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ON A GENERALIZED DOUBLE DIFFERENCE SEQUENCE
SPACES DEFINED BY A y— SEQUENCE OF MODULUS
FUNCTIONS

N. SUBRAMANIAN

ABSTRACT. The idea of single difference sequence spaces was introduced by
Kizmaz and this concept was generalized by various authors. In this paper, we
define the sequence spaces x? (A%, My, p,s) and A% (AY, My, p, s), where M =
(M) is a sequence of modulus functions, and examine some inclusion relations
and properties of these spaces.
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1. INTRODUCTION

Throughout w, x and A denote the classes of all, gai and analytic scalar val-
ued single sequences, respectively.
We write w? for the set of all complex sequences (Z,,,,), where m,n € N, the set of
positive integers. Then, w? is a linear space under the coordinate wise addition and
scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich[4]. Later on,
they were investigated by Hardy[8], Moricz[12], Moricz and Rhoades[13], Basarir and
Solankan|[2], Tripathy[20], Colak and Turkmenoglu[6], Turkmenoglu[22], and many

others.

Let us define the following sets of double sequences:
My (t) == {(@mn) € W? : SUPmeN |Z | < oo},
Cp(t) == {(xmn) € w? i p —limmn—oo | Tmn — l|tm" =1 forsomel € C} ,

Cop (1) := {(a?mn) cw?:p— limum n—oo ]mmnytmn = 1} ,
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Loy (1) == {(xmn) €w?: Z?r?:l Z?f:l ’xmn|tmn < OO} )
Gbp (t) = ep (t) ﬂ M, (t) and eObp (t) = e0]0 (t) ﬂ M, (t);

where ¢ = (t,) is the sequence of strictly positive reals t,,, for all m,n € N and
P — limy n—oo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1
for all m,n € N; M, (t),C, (t),Cop (t), Ly (1), Cpp (t) and Copp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Cqpyp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gdkhan and Colak
[27,28] have proved that M, (t) and C, (), Cy, (t) are complete paranormed spaces
of double sequences and gave the a—, —,y— duals of the spaces M, (t) and Cy, (t) .
Quite recently, in her PhD thesis, Zelter [29] has essentially studied both the the-
ory of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [30] have recently introduced the statistical con-
vergence and Cauchy for double sequences and given the relation between statistical
convergent and strongly Cesaro summable double sequences. Nextly, Mursaleen [31]
and Mursaleen and Edely [32] have defined the almost strong regularity of matrices
for double sequences and applied these matrices to establish a core theorem and in-
troduced the M —core for double sequences and determined those four dimensional
matrices transforming every bounded double sequences & = (z;) into one whose core
is a subset of the M —core of x. More recently, Altay and Basar [33] have defined the
spaces B8, BS (t), €8, €Sy, €S, and BV of double sequences consisting of all double
series whose sequence of partial sums are in the spaces My, My (t), Cp, Cpp, C and
L, respectively, and also examined some properties of those sequence spaces and
determined the a— duals of the spaces BS, BV, C8;, and the 3 (¢) — duals of the
spaces C8p, and €8, of double series. Quite recently Basar and Sever [34] have in-
troduced the Banach space L, of double sequences corresponding to the well-known
space ¢, of single sequences and examined some properties of the space L,. Quite
recently Subramanian and Misra [35] have studied the space x3, (p, g, u) of double
sequences and gave some inclusion relations.
We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 < p<1, we have

(a+b)P <aP +0° (1)

The double series Z;omzl Tmn is called convergent if and only if the double sequence

(Smn) 18 convergent, where $;,, = 27321 zij(m,n € N) (see[l]).

A sequence © = (y,y)is said to be double analytic if sup,, |l‘mn|1/m+n < 0o. The
vector space of all double analytic sequences will be denoted by A%.A sequence

x = (Tmn) is called double entire sequence if |£L'mn|1/ Mt 0 as m,n — oo. The
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double entire sequences will be denoted by I'?. A sequence x = (x,,,) is called

|)1/m+n

double gai sequence if ((m + n)!|xmn — 0 as m,n — oo. The double gai

sequences will be denoted by x2. Let ¢ = {all finite sequences} .

