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ABSTRACT. In this work , we studies asymptotic behaviors of eigen values
in both cases regular and irregular and also, estimation of normalized eigen-
functions to the spectral problem:

—y" + q(x)y = Np(x)y,z € [0,a] ,y/(0) = 0, ¥'(a) + iry(a) = 0,

([ »o |y<:c>|2)é .

Where \ is spectral parameter and ¢(x) and p(z) are smooth and ¢(z) € C'[0, a]
and p(z) € C%[0, a].

2000 Mathematics Subject Classification: 34120, 34B05.
1. INTRODUCTION

Though by the present time many spectral problems has been studied well
enough [1], [6], and [9-11] and it is possible to consider their general theory
the problems arising in modern completed, however application of this theory
to specific problems in some cases is inconvenient. Therefore analysis of such
problems is actual. Besides many classical results have been received at very
rigid restrictions on smoothness of coefficients while the coefficients of applica-
tions, mostly, do not satisfy the demanded conditions of smoothness. Besides
many classical results are generally incorrect. In the present work, we studies
asymptotic behavior and estimated the normalized eigenfunction to the second
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order boundary value problem of the type (1) - (3) whenever the coefficients
are smooth functions. Consider the spectral problem:

—y" + q(z)y = Np(x)y,z € [0,d], (1)

y'(0) =0, y'(a) +iry(a) =0, (2)

([ romer) 3)

Where A is spectral parameter.
Aigounov and Tamila [5], studied estimation of normalized eigenfunction
to the T.Regge problem of the type : —y” + q(z)y = Np(x)y,z € [0,4],
1

y'(0) =0, y'(a)+iry(a) =0, (f; p(x) |y(x)|2) ? where the coefficientsq(z) and
p(z) are smooth and ¢(z) € C'[0,a] and p(z) € C? |0, a] and they proved , that
normalized eigenfunctions of the T.Regge problem are uniformly bounded, if
p(a) # 1 (regular case) and graw as a. /|A| in the case of p(a) = 1 (irregu-
lar case) and a is constant. But the present work, we shows the estimation
of normalized eigenfunctions of the spectral problem (1) - (3) are uniformly
bounded in both cases regular and irregular where the coefficients are smoothes
. Jwamer and Aigounov [7] studied the estimation of normalized eigenfunction
to the T.Regge problem for non smooth coefficients. Also, Jwamer and Khe-
lan [8] showed the same result in work Tamila [13] but for different boundary
value problem and whenever the coefficients ¢(x) and p(z) are constants. Some
Arthurs worked on the some different models of spectral problem to the types
of linear and nonlinear differential equations, for more information about the
results which they obtained see [2-3].

2. ASYMPTOTIC BEHAVIORS OF EIGEN VALUES TO THE SPECTRAL
PROBLEM (1)-(3) IN BOTH CASES REGULAR AND IRREGULAR

In this section , first we proves some important lemma and theorems, which
they helps us to studies asymptotic behaviors of eigen values to our spectral
problem Assume, that the numbering of the roots of w;, (w/zC = \/I) is given by

Re (iwp) < Re (iwq A) (4)
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Entire complex plane of A = § 4+ i0 can be divided in to 4 sectors with vertex
at A = 0, so that each sector T}, different roots of w; can be ordered so that
for \ € T}, satisfy the inequality (4 ) Sector T}, in the plane 7 are determined
by the inequalities (k= ) < argh < ® k =T,4. The following lemma holds:

Lemma 1 Suppose A\ € Ty, k = 1,4 and wy, satisfy (4). then there are two
linearly independent solution yx(x,\) of equation (1), reqular for sufficiently
large |A| and such, that when s = 0,1 uniformly in 0 < x < a we have:

S s x k Als Ans 1
Yp(, A) = (o) Mo ondt Ao + A L An +O<)\n+1)] 7 )
where
o= — A, Aﬁﬁ(ﬂ “b’fc2
(p(a)) o R

!

A
Ans = An + i
Pk

1081_|_ n 1¢kcs2 n 202
Qbk ¢k

1 z 1
A= gy /0 <q(t)A0 _ AO) Adt,

Ay = —— A, /O ’ <q(t)An,1 . A’,’H> Aodt:

22wk

Proof: According Ya.D.Tamarkin[12], there exists a fundamental system of
differentiable solutions of (1), the asymptotic behavior of which at |\| — oo is

given by yi(z, A) ~ M5 ot o A0 g g 1),

We seek the solution of equation (1) as

. A A A, 1
_ ST prdt 1 2
Yz, ) = M {AOJF st +)\n+0()\n+l>}.

