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Abstract. In this paper we obtain the order of convexity for an integral
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1. Introduction and Definitions

Let U = {z : |z| < 1} the unit disk and A the class of all functions of the
form:

f(z) = z +
∞∑
n=2

anz
n (1)

which are analytic in U and satisfy the condition

f(0) = f ′(0)− 1 = 0.

We note by S the class of univalent and regular functions.
A functions f(z) from the class S is said to be convex of order α if it satisfies

Re

(
1 +

zf ′′(z)

f ′(z)

)
> α, (z ∈ U)

We denote by K(α) the subclass of S that consists all the functions that are
convex of order α in U.
The family B(µ, α), µ ≥ 0, 0 ≤ α < 1 was defined by Frasin and Jahangari
in [3]. This consists functions f ∈ S that satisfy the condition∣∣∣∣f ′(z)( z

f(z)

)µ
− 1

∣∣∣∣ < 1− α (z ∈ U)

B(µ, α) is a comprehensive class of analytic functions that includes various
new classes of analytic functions. Frasin and Darus in [2] introduce the
special class B(2, α) ≡ B(α).
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Other classes of univalent analytic functions are B(1, α) ≡ S∗(α) and
B(0, α) ≡ R(α).
N(β) is a subclass of A that consists all the functions f(z), which satisfy
the inequality

Re

(
zf ′′(z)

f ′(z)
+ 1

)
< β.

This class was studied by Uralegaddi et al. in [7] and Owa and Srivastava
in [5].
M. Darus studied the classes β − UCV(α) and β − Sp(α) in [1].
We say that a function f ∈ S is in the class β − UCV(α) that is the class of
β−uniformly convex functions of order α if

Re

(
1 +

zf ′′(z)

f ′(z)
− α

)
≥ β

∣∣∣∣zf ′′(z)f ′(z)
− 1

∣∣∣∣
for −1 ≤ α ≤ 1, β > 0 and z ∈ U.
A function f ∈ S is in the class β − Sp(α) that is the class of β−starlike
functions of order α if

Re

(
zf ′(z)

f(z)
− α

)
≥ β

∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣
for −1 ≤ α ≤ 1, β > 0 and z ∈ U.
We consider the integral operator

K(z) =

z∫
0

n∏
i=1

(
fi(t)

t

)γi
· (g′i(t))ηidt (2)

The operator was developed from the operator introduced and studied by
Pescar in [6]. To prove our main results we use the following lemma:

Lemma 0.1. (General Schwarz-Lemma)[4] Let f the function regular in
the disk UR = {z ∈ C : |z| < R}, with |f(z)| < M , M fixed. If f has in
z = 0 one zero with multiply ≥ m, then

|f(z)| ≤ M

Rm
|z|m, z ∈ UR (3)

the equality (in the inequality (3) for z 6= 0) can hold only if f(z) = eiθ MRm zm,
where θ is constant.
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2.Main results

Theorem 0.1. Let fi, gi ∈ A with fi belongs to the class B(µ, α), µ ≥
0, 0 ≤ α < 1 and gi in the class N(βi) for i = 1, n. If Mi ≥ 1, |fi(z)| ≤ Mi

for i = 1, n, then the integral operator K(z) ∈ K(δ), where

δ = 1−

(
n∑
i=1

|γi|((2− α)Mµ−1
i − 1) +

n∑
i=1

|ηi|(βi − 1)

)

and
n∑
i=1
|γi|((2− α)Mµ−1

i − 1) +
n∑
i=1
|ηi|(βi − 1) < 1, αi, βi, γi, ηi ∈ C− {0}.

Proof. From (2) we obtain that

zK ′′(z)

K ′(z)
=

n∑
i=1

[
γi

(
zf ′i(z)

fi(z)
− 1

)]
+

n∑
i=1

[
ηi
zg′′i (z)

g′i(z)

]
(4)

Thus implies that:∣∣∣∣zK ′′(z)K ′(z)

∣∣∣∣ ≤ n∑
i=1

(
|γi|
∣∣∣∣zf ′i(z)fi(z)

− 1

∣∣∣∣)+

n∑
i=1

|ηi|
∣∣∣∣zg′′i (z)

g′i(z)

∣∣∣∣ (5)

Since |fi(z)| ≤Mi, applying General Schwarz-Lemma we obtain that
∣∣∣fi(z)z ∣∣∣ ≤

Mi, for z ∈ U, i = 1, n.
Using the hypothesis fi ∈ B(µ, α), gi ∈ N(β) and from (4) we obtain:∣∣∣∣zK ′′(z)K ′(z)

∣∣∣∣ ≤ n∑
i=1

|γi|

(∣∣∣∣f ′i(z)( z

fi(z)

)µ∣∣∣∣∣∣∣∣fi(z)z

∣∣∣∣µ−1 − 1

)
+

n∑
i=1

|ηi|
(∣∣∣∣zg′′i (z)

g′i(z)
+ 1

∣∣∣∣− 1

)

≤
n∑
i=1

|γi|
[(∣∣∣∣f ′i(z)( z

fi(z)

)µ
− 1

∣∣∣∣+ 1

)
Mµ−1
i − 1

]
+

n∑
i=1

|ηi|(βi − 1)

≤
n∑
i=1

|γi|[(2− α)Mµ−1
i − 1] +

n∑
i=1

|ηi|(βi − 1)

= 1− δ

By the above inequalities we obtain that K(z) ∈ K(δ).

