you = S(v)S(u)B 4 S(w)D(u) + D(v)u hence ve = S(¢)5 + D(c) and v = °. This
contradiction shows that ¢ = 0.
d) Let v1,...,7 and f(i,..., (s be respectively left and right eigenvalues for A and
suppose that v1,...,%,1,...,0s are not (S, D) conjugate. Let wuy,...,u, € "K
and vq,...,vs € K" be respective eigenvectors. By b) above we know that the
columns uy, ..., u, are right independant. Let U; = (u1,...,u,) € M,y (K) and
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: K" — K" (21,...,2,) — (21,...,2,)U; aleft linear map. Since the columns of
U, are right independant we deduce that the left K space generated by the rows of
Uy is of dimension r and so dim im ¢ = r (in particular, there exists a matrix V; €
M, (K) such that V1U; = I,)). By b) and ¢) we deduce that the rows vy, ..., v, are
left linearly independant vectors in Ker ¢ and so r+s < dim ker ¢+ dim im ¢ = n.
O

Lemma 4.14. Let T be an algebraic (S, D) PLT on V with minimal monic
polynomial fr. If v € K is such that fr(vy) #0thenT—L, :V =V 10— T(v)—yv
1 a bijection.

Proof Since fr is an invariant polynomial in R = K[t; S, D] the fact that fr(y) #
0 implies that ¢ —~ is neither a left nor a right factor of fr. In this section we assume
S € Aut(K) so that we can write fr(t) = (t—~)q(t)+r for some ¢(t) € K[t; S, D] and
r € K*. Let v be any vector of V' then we easily check that (T'— L,)(¢(T)(r 'v)) = v.
On the other hand if (T' — L,)(w) = 0 and w # 0 then v is an eigenvalue and
Proposition 4.5 shows that ¢t — « divides fr. This contradiction shows that T'— L,
is injective. O

In the next theorem we give sufficient conditions for a matrix A to be diagonal-
izable. This theorem is the analogue of Theorem 8.2.3 in [Col].

Theorem 4.15. Let K,S,D be a division ring an automorphism of K and
an S-derivation of K. Suppose that A € M,(K),n € N, is such that specA con-
sists of exactly n (S, D) conjugacy classes. Suppose moreover that either the set of
left eigenvalues or the set of right eigenvalues of A is (S, D) algebraic then A is
diagonalizable.

ProofLet y1,...,7 € K and 31, ..., 3s € K be respectively non (S, D) conjugate
right eigenvalues and non (S, D) conjugate left eigenvalues of A such that r+s = n.

Suppose that uq,...,u, are columns in "K and vy, ..., vs are rows in K" such that
Au; — D(u;) = S(ui)y; fori =1,...,r and S(v;)A + D(v;) = fjv; for j =1,...,s.
U1
Put Uy = (u1,...,u;) € Mpyr(K) and Vo = | | € Myxn(K).
Vs

Proposition 4.13 b) shows that the u;’s are right independant while the v;’s
are left independant and we conclude as in Lemma 4.14 above that there exist
Vi € Myyn(K) and Uy € M,s(K) such that ViU; = I, and VaoUs = I,. Since we
are also assuming that for ¢ = 1,...,7 and j = 1,...,s, 7; is not (S, D) conjugate
to ; we conclude thanks to Proposition 4.13 ¢) that VoU; = 0. Let us denote

Vi= (1) € Myxn(K) and W := (Vi - Up) € Mys(K) we have

AU, = S(Uh)C + D(Uy)  where C = diag(,...,7%)
S(Va)A = BV, — D(V3)  where B = diag(f, ..., 0s).

It is easy to check that V(U; U, — UyW) = I, and we get S(V)AV ™ +
S(V1) D(V1)

P = (G D(V:)

) (AU, A(Us — UyW)) + ( ) (Uy Uy — UiW) we easily
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compute

the left upper block : S(Vi)AU, + D(W)U, = S(WViU)C + S(Vi)D(Uy)
+D(WV)U, =C + D(ViUy) =C

left lower block : S(Vo)AU, + D(W)U, = S(WU,)C + S(Va)D(Uy)
+ D(Va)U; =0

right lower block S(Vo)A(Uy — Ut1W) + D(Va)(Uy — U1W) = (BVa — D(Va))
(Uy — UtW) + D(Va)(Uy — UyW) = BVaUs — D(Va)Us + D(Va)ULW + D(Va)Us —
D(Va)UyW = B.

Let us call Y € M,,,(K) the right upper block we thus have

cC'Y

-1 -1 _

S(VYAV' + D(V)V ! = (0 B) (4.16)
By our hypothesis at least one of the sets A = UL_,A%P(3) OR I =

U7_ i ASP(y;) is (S, D) algebraic. So let us suppose that A is (S, D) algebraic and
denote fa(t) € R = K|t; S, D] its monic minimal polynomial. We know that fa
is invariant and Theorem 4.9 shows that fa is also the minimal polynomial of the
(S,D) PLT Tg : K* — K*. Since for any i € {1,...,7r},7 does not belong to
A, the above lemma 4.14 shows that T — L, : K* — K?* is a bijection and so

for any ¢ = 1,...,r there exists x; € K*® such that (I — L,)(x;) = —y; where

y; is the i'" row of Y. We thus have S(x;)B + D(x;) — viz; = —y; and if we put
1

X =] : | € Mys(K) we get S(X)B+ D(X)—CX = —Y. Now, consider the
,

matrix U = (IOT f) € M,xn(K) and let us compute

S(U) (g ;) U+ DUyut

(5 (6 )+ )6 Y
_ (g Y+S(X;B—CX> N (8 D(()X)) _ (g

This and 4.16 show that S(UV)A(UV)™' + DUV )(UV)™! = (C 0 ) We

similarly handle the case when the set of right eigenvalues of A is (S, D) algebraic.
O
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