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Abstract. The object of this paper is to obtain some strong subordination re-
sults regarding a new class Smn (α, β, ρ) defined by using a new generalized multiplier
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1. Introduction and Preliminaries

Denote by U the open unit disc of the complex plane U = {z ∈ C : |z| < 1} and
by U the closed unit disc of the complex plane U = {z ∈ C : |z| ≤ 1}. Let H(U ×U)
denote the class of analytic functions in U × U . Let

A∗ζ(n) = {f ∈ H(U × U) : f(z, ζ) = z + an+1(ζ)zn+1 + ..., z ∈ U, ζ ∈ U}, (1.1)

where n ∈ N and ak(ζ) are analytic functions in U for k ≥ n+1. For n = 1, A∗ζ(1) =

A∗ζ , with ak(ζ) analytic functions in U for k ≥ 2. Let

H∗[a, n, ζ] = {f ∈ H(U×U) : f(z, ζ) = a+an(ζ)zn+an+1(ζ)zn+1+..., z ∈ U, ζ ∈ U},

where a ∈ C, n ∈ N and ak(ζ) are analytic functions in U, k ≥ n.

In [1], J. A. Antonino and S. Romaguera have introduced the concept of strong
differential subordination, generalising the notion of differential subordination, which
was developed further by G. I. Oros [7] and by G. I. Oros & Gh. Oros [8].

Definition 1.1 [8] Let f(z, ζ), g(z, ζ) be analytic functions in U ×U . The function
f(z, ζ) is said to be strongly subordinate to g(z, ζ), written f(z, ζ) ≺≺ g(z, ζ), if
there exists an analytic function w in U , with w(0) = 0 and |w(z)| < 1, z ∈ U, such
that f(z, ζ) = g(w(z), ζ) for all ζ ∈ U .
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Remark 1.2 ([8]) i) If g(z, ζ) is analytic in U ×U and univalent in U for all ζ ∈ U,
Definition 1.1 is equivalent to f(0, ζ) = g(0, ζ), for all ζ ∈ U , and f(U × U) ⊆
g(U × U). ii) If f(z, ζ) ≡ f(z)and g(z, ζ) ≡ g(z), the strong subordination becomes
the usual subordination.

We extend the new generalized multiplier transformation introduced and investi-
gated in [9] and studied further in [10, 11, 12], to the new class of analytic functions
A∗ζ(n).

Definition 1.3 For f ∈ A∗ζ(n), n ∈ N, m ∈ N0 = N ∪ {0}, β ≥ 0 andα a real

number with α+β > 0, a new generalized multiplier operator Imα,β for z ∈ U, ζ ∈ U
is defined by

I0α,βf(z, ζ) = f(z, ζ),

I1α,βf(z, ζ) =
αf(z, ζ) + βzf ′z(z, ζ)

α+ β
,

...

Imα,βf(z, ζ) = Iα,β

(
Im−1α,β f(z, ζ)

)
.

Remark 1.4 We observe that Imα,β : A∗ζ(n) −→ A∗ζ(n), is a linear operator and for
f(z, ζ) given by (1.1), we have

Imα,βf(z, ζ) = z +
∞∑

k=n+1

(
α+ kβ

α+ β

)m
ak(ζ)zk. (1.2)

It follows from (1.2) that

Imα,0f(z, ζ) = f(z, ζ), (1.3)

(α+ β)Im+1
α,β f(z, ζ) = αImα,βf(z, ζ) + βz

(
Imα,βf(z, ζ)

)′
z
. (1.4)

Remark 1.5 i) Iml+1−β,βf(z, ζ) = Im(l, β)f(z, ζ), l > −1, β ≥ 0 (See Alina A Lupas
[2] and Alina A Lupas et.al. [3]) (Considered for l ≥ 0, β ≥ 0).

ii) Im1−β,βf(z, ζ) = Im(β)f(z, ζ) = z+

∞∑
k=n+1

(1 + (k − 1)β)m ak(ζ)zk, β ≥ 0. Im(0)f(z, ζ) =

Imf(z, ζ) was considered in [13].

iii) Imα,1f(z, ζ) = Dm
α f(z, ζ) = z +

∞∑
k=n+1

(
α+ k

α+ 1

)m
ak(ζ)zk, α > −1.
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We need the following lemmas, which are extension of lemmas in [5] and [6], to
the new class of analytic functions A∗ζ(n).