For n = 1 in Theorem 0.1 we obtain:
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Corollary 0.1. Let f, g ∈ A with f in the class B(µ, α), µ ≥ 0, 0 ≤ α < 1
and g in the class N(β). If M ≥ 1, |f(z)| ≤ M , then the integral operator

K(z) =
z∫
0

(
f(t)
t

)γ
· (g′(t))η ∈ K(φ)dt, where

φ = 1−
(
|γ|((2− α)Mµ−1 − 1) + |η|(β − 1)

)
and |γ|((2− α)Mµ−1 − 1) + |η|(β − 1) < 1, α, β ∈ C− {0}.

For µ = 0 and M1 = M2 = · · · = Mn = M we obtain:

Corollary 0.2. Let fi, gi ∈ A with fi belongs to the class R(α), 0 ≤ α < 1
and gi in the class N(βi) for i = 1, n. If M ≥ 1, |fi(z)| ≤ M for i = 1, n,
then the integral operator K(z) ∈ K(δ), where

δ = 1−

(
n∑
i=1

|γi|((2− α)
1

M
− 1) +

n∑
i=1

|ηi|(βi − 1)

)

and
n∑
i=1
|γi|((2− α) 1

M − 1) +
n∑
i=1
|ηi|(βi − 1) < 1, αi, βi, ηi, γi ∈ C− {0}.

If we put µ = 1 in Theorem 0.1 we obtain:

Corollary 0.3. Let fi, gi ∈ A with fi belongs to the class S∗(α), 0 ≤ α < 1
and gi in the class N(βi) for i = 1, n. If |fi(z)| ≤ M(M ≥ 1), then the
integral operator K(z) ∈ K(δ), unde

δ = 1−

(
n∑
i=1

|γi|(1− α) +

n∑
i=1

ηi(βi − 1)

)

and
n∑
i=1
|γi|(1− α) +

n∑
i=1

ηi(βi − 1) < 1, αi, βi ∈ C− {0}.

Theorem 0.2. If fi ∈ βi − Sp(αi),−1 ≤ αi ≤ 1, βi > 0,
n∑
i=1

γi ≤ 1
2

and gi ∈ βi − UCV(αi),−1 ≤ αi ≤ 1, βi > 0,
n∑
i=1

ηi ≤ 1
2 for i = 1, n, then

K(z) ∈ K(ρ), where

ρ = 1 +

n∑
i=1

(αi − 1)(γi + ηi).
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Proof. Using (4) we have

Re
zK ′′(z)

K ′(z)
= Reγ1

zf ′1(z)

f1(z)
− γ1 + · · ·+ Reγn

zf ′n(z)

fn(z)
− γn + Reη1

zg′′1(z)

g′1(z)
+ · · ·+ Reηn

zg′′n(z)

g′n(z)

= Reγ1

(
zf ′1(z)

f1(z)
− α1

)
+ (γ1α1 − γ1) + · · ·+ Reγn

(
zf ′′n(z)

fn(z)
− αn

)
+

+ (γnαn − γn) + Reη1

(
1 +

zg′′1(z)

g′1(z)
− α1

)
− η1 + η1α1 + · · ·+

+ Reηn

(
1 +

zg′′n(z)

g′n(z)
− αn

)
− ηn + ηnαn

(6)

Since fi ∈ βi − Sp(αi) and gi ∈ βi − UCV(αi) from (6) we obtain

Re
zK ′′(z)

K ′(z)
≥ γ1β1

∣∣∣∣zf ′1(z)f1(z)
− 1

∣∣∣∣+ · · ·+ γnβn

∣∣∣∣zf ′n(z)

fn(z)

∣∣∣∣+

n∑
i=1

γi(αi − 1)+

+ η1β1

∣∣∣∣zg′′1(z)

g′1(z)
− 1

∣∣∣∣+ · · ·+ ηnβn

∣∣∣∣zg′′n(z)

g′n(z)
− 1

∣∣∣∣+
n∑
i=1

ηi(αi − 1)

≥
n∑
i=1

(αi − 1)(γi + ηi)

From the above relation we have

Re

(
zK ′′(z)

K ′(z)
+ 1

)
≥ 1 +

n∑
i=1

(αi − 1)(γi + ηi)

wich implies that K(z) ∈ K(ρ)

If we put n = 1 in Theorem 0.2 we get:

Corollary 0.4. If f ∈ β − Sp(α),−1 ≤ α ≤ 1, β > 0, γ ≤ 1
2 and g ∈

β − UCV(α),−1 ≤ α ≤ 1, β > 0, η ≤ 1
2 , then K(z) =

z∫
0

(
f(t)
t

)γ
· (g′(t))ηdt ∈

K(ϕ), where
ϕ = 1 + (α− 1)(γ − η).

For γ1 = · · · = γn = γ and η1 = · · · = ηn = η we obtain:

Corollary 0.5. If fi ∈ βi − Sp(αi),−1 ≤ αi ≤ 1, βi > 0, γ ≤ 1
2 and

gi ∈ βi−UCV(αi),−1 ≤ αi ≤ 1, βi > 0, η ≤ 1
2 for i = 1, n, then K(z) ∈ K(ρ),

where

ρ = 1 +
n∑
i=1

(αi − 1)(γ − η).
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