Consider a double sequence x = (z;;). The (m,n)" section 2™ of the sequence

is defined by zlmn = Zzzﬁov’”i]’%i]’ for all m,n € N; where 3;; denotes the dou-

ble sequence whose only non zero term is a ﬁ in the (4, j)th place for each ¢, j € N.
An FK-space (or a metric space) X is said to have AK property if (S,y) is

a Schauder basis for X. Or equivalently z!™" — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings = = (zr) —
(Zmn) (m,n € N) are also continuous.

Orlicz[16] used the idea of Orlicz function to construct the space (LM ) . Lin-
denstrauss and Tzafriri [10] investigated Orlicz sequence spaces in more detail, and
they proved that every Orlicz sequence space £j; contains a subspace isomorphic to
¢, (1 < p < o0). subsequently, different classes of sequence spaces were defined by
Parashar and Choudhary [17], Mursaleen et al. [14], Bektas and Altin [3], Tripathy
et al. [21], Rao and Subramanian [18], and many others. The Orlicz sequence spaces
are the special cases of Orlicz spaces studied in [9].

Recalling [16] and [9], an Orlicz function is a function M : [0,00) — [0,00)
which is continuous, non-decreasing, and convex with M (0) = 0, M (z) > 0, for
x>0 and M (z) — oo as x — oo. If convexity of Orlicz function M is replaced by
subadditivity of M, then this function is called modulus function, defined by Nakano
[15] and further discussed by Ruckle [19] and Maddox [11], and many others.

An Orlicz function M is said to satisfy the Ao— condition for all values of u
if there exists a constant K > 0 such that M (2u) < KM (u) (u > 0). The Agy—
condition is equivalent to M (fu) < KM (u), for all values of u and for ¢ > 1.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to construct
Orlicz sequence space

by = {méw : ZZO:1M<IL;‘) < 00, forsomep>0},

The space ¢j; with the norm

ol = inf {p>0: 532, M (1) <1}
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becomes a Banach space which is called an Orlicz sequence space. For M (t) =
tP (1 < p < 00), the spaces ¢); coincide with the classical sequence space £p.

If X is a sequence space, we give the following definitions:

(i) X'= the continuous dual of X

(i) X* = {a = (amn) : anomzl |@mnTmn| < 00, for each x € X} :

(iii) XP = {a = (mn) : Zﬁmzlamnwmn is convegent, for each x € X} :

(iv) X7 = {a = (amn) : SUPmn > 1 ‘Z%;zvzl AmnTmn

< o0, for each xeX};

(v) let X beanF K — space D ¢; then X = {f(%mn) :f € X’};

1/m+n

(vi) X0 = {a = (amn) : SUPmn |GmnTmn] < o0, for each x € X};

X XB X7 are called a — (orKéthe — Toeplitz) dual of X, 3 — (or generalized —
Kothe —Toeplitz) dual of X,y — dualof X, 6 — dualof X respectively. X is defined
by Gupta and Kamptan [24]. Tt is clear that 2@ € X# and X* C X7, but X® C X7
does not hold, since the sequence of partial sums of a double convergent series need
not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [36] as follows

Z(A)=Az=(xx) € w: (Axg) € Z}

for Z = ¢,cp and lo,, where Az = x — x4 for all & € N. Here w, ¢, ¢y and {o
denote the classes of all, convergent,null and bounded scalar valued single sequences
respectively. The above spaces are Banach spaces normed by

llz|| = |z1] + supr>1 |Axy|

Later on the notion was further investigated by many others. We now introduce the
following difference double sequence spaces defined by

Z (D) ={z = (zmn) € W : (Azpmpn) € Z}

where Z = A2, T2 and x? respectively. AZmn = (Zmn — Tmnt1)—(Tmiin — Tmiint1) =
Tmn = Tmnt1l — Tmain + Tmiinyl for allmyn € N

Let r € N be fixed, then
Z(A") = {(@mn) : (ATTymy) € Z} for Z = x*, T? and A
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where A"z = A" e, — AT_lxm,nH - AT_lmem + A’”_lxm+17n+1.
Now we introduced a generalized difference double operator as follows:

Let r,~v € N be fixed, then

Z (Afy) = {(mmn) : (Afy:nmn) € Z} for Z = x?,T? and A?
where ALz, = AL g — AL 2 1 — AL 1 AL 1 g1 and Az, =
Typ for all m,n € N.

The notion of a modulus function was introduced by Nakano [15]. We recall that a
modulus f is a function from [0, 00) — [0, 00), such that

(1) f(z) =01if and only if 2 =0

(2) flz+y) < f(z)+ f(y), forallz >0,y >0,

(3) f is increasing,

(4) f is continuous from the right at o. Since |f (z) — f (y)| < f (| —y|), it follows
from condition (iv) that f is continuous on [0, c0).

