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ON HOLOMORPHICALLY PROJECTIVE MAPPINGS FROM
EQUIAFFINE GENERALLY RECURRENT SPACES ONTO
KAHLERIAN SPACES

RAAD J.K. AL LAMI, MARIE SKODOVA, JOSEF MIKES

ABSTRACT. In this paper we consider holomorphically projective mappings
from the special generally recurrent equiaffine spaces A, onto (pseudo-)
Kihlerian spaces K,. We proved that these spaces A, do not admit nontriv-
ial holomorphically projective mappings onto K.

These results are a generalization of results by T. Sakaguchi, J. Mikes and
V. V. Domashev, which were done for holomorphically projective mappings
of symmetric, recurrent and semisymmetric Kéhlerian spaces.

1. INTRODUCTION

In this paper we present some new results obtained for holomorphically projec-
tive mappings from equiaffine special spaces A,, onto Kéhlerian spaces K,,.

These A,, are generally recurrent, including m-recurrent (K™) in the sence of
V. R. Kaygorodov [5, 6]. It is know that if the spaces K™ are (pseudo-) Riemannian
spaces V,, (briefly — Riemannian) then they are semisymmetric.

An n-dimensional manifold A, with affine connection V is an equiaffine space
if in A,, the Ricci tensor Ric is symmetric. These spaces are characterized by a
coordinate system z such that I'?,(z) = 9f(z)/0z", where f(z) is a function on
A, and FZ(Z‘) are components of a connection V [3, 13, 20, 23, 27].

A Riemannian space K, is called a Kdhlerian space if it is endowed, besides
a metric tensor g, with an affinor structure F satisfying the following relations
[4, 14, 23, 27]

F? = —1Id, (X, FX)=0, VF=0.

Here X are all tangent vectors of TK, and V is a connection of K,,. The structure
F'is a complex structure.
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2. HOLOMORPHICALLY PROJECTIVE MAPPINGS

An F-planar curve of a space A, with an affinor structure F' is a curve x =
x(t) whose tangent vector A(t) = dx(t)/dt, being translated, remains in the area
element formed by the tangent vector A\ and its conjugate vector F'A, i.e., the
conditions

Vad = pl(t) A+ pg(t) FX,
where p1, po are functions of the argument ¢, are fulfiled [14, 18].

In Ké&hlerian and Hermitian spaces with a structure F' these curves are called
analytically planar [14, 19, 23, 27].

A diffeomorphism of A,, onto A, is called an F-planar mapping if it maps all
F-planar curve of A,, into F-planar curve of 4,, [14, 18].

If the structures F' and F' are (almost) complex structures then F-planar map-
pings are evidently holomorphically projective mappings. These mappings for
Kéhlerian and Hermitian spaces have been studied by many authors, see [2, 8,
11, 14, 15, 16, 18, 19, 21, 23, 24, 27].

Consider a concrete mapping f: A, — K,, both spaces being referred to a
common coordinate system x with respect to this mapping. This is a coordinate
system where two corresponding points M € A, and f(M) € K, have equal

coordinates = (z!,22,...,2"); the corresponding geometric objects in K, will

be marked with a bar. For example, F?j and f‘?j are components of the affine

connection V on A, and V on K, respectively.

An equiaffine space A,, admits a holomorphically projective mapping f onto a
Kaéhlerian space K, if and only if
(1) VxY =VxY +¢(X)Y + (V)X — p(FX)FY — (FY)FX ,

where VXY € TA,, ¢ is a closed linear form on A, i.e. ¥(X) = X¢(z), ¢(x) is
a function on A,,.

If the linear form v # 0, then a holomorphically projective mapping is called
nontrivial; otherwise it is said to be trivial or affine. A complex structure F on a
space A, is necessary also covariantly constant, i.e. VF = 0.

Further we will use local coordinates = on a chart (z,U) C A,.
The formula (1) in this chart has the following expression:
(2) (@) = Ll (2) + 805 — FliFfja,
where Ffj and f‘fj are components of V and V, respectively, 1; = 9;¢(z) are

components of linear form 1, F}*(x) are components of F, 6" is the Kronecker
symbol, and (i j) denotes the symmetrization without division.

The following theorem holds [15]:

Theorem 1. Let in an equiaffine space A, exist the solution of the following
system of linear differential equations with respect to the unknown functions a* (x)

and \'(z):
(3) a' = N6] + N6, + N FLF] + \FIF}
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(a

where 7 denotes the covariant derivative with respect to the connection V of the
space Ap, the matriz ||a™| should further satisfy det ||a®|| # 0 and the algebraic
conditions a¥ = a’* and a¥ = aaﬁF;Fé.

Then A, admits a holomorphically projective mapping onto a Kdhlerian space
K,,. The metric tensor Jij of K,, and solutions of (3) are connected by the relations

(4) a) a¥ = e V@) gl b) X' = —a"0a1)(z)
where g are components of inverse matriz of ||gi;|-

This theorem is a generalization of results in [2, 14, 23].

The question of existence of a solution of (3) leads to the study of integrability
conditions and their differential prolongations. The general solution of (3) does
not depend on more than N, = 1/4 (n + 1)? parameters [15].

Let in an equiaffine space A, the condition for Riemannian (curvature) tensor

ho _ shl h 2 h 2 n 3 h 4 h 4
(5) Rijy = 67 vy + 07 v,y — 6 v, + F vy + Fj oy — Bl o,

(e
hold, where v are tensors.

Lemma 1. If an equiaffine space A, with the condition (5) admits a holomor-
phically projective mapping onto a Kahlerian space K,, then K, has constant
holomorphic curvature.

This space A, is called a holomorphically projective flat space.

Proof. In [7, 12] an F-traceless decomposition of Riemannian tensor is studied.
Formula (5) is this decomposition, in which F-traceless tensor vanishes.