Lemma 1.6 ([4]) Let h(z, ζ) be a convex function with h(0, ζ) = a for every ζ ∈ U
and let γ be a complex number with γ 6= 0 and Re(γ) ≥ 0. If p ∈ H∗[a, n, ζ] and

p(z, ζ) +
1

γ
zp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then
p(z, ζ) ≺≺ q(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

where

q(z, ζ) =
γ

nzγ/n

∫ z

0
h(t, ζ).t(γ/n)−1dt, z ∈ U, ζ ∈ U,

is convex and is the dominant.

Lemma 1.7 ([4]) Let q(z, ζ) be a convex function in U × U and for z ∈ U, ζ ∈ U ,
let h(z, ζ) = q(z, ζ) + nρzq′z(z, ζ), where ρ > 0 and n is a positive integer.
If p(z, ζ) = q(0, ζ) + pn(ζ)zn + pn+1(ζ)zn+1 + · · · , z ∈ U, ζ ∈ U is holomorphic in
U×U and p(z, ζ)+ρzp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, then p(z, ζ) ≺≺ q(z, ζ), z ∈
U, ζ ∈ U and this result is sharp.

In this present investigation, by making use of strong differential subordination
properties, we consider certain suitable classes of admissible functions and investi-
gate some strong differential subordination results of analytic functions associated
with a new generalized multiplier operator Imα,β .

2. Main Results

Definition 2.1 Let n ∈ N, m ∈ N0 = N ∪ {0}, ρ ∈ [0, 1), β ≥ 0, α a real number
with α + β > 0. A function f ∈ A∗ζ(n) is said to be in the class Smn (α, β, ρ), if the
following condition is satisfied:

Re
[
Imα,βf(z, ζ)

]′
z
> ρ, z ∈ U, ζ ∈ U.
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Theorem 2.2 If n ∈ N, m ∈ N0 = N ∪ {0}, ρ ∈ [0, 1), β ≥ 0, α a real number
with α+ β > 0, then

Sm+1
n (α, β, ρ) ⊂ Smn (α, β, δ)

where

δ = δn(α, β, ρ) = (2ρ− ζ) + 2(ζ − ρ)

(
α+ β

nβ

)
B

(
α+ β

nβ

)
,

with

B(x) =

∫ 1

0

tx−1

1 + t
dt.

Proof. Let f ∈ Sm+1
n (α, β, ρ). By using the property (1.4) we get

Im+1
α,β f(z, ζ) =

αImα,βf(z, ζ) + βz
(
Imα,βf(z, ζ)

)′
z

α+ β
, z ∈ U, ζ ∈ U. (2.1)

Differentiating (2.1) with respect to z, we obtain(
Im+1
α,β f(z, ζ)

)′
z

= p(z, ζ) + (β/(α+ β))zp′z(z, ζ), z ∈ U, ζ ∈ U, (2.2)

where
p(z, ζ) =

(
Imα,βf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (2.3)

with p(0, ζ) = 1 for all ζ ∈ U.
Since f ∈ Sm+1

n (α, β, ρ), by using Definition 2.1, we have from (2.2)

Re
(
p(z, ζ) + (β/(α+ β))zp′z(z, ζ)

)
> ρ, z ∈ U, ζ ∈ U

which is equivalent to

p(z, ζ) + (β/(α+ β))zp′z(z, ζ) ≺≺ ζ + (2ρ− ζ)z

1 + z
≡ h(z, ζ).