It is immediate from (ii) and (iv) that f is continuous on [0,00). Also from
codition (i), we have f (nz) < nf (z) foralln € Nand n™'f (z) < f (zn™ 1), for all
n € N.

Remark: If f is a modulus function, then the composition f* = f- f--- f (stimes)
is also a modulus function, where s is a positive integer.

Let p = (pmn) be a sequence of positive real numbers. We have the following
well known inequality, which will be used throughout this paper:

|amn + bmn|pmn <D (|amn‘pmn + |bmn’pmn) (2)

where @, and by, are complex numbers, D = max {1, o _1} and H = supmnpPmn <
0.

2. DEFINITIONS AND NOTATIONS:

A paranorm on a linear topological space X is a function g : X — R which satisfies
the following axioms: For any z,y,xz9 € X and A, Ay € C, the set of complex num-
bers,

0, 0, ..0
0, 0, ..0

(i) g (0) =0, where = | ° ,the zero sequence,
0, 0, ..0
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(i) g () = g (=)
(ili) g (x +y) < g(z) + g (v) (subadditivity) , and
(iv) the scalar multiplication is continuous, that is A — Ao, 2 — x¢ imply Az — Agzo;
in other rowrds, |\ — X\o| — 0,9 (z — xp) — 0.
A paranormed space is a linear space X with a paranorm g and is written (X, g),
(See [47],p.92).

Any function g which satisfies all the conditions (i)-(iv) together with the con-
dition.
(v) g(x) = 0 if and only if x = 0, is called a total paranorm on X, and the pair
(X, g) is called a total paranormed space, (See [47], p.92).

Let U be the set of all sequences u = (uy,) such that wp, #0(m,n=1,2,3,---).

In this paper, we generalize the following sequence spaces:

Let M = (M) be a sequence of modulus function and v be a positive integer, and
using the notation A}x,, for um, A7, we define

X (AL, My, 5) =

~ 1/m+n
{x € w? : limm p—oo (mn)~° [an <((m+n)!|A“xm”|) >] =0, for some p>0,s >0, }

o
and
A? (AZaanas) = ,
_ 'Al . 1/m+n
{x € w? : supmy, (mn)~° [an <((m+n) | ; ) )} < o0, for some p > 0,8 > 0,}
-1 —1
where Amen = AZ Lmn — AZ Tmn+1 — Alem—i-ln + Azlxm—ﬁ—ln—i—l) 7A2$mn =

(Umnmmn) 7Auxmn = (umnmmn — Umn+1Tmn+1 — Um+1InTm+1n + um+1n+1xm+1n+1) .
3.MAIN RESULTS

We prove the following theorems:
Theorem 3.1 A? (A}, My, s) is a Banach space with the metric

vy AT 1/m+n
d (l" y) = ’Lnf {p > O : Supmn (mn)fs an <‘Au7)7nn Auy'mn‘ ) S 1}

p

i —

Proof: Let (ml) be any Cauchy sequence in A% (A}, My, s) where 2t = (xmn) =

Tiy, Tlgs Ty,
Y ] ]
€ A2 (A}, My, 8), foreachi € N.

Let 7,29 > 0 be fixed. Then for each % > 0 there exists a positive integer L such
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that (:UZ — y’) — (:EjA7 — y£7> p— £ foralli,j > L. Using the definition of metric,
we have
‘(A’Y _Auymn)_(Alayznn_Azyznn)’1/m+n

x'l_ 1\ x] . J
( y) Al yAZ

SUPmn (mn) ™" | My <1, forallm,n >

0, and foralli,j > L.
Therefore one can find that there exists r > 0 with (mn)™° My, (%2) > 1, such
that

— AZ : _Au AZ ‘ZILn_AZ 'Znn 1/m+" —
()™ | My | LB 80 ) (B B < (mn) ™ My (5)
(xl_yl)_ <-73JA’\/ _yiz

P y v, v g\ [YmEn c c
This implies that ’(Au Auymn) (Au:pmn - Auymn> < et =8
Since Uy, # 0 for all m,n, we get that

v Y d Yord L/m+n P
’(Au — Alyi) — (Auxmn . Auymn) < &, foralli,j > L.