We find y, (2, \) and v, (x, \), and substituting these relations in equation(1),
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we obtain:

—6>\ foz Pt (/\¢ ) |:A0 + - (Al + E + iz AO)

1 ¢ 1 ¢ /l
+— A+ 1+’“ +2- 2k )
A?(Q o | @2 o bl

+
1 2A A_ ! AN 1
+—<An+ w1y A1, ”2¢’“+ > >+O( >]

AT P o3 i o A
. A A A, 1
tq(x)e ] Oent {A +71+ Aj ot o 0 (W)}
0 A A A, 1
A7 p() e ot {A ty et 0 (Aml)]

Dividing by A\%p(z).e* Jo #rdt and equaling the coefficients of equal powers
of A\, we obtain:

A—1-2A’+¢A0:0

A2 5 2A) 4 S Ay = gla)de — Lo,

"

A

n—1

AT 9 4] 4 A, = gla) et e,

Solvmg these equatlons we get
1.

(o))t )

Al = szkAO fO AO - AO)Ath,

AOI

Ay = ﬁAO f0x<Q(t)Anfl - A;,l)Aodt.
Which proves the lemma.

Theorem 1 Asymptotic of eigen values for problem (1)-(3) in the case of
reqular with and in the sector Ty has the form:

1 l 1

and in the sector Ty asymptotic of spectral has the form:

1 ? 1
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where Cy = <—”p(a)_1)

14+/p(a)
Proof: Consider the determinant of A()), defined by
AN = Uk (i)l j—o,1 (6)
where Up(3;) = 7;(0) = 0j = 0,1, Ur(g;) = (—idwy)g;(a, A) + g;(a, A) = 0,

Ur(i;) = iAji(a, N) + 9;(a, A) = 0.
If in eq.(5), we take only two elements as follows

s (2, A) = (gp)*eM o Pz [Ao +0 (%)] ,5=0,1 (7)

Using the formula (7) and the boundary condition we obtain:

Us() = (it 7y/p(0)) [ ] Jwherew] = 5
] (P(_U))4 ] ]
Vo) = (1w \/p(0)) | —— | = (iW/p(0) | —— | -
:(P(O))“: :(P(O))‘*:
Vo) = (s /p00) | —— | = (IAVo(0) | —— |
L (p(0))* ] :(P(O))“:
, 1
Ui(f0) = ide ™4 (1 — a -,
(30) (1= V(@) o
Ur(§1) = ire™ <1 + \/p(a)) [(p(clt))‘ll] :
Substituting each of them in A(X) =0, and we obtain
I e o B
_ — 0
ide™ (1 — p(a)) [(p(:))i] ideM (1 + Vp(a)) [(p(i))i]
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Suppose f(,\):(zA)Q\/m{ : H(p(l ]

(»(0))

= AN = SO [(1+ Vo)) e+ (1= /(@) e =0

L, p2iMd _\/()_1 =,
p(a)
2N Co — 2iAd = InCy + 2mmi + O (%)
_>)\ L (mm — LinCy+ O (L))

In the case of regular the sector 77 asymptotic of spectrum has the form:
A = b (mm— lnCy + 0 (1))

And in the sector Ty A\, = Cll (mﬂ + %lnCo + 0 (%))

This complets the proof of Theorem.

Theorem 2 Asymptotic of eigenvalues for problem (1)-(2) in the case of reg-
ular with p(a) =1, p'(a) =0, g(a) + 2p"(a) # 0, and in the sector Ty has the
form:

Am = % (=mm + £InCy + £InA?) +0(1)

and in the sector Ty asymptotic of spectrum has the form:

Am = L (=mm — LinCy — LinA?) + (1)

where Cy = # Such that q(a) + 1p"(a) # 0

Proof: From the boundary conditions (5), we have
Uiw) = 0) =5 (7 0) +0 55
) = 0) = ~iav7 (57 0+ 0 (5
Ut = <0 ( (Vo +1) (Aup(@) + 5541000

)

)

)

+21%A;(p)(@>+i# (@ +O(i )
' )
)

