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1. INTRODUCTION AND PRELIMINARIES

Denote by U the open unit disc of the complex plane U = {z € C': |z| < 1} and
by U the closed unit disc of the complex plane U = {z € C': |z| < 1}. Let H(U x U)
denote the class of analytic functions in U x U. Let

Af(n) ={f € HU xU): f(2,¢) = 24 a1 (O ., 2 €U CeT}, (1.1)

where n € N and a(¢) are analytic functions in U for k > n+1. For n = 1, A1) =
A7, with ay,(¢) analytic functions in U for k > 2. Let

H*[a,n,¢] = {f € HUxXU) : f(2,¢) = a+a,(¢)2"+ap41()z" 4., z € U, € U},
where a € C, n € N and ay(¢) are analytic functions in U, k > n.

In [1], J. A. Antonino and S. Romaguera have introduced the concept of strong
differential subordination, generalising the notion of differential subordination, which
was developed further by G. I. Oros [7] and by G. I. Oros & Gh. Oros [8].

Definition 1.1 [8] Let f(z,¢), g(z,¢) be analytic functions in U x U. The function
f(z,¢) is said to be strongly subordinate to g(z,(), written f(z,{) << g(z,(), if
there exists an analytic function w in U, with w(0) = 0 and |w(z)| < 1, z € U, such

that f(z,¢) = g(w(z),¢) for all ¢ € U.
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Remark 1.2 ([8]) i) If g(z, () is analytic in U x U and univalent in U for all ¢ € U,
Definition 1.1 is equivalent to f(0,¢) = ¢(0,¢), for all ¢ € U, and f(U x U) C
g(U x U). ii) If f(z,¢) = f(z)and g(z,¢) = g(2), the strong subordination becomes
the usual subordination.

We extend the new generalized multiplier transformation introduced and investi-
gated in [9] and studied further in [10, 11, 12], to the new class of analytic functions

Definition 1.3 For f € Ai(n), n € N, m € Ny = NU{0}, 8 > 0 anda a real

number with a4+ 5 > 0, a new generalized multiplier operator IVs forzeU, ¢eU
is defined by

Ig,ﬂf(z7<) = f(27C)7

1 _af(z,0) +B2f1(20)
Ia,ﬁf(z)g) - Oé—l-,B )

Ig'fgf@c) = s (125 1(2.0).

Remark 1.4 We observe that I7'; : AZ(n) — AZ(n), is a linear operator and for
f(z,¢) given by (1.1), we have

a0 =2+ 3 (0‘““6) ax(Q)2 (1.2

It follows from (1.2) that
IgzrfOf(ZaC) :f(Z,C), (13)
(a+ B f(2,0) = alllsf(2,0) + B2 (I (2.0)) - (1.4)

Remark 1.51) I}, 5 5f(2,¢) = I"(1, 8)f(2,(), I > —1, B> 0 (See Alina A Lupas
[2] and Alina A Lupas et.al. [3]) (Considered for [ >0, 5 > 0).

) I (2.0 = TP F O = 4 S (14 (k= 1B ar(Q)2, B> 0. I™(0)1(2,¢) =
Imf(za C) was considered in [13]. k=n+1

ii) 154 f(2,¢) = DI f(2,0) =2+ Y (

k=n+1

a+k
a+1

>mak(C)zk, a>—1.
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We need the following lemmas, which are extension of lemmas in [5] and [6], to
the new class of analytic functions A7(n).

Lemma 1.6 (/4]) Let h(z,() be a convex function with h(0,¢) = a for every ( € U
and let v be a complex number with v # 0 and Re(y) > 0. If p € H*[a,n,(] and

p(2: ) + izp'xz,o << h(z0), €U, CeT,

then
p(z,¢) << q(2,¢) << h(z,(), ze U, ¢eU,

where

q(z,¢) = nZZ/” /0 h(t,0).t0/™M e 2 eU, ¢ e,

1s convex and is the dominant.

Lemma 1.7 ([4]) Let q(z,¢) be a convex function in U x U and for z € U, ¢ € U,
let h(z,¢) = q(2,¢) + npzd.(z,¢), where p > 0 and n is a positive integer.

If p(z,¢) = q(0,¢) + pn(Q)2™ + ppni1(O)2" + -+, 2 €U, ¢ €U is holomorphic in
UxU and p(z,¢)+pzp.(2,¢) << h(z,(), 2 € U, ¢ € U, then p(z,¢) << q(2,¢), z €
U, ¢ € U and this result is sharp.

In this present investigation, by making use of strong differential subordination
properties, we consider certain suitable classes of admissible functions and investi-
gate some strong differential subordination results of analytic functions associated
with a new generalized multiplier operator Igfﬁ .