Using Lemma 1.6, with γ = (α+β)/β, we have p(z, ζ) ≺≺ q(z, ζ) ≺≺ h(z, ζ), where

q(z, ζ) =
(α+ β)/β

nz(α+β)/nβ

∫ z

0

(
ζ + (2ρ− ζ)t

1 + t

)
t

(
α+β
nβ

)
−1
dt.

The function q(z, ζ) is convex and is the best dominant. With p(z, ζ) ≺≺ q(z, ζ)
and q(z, ζ) being convex, and the fact that the image of U × U is symmetric with

respect to the real axis, it results that, Re

((
Imα+βf(z, ζ)

)′
z

)
> q(1, ζ) = δ, where

δ = δn(α, β, ρ) = (2ρ− ζ) + 2(ζ − ρ)

(
α+ β

nβ

)
B

(
α+ β

nβ

)
,
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with

B

(
α+ β

nβ

)
=

∫ 1

0

t
α+β
nβ
−1

1 + t
dt.

Hence f ∈ Smn (α, β, δ) and the proof of the Theorem is complete.

Theorem 2.3 Let q(z, ζ) be a convex function with q(0, ζ) = 1, for all ζ ∈ U , and
let h(z, ζ) be a function such that

h(z, ζ) = q(z, ζ) + (nβ/(α+ β)) zq′z(z, ζ), z ∈ U, ζ ∈ U.

If f ∈ A∗ζ(n) and satisfies the strong differential subordination(
Im+1
α,β f(z, ζ)

)′
z
≺≺ h(z, ζ), (2.4)

then
(
Imα,βf(z, ζ)

)′
z
≺≺ q(z, ζ) and the result is sharp.

Proof. From (2.1), (2.2), (2.3) and (2.4), we obtain

p(z, ζ) + (β/(α+ β)) zp′z(z, ζ) ≺≺ q(z, ζ) + (nβ/(α+ β)) zq′z(z, ζ) ≡ h(z, ζ).

Then, by using Lemma 1.7 we get p(z, ζ) ≺≺ q(z, ζ) or
(
Imα,βf(z, ζ)

)′
z
≺≺ q(z, ζ)

and the result is sharp.

Theorem 2.4 Let q(z, ζ) be a convex function with q(0.ζ) = 1, for all ζ ∈ U , and
the function h(z, ζ), given by

h(z, ζ) = q(z, ζ) + nzq′z(z, ζ), z ∈ U, ζ ∈ U.

If f(z, ζ) ∈ A∗ζ(n) satisfies the strong differential subordination
(
Imα,βf(z, ζ)

)′
z
≺≺

h(z, ζ), z ∈ U, ζ ∈ U , then
(
Imα,βf(z, ζ)

)
/z ≺ q(z, ζ) and the result is sharp.

Proof. If we let p(z, ζ) =
((
Imα,βf(z, ζ)

)
/z
)
, z ∈ U, ζ ∈ U, then we obtain

(
Imα,βf(z, ζ)

)′
z

= p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

So the strong subordination
(
Imα,βf(z, ζ)

)′
z
≺≺ h(z, ζ), z ∈ U, ζ ∈ U, becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ q(z, ζ) + nzq′z(z, ζ), z ∈ U, ζ ∈ U,
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and hence from Lemma 1.7, we have
((
Imα,βf(z, ζ)

)
/z
)
≺≺ q(z, ζ). The result is

sharp.

Remark 2.5 i) Taking α = l + 1 − β in Theorem 2.2, Theorem 2.3 and Theorem
2.4, we obtain corresponding results for the operator Im(l, β), l > −1, β ≥ 0.
ii) Letting α = 1 − β in Theorem 2.2, Theorem 2.3 and Theorem 2.4, we obtain
corresponding results for the operator Im(β), β ≥ 0.
iii) Putting β = 1 in Theorem 2.2, Theorem 2.3 and Theorem 2.4, we get corre-
sponding results for the operator Dm

α , α > −1.
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