A2 (20)2 Al(p)( )
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Where Ag(p) (a) = 1,

Ay (a) =/ (q(t)Ag — Ag) Agdt;
0
Anp)(a) = /0 (q(t)An—1 — A;;—l)Aodt;

Spectrum of (1)-(2) coincides with the set of roots of the equation: A(X) =0
, then

VP [T +0 ()] =invp o7 0 +0 ()]
AN = =0

e~ M GN)C e~ MG\ D

<( pla) + )(A"(p) Hi%ﬂl(p)(a)

)
+2i21 Ay (@) + %ﬁA;(p)(a) +0 (i )
D= ((1- Vo@) (Aap(@) + 3410 (@)

)

11 1 1 / 1

thus

(025 (O + 252 Ay (0) + & b (@) + 0 ()

—2i)\d1 o 1
¢ [ y\2 D 11y 11y O (& 1)
(iA) ﬁ( 1= 23540 (@) — e A (@) + F)>
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From which we obtain that:
—ANZ 224, (p) + A’l(p)(a)>
o) + 17" (a)

— e M) = ———F——[1]

—2iMd[q] (

(&

—2ixd 2 —4 (20)°
— e 1] = Cp.\°, where Cy = T = s
q(a) + 30" (a)  qla) + 39" (a)

dla) + 70" (@) £ 0.

Taking the initial approximation Ay = =, and using the method of successive

approximations we obtain? \,, in the sector T} :

1 l l —
Am, = pi (—mﬂ + §lnC’0 + §ln)\2> +0o(1)

And in the sector T5

1 l 1 —

This complets the proof of theorem.

3. ESTIMATION OF NORMALIZED EIGENFUNTIONS FOR AN REGULAR AND
IRREGULAR CASES TO THE PROBLEM (1)-(3)

In this, section we obtained the estimations of normalized eigenfunctions to
the problem (1)-(3), with smooth coefficients, i.e. ¢(z) € Cjoq , p(z) € 0[20@],
, also proves the uniformly bounded in the both cases regular and irregular.

Theorem 3 Suppose q(x) € Cloq , p(x) € C’[%’a} , then the normalized eigen-
functions of the problem (1)-(3) in the both cases regular and irregular are
uniformly bounded, i.e K1 = maxycp.q [ym(x)| = Ka, where K; and K, does
not depend on m.
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We proceed to prove theorems If the problem (1) - (3) to make a double
substitution £ = C. [ Ag”t C > 0) and A'(0) =

y(zr) = A(m) n(&(x)), then we obtain from the equahtles

y (x) = A'(z)n(é(x)) + ( ) (§(x))€ (x) and
y (z) = A"(2)n(§(w)) + A'(2)n (£(2))¢ (2) + A () (£(2))¢ () ,
+A(z)n’ ((2))(€ (@) +A(x)n (§(2))¢" (2) y" (z) = A" (2)n(§(2))+A(@)(€ (2))*n" (§(=))
since 24" (z)¢ (x )—i—A(/)ﬁ (z) =0,
24 (z) 175 — 2A(w )C% =24 (z) 57 — 24" () 57 = 0
—{A”(:v)n(ﬁ( )+A(@) (€ ()" (€(x)) }a() Alz).n(E(x)) = Np(a) A(z) n(é(x))
A’(0)n(£(0)) + A(0)'(£(0))§'(0) = 0
A'(0)n(0) + A(0)7'(0) 35 = 0

since £(0) = fo . ;=0and ¢ = ¢
n’(O)A(O) = 0 since A’(O =
Cn'(0) =0

7'(0) =0

A'(a)n(&(a)) 4 Ala)n'(£(a))E' (@) +irA(a)n(€(a)) = 0
(€(a)) + Antel) |y Aalaicl) _ g

Q
a5
=

.
>~
—~

Q
Nl
=

N

Q
N
Nl

3 XIS

[fmwA%wmauwF¢r=1

—{ A" (@)n(§(2))+A(x) (€ (2))*n" (€(x)) () A(z) 9 ((2)) = Np(a) A(z).n(&(w))
Put &' (20 = £

A2(z)
—{ A" (2)(E(@)+ Alr) 351 (E(@) Fra(@) Aln)n(E(2)) = Xp(x) A()n(¢(2))
' (€) + (LA ) A3 (@) (e) = Xeli (e
where £ € (0 C’fa A‘j@)
17'(0) =0 ]
#@@D+(A@A +iIAED) y((a)) = 0
(