Hence (Auxm — AJy!,,) is a Cauchy sequence in R. Therefore for each € (0 < € < 1)
there exists a positive integer L such that

[(Alh = Alghan) = (Alhon = Alyin)
continuty of My, for each mn, we get that

1/m+n
< e foralli > L. Now, using the

SUPmn>1 (mn)—° [an | (Adh = Adhn ) im0 (Adhn—Adyhn )"

- } < 1. Thus

_ Azi — ALy ) —(ALzmn—Aymn )| o
SUPpn>T, (mn) s |:an (|( Lmn ymn) (p z Y )| >:| < 1. Takmg in-

fimum of such p’s we have

_ ALl =AUy ) — (A zmn—Adymn) |
nf {p > 0 supmn>r (mn)™° [an (’( ) (p ° ymn )| )} < 1}

<e, foralli > L and j — oo. Since ( ) € A2 (A, My, 8), and M,,, is an modulus
function for each m,n and therefore continuous, we get that z € A? (A, My, 5) .
This completes the proof.

Theorem 3.2 Let (M,,,) be a sequence of modulus function such that M,,,, satis-
fies the Ag— condition for each mn. Then (i) A2 (A7, s) C A? (A%, Mo, s),

(i) x* (A%, 5) € X* (A My, 5) -
Proof: (i) Let z € A2(AY,s), the |Alzmn| ™™ < L, forallm,n. Therefore

(mn)~* [an <w>} < ()™ [ M ()] < (mn)™* KH My (L), for

- A"
each mn,by the A2— condition. Hence sup,, (mn)~* [an <x|>] < 0.

p
That is A% (A}, s) C A2 (AL, My, 8) -
(ii) Let € x? (A%, s), then ((m + n)!|A7 xmn’)l/m+n — 0asm,n — oo. Therefore
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P P
for each m,n by the Ay— condition. Hence

m—+n WJTmm tmn
(mn)fs |:an <(( + )!‘Aup |) ):| — 0 as m,n — OQ. That is X2 (AZ,S) -

X2 (AY, Myyp, s) . This completes the proof.

Theorem 3.3 Let (M,,,,) be a sequence of modulus functions. Then

(1)A2 (AY, My, ) C A2 (AL, My, s), (i) X? (AS, My, 5) C X% (AL, Mipn, ) -
Proof: It is trivial, so we omit it.

(TYLTL)fs |:an <((m+n)!‘A1xm"|)l/m+H):| S (mn)*s Khan <((m+n)!|AZl’mnDl/m+n) :

4. PARANORMED DOUBLE SEQUENCE SPACES

Let p = (pmn) be a sequence of positive real numbers, M = (M,,,) be a sequence of
modulus function and ~ be a positive integer. We define
X2 (A;yu M, p, 3) =

o 1/m+n Pmn
{:1; cw?: lim (mn)”* [an <((m+n)!’Auxm"D >] =0, for some p > 0,s > 0, }

m,n— o0 14

and
A2 (AZ, an7p7 S) =

~ 1/m+n Pmn
{x € w? : sup (mn)~* [an <((m+n)!‘Auxmn|) )] < 00, for some p > 0,5 >0, }

mn P

-1 -1 1
where Azxmn = (AZ Tmn — AZ Tmn+1 — Azlxm—i—ln + AZ mm—&-ln-{—l) 7A2xmn =

(umnxmn> 7Au$mn = (umnxmn — Umn+1Tmn+1 — Um+1nTm+1n T um+1n+lxm+1n+1) .
If (M) = M for all m,n,s =0 and v = 1, then these spaces reduce to

X2 (A;yu anap) =

/m+n Pmn
{x € w? 1 limym noo {an <((m+n)!m"p$m”‘)1 ’ )} =0, forsomep > 0}
A? (AZ, an,p) =

1/m+n Pmn
{x € w?: SUPmn, [an (((ern)”A“;m”D ’ ﬂ < o0, for somep > 0}

These spaces are paranormed spaces with

A/$ 1/m+n pm"/H
Gl (z) =inf {ppm/H > 0: supmp>1 (mn)~* [an (’A“m"’)] < 1} , where

p

H = maz (1, suppmn)
Now, we prove the following theorems
Theorem 4.1 A? (A}, My, p, ) is a paranormed space with

1/m+n pmn/H
Gl (z) = inf {ppm/H > 0: supmp>1 (mn)~° [an <|AZIW;)’)] < 1} if

and only if h = infpy, > 0, where H = maz (1, suppmn)
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(ii)A? (A%, My, p, 8) is a complete paranormed linear metric space if the condition
(1) is satisfied.