2. MaAIN RESULTS

Definition 2.1 Let n € N, m € Ny = NU{0}, p€[0,1), 8> 0, « a real number
with o+ 3 > 0. A function f € A7(n) is said to be in the class S;'(a, 8, p), if the
following condition is satisfied:

Re [Igfﬁf(z,C)]; >p, 2€U CeU.

287



S. R. Swamy - Some Strong Differential Subordinates Using a New - - -

Theorem 2.2 Ifn € N, m € Ny = NU{0}, p € [0,1), 8 >0, a a real number
with o + 3 > 0, then
Syt (e, B,p) € S, B,6)

5= bnl0,B.p) = (29— O) +2(C — ) (‘)‘W)B(wﬂ)’

where

np np

1 ta:—l
B(a:):/ 1+tdt
0

Proof. Let f € S™1(a, 8,p). By using the property (1.4) we get

with

!/

1751 (2,0) + Bz (1351 (2,C) _
Qﬂﬁwﬁbjyﬁ - a:é’ﬁz )azeageU. (2.1)

Differentiating (2.1) with respect to z, we obtain

/
z

(1251, Q))_=p(2,0) + (B/la+ B)al(2,C), 2 €U, (€T, (22)
where B
p(z,¢) = (I f(2,0)., €U, (€T, (2.3)
with p(0,¢) =1 for all € U.
Since f € S™1(a, 3, p), by using Definition 2.1, we have from (2.2)

Re (p(2,¢) + (B/(a + B))2p.(2,¢)) > p, z€ U, (€U
which is equivalent to
L0
1+z2
Using Lemma 1.6, with v = (a+ )/, we have p(z,() << q(z,¢{) << h(z,(), where

(a+P)/B [* ¢+ 2=t (=)
4(2:0) = - i 5B 0 ( 1+t >t< )

p(2,¢) + (B/ (o + B))2p.(2,¢) < = h(z,0)

The function ¢(z,() is convex and is the best dominant. With p(z,({) << ¢(z,()
and q(z,() being convex, and the fact that the image of U x U is symmetric with

respect to the real axis, it results that, Re <<I(T+gf(2, C))/> > q(1,¢) = 9, where
s=buapn) = o=+ 2c- ) (S50 ) B (257).
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with
a+f 1

a+pY L¢mnp —
B<nﬁ>_/0 —

Hence f € S)"(a, 3,9) and the proof of the Theorem is complete.

Theorem 2.3 Let q(z,() be a convex function with q(0,¢) = 1, for all { € U, and
let h(z,() be a function such that

h(z,¢) = q(z,¢) + (nB/(a+ B)) 24.(2,¢), 2 €U, C€U.
If f e AZ(n) and satisfies the strong differential subordination
(Igglf(zac)); <= h(z,0), (2.4)
then (Igj‘ﬁf(z, ())/ <= q(z,¢) and the result is sharp.

Proof. From (2.1), (2.2), (2.3) and (2.4), we obtain
p(z Q) + (B/(a + B)) 2p.(2,¢) << q(2,Q) + (nB/ (e + B)) 24 (2, () = h(2, ().

!/
Then, by using Lemma 1.7 we get p(z,() << ¢(z,() or (I;%f@,())g << q(z,¢)

and the result is sharp.

Theorem 2.4 Let q(z,¢) be a convex function with q¢(0.¢) = 1, for all ¢ € U, and
the function h(z, (), given by

h(z,¢) = q(z,¢) + n2q(z,¢), z €U, (€U.

/
If f(2,Q) € AZ(n) satisfies the strong differential subordination (Igfﬁf(z,o) <<
h(z,¢), 2 €U, ¢ €U, then <Ia"fﬁf(z,g)> /z < q(z,¢) and the result is sharp.

Proof. If we let p(z,¢) = ((Igﬁf(z,C)> /z) , 2 €U, ¢ €U, then we obtain
(I f(2.0). = p(2,¢) + 2p.(2,C), z€ U, C€T.
So the strong subordination (Ig?ﬁf(z, C))lz <= h(z,(), z €U, ¢ €U, becomes
p(2,¢) +2p.(2,¢) <= q(2,¢) +nzd.(2,¢), =€ U, (€U,
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and hence from Lemma 1.7, we have ((Igfﬁf(z,g“)> /z) <= q(2,¢). The result is
sharp.

Remark 2.5 i) Taking & = [+ 1 — 8 in Theorem 2.2, Theorem 2.3 and Theorem
2.4, we obtain corresponding results for the operator I"(l,3), | > —1, 5 > 0.

ii) Letting & = 1 — § in Theorem 2.2, Theorem 2.3 and Theorem 2.4, we obtain
corresponding results for the operator I"™(3), 8 > 0.

iii) Putting § = 1 in Theorem 2.2, Theorem 2.3 and Theorem 2.4, we get corre-

sponding results for the operator D}', o > —1.
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