JE@ @A | 6)| de = 1. (2 = x(€))
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since £'(z) = % = < then dv = 4 d¢

If we take A(x) = <£—1)Z then p(z)A%(z) = C,
P(I)CI"V*( z) _ Cl

— where C] is constant
Introducing the new constants p and Cy so that Cl = % we obtain 2 (I)C’f(m) =
0
&
2
AV(@)p()C3 = pC? — A(z) = ©

p(2)C3
— Az) = (p(f)@)Z (since p(x) € 0[207&} sthen A”(x) exist and is continuous)
With this choice of A(x) we obtain: —n"(&) + Q(&)n(€) = )\20277(§(x)),§ €
(o,cfoa Ad—ft)) 7(0) = 0
1/ (E(@) + (Ho - mo.g) 1(€(a) = 0

Where Hy = Alla)A(a) , ho = C)CO, Q&) = <M) A3(z)
Jy G <£< DIPdg =1
If we put p = (2) , and introduce the notation p = Cio, &(a) = a, then we
arrive to the problem:
—1"(€) + QE)n(&) = p’pn(€), €€ (0,a), (8)
17'(0) = 0,7'(&(a)) + (Ho + ihop-)n(é(a)) = 0, (9)
| S8 e =1, where p = 43 (10)

Thus we come to the problem of the same type as (1)-(3), while p(x) = p.

The eigenvalues of (8)-(10) p, = é—’;(n = 1,2,) where )\, the eigenvalues
of the problem (1)-(3). eigenfunctions of problem (1)-(3) and (8)-(10) are
related by yo(z) = A(x).,(E(x)) and clearly [yn(@)]e = O(ll(€)]l.) and
7. ()]l = O(||yn( )|lc). It is also obvious that the replacement of condition
(10) on 5 (¢ )|* d¢ = 1 will only lead to a multiplication of the eigenfunctions
by a constant. In view of this, in the case of smooth coefficients is sufficient to

study the problem with p(z) = p = constant, that in the further and assume.
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Furthermore, we assume that h = 1.

We introduce the notation:

¢ (x,)\) -solution of (1) with initial conditions ¢ (0,A) = 1, ¢ (0,A) = 0
;@0 (z,A) -solution of equation (1) with ¢(x) = ¢ and initial conditions
@0/(07 )‘) =1,

wo (0,A) = 0. thus ¢ (x, \)- is asolution of (1) with any of the class factor
q(z) ,and

©o (x, A)-the solution is more simple equation with constant coefficient ¢ () =
q.

Obviously, the eigenvalues of (1)-(3) are precisely those A , that satisfy the
condition ¢’ (a, A\)+iAp (a,\) =0, and corresponding A to these function are
eigenfunctions ¢ (z, \) of the problem (1)-(3). since in the case of a constant
coefficient ¢ (z) = ¢ problem (1)-(3) is easier to learn , we try to derive some
relations between ¢ (x,\) and g (z, A).

Since ¢ (z, A) the solution of (1), then we have

q(x)e (@A) =¢ (2,7 +Xp ()¢ (z,A)

Replacing x by 7, we multiply this equation by ¢o (z — 7, A) and integrate from
0 to x up d7 , we get:

| nle=rNae ) dr oo =m0 & (0 0= 70 e 0

+/ <p0” (x =71, A\) @ (1, \)dT + / wo (x — 7, \) A.p.p (1, A\)dr
0 0

Or using the initial conditions and substituting for ¢, (z — 7, \) the value
q.00 (x — 1, \) — A.p.pg (x — 7, \) out of the equation (1), we get:

/0 "0 (@ — 7.\ (1) (7, A) dr = — o (0, N bep (0, M) / "0 (=7, N) o (r ) dr

Or

o (2. \) = o (2, 0) + / W) —deol@—m N erNdr, (1)
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Hence, substituting in the right side instead of ¢ (7, A) its value from the
formula (11) and continuity this process indefinitely, we obtain:

o (2. 0) = o (2, ) + / 10(m) = o (o — 71 0) 00 (71, A) dmy

"‘2/01 [q (1) — q] .o (x — 71, A) /071 : -./On1 lq (1) — q].¢0 (151

—Ti,>\)()0(7'1'7>\) dTidTi,I...dTl (12)