Proof: (i) Sufficiency: Let h > 0. It is trivial that g(f) = 0 and GJ, (—z) =
GY (). The inequality Gy, (z +y) < Gi (z) + Gi, (y) follows from the inequality
(2), since pmn/H < 1 for all positive integers m,n. We also may write Gy, (A\x) <
mazx | |\, ])\|h/H Gu (z), since |AP™ < max <|)\|h , |)\|H> for all positive integers
m,n and for any A € C, the set of complex numbers. Using this inequality, it can
be proved that Ax — 6, when zx is fixed and A — 0, or A — 0 and = — 6, or X is
fixed and = — 6.

Necessity: Let A% (A7, My, p, §) be a paranormed space with the paranormed

Yo 1/m+n pmn/H
Gl (z) =inf {p”m/H > 0: supmn>1 (mn)~* [an <|A“m"p’)] < 1} ,and

suppose that h = 0. Since me/H < ])\|h/H = 1 for all positive integers m,n and
A € C such that 0 < |A] <1, we have

mn/H
nf {supmnzl (mn)~* [an (%ﬂ < 1} = 1. Hence it follows that

v . —s |)\|Pmn/H
Gu (Ax) =inf {supmnzl (mn) [an (T)] < 1} =1
for x = () € A? (A3, My, p, 8) is a paranormed space with G, ().
(ii) The proof is clear.
Theorem 4.2 Let 0 < pyn < @mn < 00 for each mn. Then x? (A%, Myn,p,s) C
X2 (AZa M, q, 5)
Proof: Let x € x% (A%, Myun, p, s) . Then there exists some p > 0 such that
y 1/m+n Pmn
limim, oo (mmn)™* [an <((m+n)!|A“Zm"D >] = 0 This implies that

_ | AYama]) "N ] , ,
(mn)~* [an (((m+n) | ; ) )] < 1 for sufficiently large m, n, since M,

is non-decreasing for each m,n. Hence
m-r+n qmn
. - )| Az )"

P =
((m+n)' ’Az$nnb
)

1/m+n Pmn
limim, oo (mmn)™* [an ( ) )] = O that is, z € X2 (A%, Mymn, q, 5) .

This completes the proof.
Theorem 4.3 (i) 1 < infpmn < Pmn < 1. Then x2 (AL, My, 5 8) € X2 (A%, My, 8)
(ii) Let 1 < pmn < sUppmn < o0. Then x2 (AL, My, 5) € X2 (AL, Mypn, D, 5) -
Proof: (i) Let x € x? (A%, My, p, 8) -

5 1/m+n Pmn
limm»n—m)o (mn)is |:an <((m+n)!’Au;mn’) ):| =0.
Since 0 < infpmn < pmn < 1, we have
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1/m+n
’ P

(m-+n)! |Amen |)
o

L o, (M)~ {an <(

(ii) Let 1 < pyy for each m,n, and suppm, < 0o. Let x € x2 (A%, Myup, s) , then for
each € (0 < € < 1), there exists a positive integer L such that

1/m+n
(mn)~* [an (((m+n)!|AZ‘xmn|) >] <, for all m,n > L.

1/m+n Pmn
)] =0, that is x2 (A%, My, 8) -

p
Since 1 < pmn < SUPPmn < 00, we have

it oo (mn) ™ [an (<<m+n>!IMmmn|>”m+n>rm

<

p

1/m+n
limm,n—)oo (mn)fs |:an (((m-f-n)!’AZﬂCmn’) >:| <e<l.

p

Hence = € = € x? (A%, Mypn,p, s) . This completes the proof.

Theorem 4.3 Let (pyy,) be double analytic and (M,,,,) be a sequence of Orlicz func-
tions. Then (i) A2 (Ag,an,p, s) C A2 (A, My, p, 5), (i) X2 (Ag,an,p, s) -
X2 (AL, My, py 8) -

Proof: Let supp,,, = H. If a,,,, and b,,;, are complex numbers, then we have

lamn 4+ bmn[P™ < D (|amn|"™ + |bmn|P™™) where @, and by, are complex num-
bers, D = max {1,2H_1} and H = supmnpmn < 00. Since M,,,, is non decreasing
and convex for each m,n, the results follows from the above inequality. This com-
pletes the proof.
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