We now estimate|yg (2, \)|, using the explicit expression for g (2, A). Since
©o (2, \) solution of (1) with constant ¢ (z) = ¢ and initial condition py (2, \)
= 0, then the general form

y (2) = CLetVAP=9% 1 Che™VA?P=0 2 of solutions ,we find that

©o(0,A) =1 then C; +Cy =1

yl (x) = iC1\/ Np — qei VARp—qr _ iCon/ N2p — qe*i\/ Np—q x

and o’ (0,A\) = 0 then we have

iC’lv )\Zp—q—iCQ\/ )\Z,o—q:()—> 01 = CQ

And since we have C7 + Cy =1
1
Cy = 3
20 (2,0) = CreVPer g emiVoma e
— g (2, \) = Cl(ei\/mx iV )

1 . o A
— o (z,\) = 5(61 Npmar _ o=/ Mg @y
Using now the notation A = § + io , we obtain:

Np—q=0+io )p—q=(6*—0*+2idc) p—q= (- 0*)p—q
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+2i50(52 —0?)p —q+ 2idop = (6, + 2'01)2 = 6,2 — 012 + 2ib,04

512—012:(52—02)p—qand2§10'1:250p—>a:%&01:%"13

6 62 (5120'12 . (54 2 —(5120'12
P =0y’ = 52,72 P—4= 52—/)2 P—q

, (8= 0 5202 p?
p_q+01 - 52p2 p_q+ 512

2 54 2 5120'12
01" = 522

51
52 2 (52—02 52
- ( < 5(2 2 )> pP—aq4+—5—
P 51
5%0?
= ((0"=0%) p—a) + =55

51— ((02—0%) p— q) 6,2 — 6%0%p* = 0

po_ (=0 -0)7 % (=0%) p— g)f +40%0%7
(02=0%) p— g + 1/ [(62—0?) 4482022
— 01 =F \/
And oy = %’D
dop
— 0] =

1
\/ (62-02)p—g+/[(82—0)p—q]* +46°0%p?
2

V2 op
(62—02) p—q+ \/[(52—02) p—ql* +45%02p?

o1 =
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2p%0%02
(62=02) p—q+ \/[(52—02) p—ql" +46%02p?

We transform g (2, \), separating real and imaginary parts of each factor
after simple transformation, we obtain:

L st L
©o (ZL‘, )\) — 5 (ez(51+wl)z - 6—1(61+wl)$)

(6(—01+i51)ﬂc - 6(171 —i61):r:)

DO | —

1
5 (e77'* (cosdra + isindz) — €% (cosbyx — isind x))

(e"’lxcosélx — e cosdx +ie T sindix + ie"lxsinélx)

N | —

e 1T _ o01% . e o1 + o1z .
= <#cosélx +1 (T) smdlx)

= (—sinh oy xcosdyz + icosh o1 xsindz)

- % ((e77 —e™*) cosbra + i (e”7* + €7'7) sindyx)

Now we find |¢g (2, \)| using the resulting equation

lpo (2, A)| = |—sinh o1 xcosdix + icosh oyxsind x|

= \/sinhzalxcos%lx + cosh®oyxsin’d,x

= \/sinh201x003251x + cosh®o1xsin’6,x

—  Vsinh2o,x + sin,x
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We estimate

V2 pox
\/(52—02) p— -+ \/[=0%) p— g + 48%%
V2 pdox
\/% + \/[(62—02) p—ql (1 + %)
V2 pdox

\/| 62—0?) _Q|\/\/1+ (522260,, q> +1

V2 2 pdox

shloix = sh?

= sh?

= sh?

6270'

2
2p5a’ ) +1

V2 2 pdox

— sh?
5\/’<1—(§)2 \/\/ . - )2+1

V2 pox

1+ (5225‘3",, q) +1

§

/N
—
onIQ

VE i iz

2
a 2pdo
\/_\/’ 3 p@% \/\/1 T ((52—g2)p—q) +1
2

V2 VP ox

2
\/(1—(§—§+p%))\/\/1+(%> +1

= sh?

= sh?
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Vi Jp ou 1
(- () (1 (o o)) )
:Shz(«a V: m(l_g(ﬂigq) ﬂ%)l.,) (-
(e w2m=)) (- e2m)) ) )
i (@ﬁ(m (ﬁ@%%)?)ﬁ”%(pa;-;g
(=) (v (w2)) )

< sh? {\/;T (1 + g(%)Q) ax] < sh? {\/ﬁa (1 + g(%)z) a}

Where ¢ > 0 (since sha is monotonically increasing )  where
o\ 2 1 2pd0 2\’ 1 (po?+q
-] =1—2=(1 —_— cee— = .
«(5) ( 2( * ((52—02)p—q> ) eems e )T

since sh? [\/p— (1 + C(%)2> gg;] -

e2ﬁa(1+((%)2>a oy 6—2\/;Ta(1+(j(%)2)a

4
:e%W%HdQ)U{1_&;%74H493“+34WW@“@VV1
4
62\/;Ta(1+4(%)2)\0| —ouma(14¢(2))) |0 ?
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e2Vp a lo|

_ T€2WGC(Z)20| [1 - <1 —2y/pa (1 + ((%)2> o]

<—2\/p_a (1 n C(%)Q) ya|)2

2!

+ + ...

)) ol 1

2vpa(1+¢(5)") o]

2!

e2vpa lo]

e e L Y (R

19

Then we obtain sh’ciz < EWT il [1 + C(%)z |0\] For sufficiently large

(more precisely, if (%)2 |lo| alittle). And since, |¢o (2, \)| = v/ sinh?ox + sin®6,x
From the inequality sin?0;2 <1 and the above estimates imply, that

2y/px |o|
0 (@, V)] < \/T [1+<(§)2|a|] +1

\/62\/71 |a|[1+((%)2|0|}+4
- 4

\/62\/?38 lo| [1 + C(%)Z |0_| _}_46—2\/?90 |J\]

2

eve® |U|\/1 + C(%)Q |o| + 4e=2vP e ||
2
2

2

= € 5 <1 + 2((%) |0'| + (C <E> |0-|> 4 8e WP o] 4 8e VP E o]

N 2
< (1) )

5
g(%)z o] + 16e~ V7 @ 'U')
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eVP lo]
<

2
14 8e 2P lol 4 g(%) o] + 16e=tvP e lol (13)

Transposing in (12) g (x, A) in to the left side, using the estimate |¢ (x) — ¢| <
Qo and the estimate (13) on the right side of this equation, we arrive to the

inequality |¢ (,A) — @o (2, )] < 3%, Qo' .27

eVp ao

o (@, A) — o (2, A)] < Co.

(Co > 0 new constant) (14)

Since |@g (x, A)| = \/sinh201x + sin’6x > \/sinh®cyx , then for x >
ap > 0 Exactly the same way was as the estimates were obtained (13) we
obtain lower bounds for |pq (x, )| if |o| > g9 > 0.

\/62\/;73; jol[1+¢(%) 1o1]

4

eve e lol /1 4 ¢ (%)2 Ed
2

_ @“’T; i (1—%{(%)2]0\—1—...)

o7 ol 1 ron2 V7T o]

Then we have

e\/;Tzcr
2

po (z, A)| > Ch. (ao <z <a) (15)

If |5] > |o] (|§} suf ficiently large) , then we have the following

Remark:
For all sufficiently large |\| we have the inequalities:

leo@ Ml de@Mle g llvolz Ml

By. . . ]
(helet@nla)” (fole?@Xlde)”  (fpled (0] de)’

[
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Where 0< By < By < oo constant, independent on A. This follows directly
from (8),(9) and (10). Namely, substituting in the inequality of the statement
instead of ¢ (x, \) the expression g (2, A)+A (z, A) and using (10) for A (x, \)
and (9) and (11) for ¢ (z,\) we obtain proof. since we already have the
eigenfunctions of the problem (1)-(3) with constant coefficients and asymptotic
behavior for eigenvalues of (1)-(3) in the case h = 1, is known [13] and in all
case (p = 1 and p # 1) the eigenvalues do indeed satisfy the relation || > |o],
the asymptotic behavior of eigenfunctions for ¢ (x) = constant and arbitrary
q (z) € Clq is the same.

4. CONCLUSION

In the present work , we showed the asymptotic of eigen values in both cases
regular and irregular and also proved the estimations of normalized eigen-
functions the problem (1)-(3) are uniformly bounded with the coefficients are
smooth.
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