The Riemannian tensor R?j . of Kahlerian space K,,, onto which A4,, is holomor-
phically projective mapped, satisfies an analogical form as (5). From [12], under
this condition and the uniqueness of this decomposition one can show that a tensor
of holomorphic projective curvature of K,, vanishes. This is a criterion for K, to
have constant holomorphic curvature, see [14, 23, 27]. O

3. HOLOMORPHICALLY PROJECTIVE MAPPINGS FROM SEMISYMMETRIC
EQUIAFFINE SPACES

Hereafter we shall assume that in the equiaffine space A,, the Ricci tensor will
be preserved under the action of the structure F, i.e.

Ric(FX,FY) = Ric(X,Y).

We remind that the condition VF = 0 implifies certain properties for the Rie-
mannian tensor, for example:

h h h h
F, R%k = Fz'aRajk ) F, FiBjok - *Rijk .

These formulas naturally hold on Kéahlerian spaces.

The affine-connected spaces A,, are called semisymmetric if the condition R-R =
0 holds, which, in coordinate notation, has the form Rf.ljk (im] = 0. According to
the Ricci identity, this condition is written as follows

h h h h
Raijz'azm + RiakR?lm + RijozR?lm - Riaijalm =0.
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Many investigations are devoted to the study of these spaces, see [1, 5, 6, 13, 14,
21, 23, 25].

Theorem 2 (M. Skodové, J. Mikes, O. Pokorné [24]). Let an equiaffine semisym-
metric space A, where the Ricci tensor under the action of the structure F will be
preserved, admit nontrivial holomorphically projective mappings onto a Kdahlerian
space K. If A, is not a holomorphically projective flat space then the vector field
N from the equation (3) is convergent, i.e. /\’hi = const - 01" is satisfied.

Analogical results were proved by J. Mikes for the geodesic mappings of semisym-
metric Riemannian spaces and space with affine connection, see [10, 13, 23], and
for holomorphically projective mappings of semisymmetric Kéhlerian spaces, see
[14].

In the following we will study the holomorphically projective mapping A,, onto
a Kihlerian space K, on the assumption that A" is a concircular vector field (in
sense of K. Yano [26], see [13, 17, 23]), i.e. it holds

where ¢ is a function.
The conditions of integrability (6) have the form: AR, = 0,01 — 00}

Because if in a space A, thaﬁFjo‘F,f = R, holds then p = const, i.e. \" is

ijk
convergent.
If we covariantly differentiate (4b) and (6) then we obtain the following formula
(7) Vij = Agij,

where A is a function and v;; = ;5 — Vi); + 1/JQ1/1§F¢O‘F]@. We make sure by the
analysis of the identity 1o R = i ik — i kj, that A = const.
The formulas (6) and (7) are equivalent.

From equations (2) and (7) for the Riemannian and Ricci tensors of A,, and K,
this follows

RN

lie = Rl — ARGy — 0} Gin + FLF Gaj — FJ Ff Gare + 2F ' Gar)

Rij = Rij + (n+2)Agi; .

We can make sure that the integrability conditions of equations (3) and (6) and
their prolongations have the following forms:

(80) AR\ =0, .y () ARE =0T,

« lm

(e m’

(%) aa(sz)kl =0,..., 9m) aa(zR(jy)kl,zl »»»lm:>‘(z Tic)lll »»»lmJF)‘athFé) Tﬁzh e

m
where the tensor T is determined by the formulas

m
m
h def h
Tt S =D Rty ottt
s=1
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4. HOLOMORPHICALLY PROJECTIVE MAPPINGS FROM GENERALLY RECURRENT
EQUIAFFINE SPACES ONTO KAHLERIAN SPACES

As it is known, symmetric and recurrent spaces A, are characterized by dif-
ferential conditions on the Riemannian tensor Rfjk,l = 0 and Rfjk,l = galehjk,
respectively, where ¢; # 0 is a covector.

Holomorphically projective mappings of symmetric and recurrent Kéhlerian
spaces were studied by T. Sakaguchi [21], J. Mikes and V. V. Domashev [2, 14, 23].
These results are generalized in the following theorem [24]:

Theorem 3. Let an equiaffine symmetric (or semisymmetric recurrent) space A,
where the Ricci tensor under the action of the structure F will be preserved, admit
a nontrivial holomorphically projective mapping onto a Kdhlerian space K,. Then
A,, is holomorphically projectively flat and the space K, has constant holomorphic
curvature.

This theorem is possible to generalize for such A,, which have more general
recurrences of the Riemannian tensor.

Theorem 4. Let A, be an equiaffine space, where the Ricci tensor under the
action of the structure F will be preserved, and one of these two conditions holds

m A,

(10) RZk,l = R?agsfkﬁl;
hi _ A0 hiaB
(11) Q(pr)jk,l - Q?pr)aﬁ576jkl|’

where S are certain tensors and

b = ORRLy + 6L, + FIFLRSY, + FIFLRE, .
If A admits a nontrivial holomorphically projective mapping onto a Kdhlerian
space K, and the condition (6) holds then A, is flat, and the space K,, has constant

holomorphic curvature.

Proof. Let A,, admit a nontrivial holomorphically projective mapping onto a
Kihlerian space K, and assume that condition (6) holds. Hence the conditions
(9) hold.

And it is easy to see that the conditions (11) follow from (10). We contract
(11) with aP". According to formulas (99) and (9;) we obtain

AR 4+ NERF)RY, =0,

From these formulas on A\* # 0 it follows that thk = 0, i.e. A, is flat, and

1,
according to Lemma 1 a space K, has constant holomorphic curvature. O

5. HOLOMORPHICALLY PROJECTIVE MAPPINGS FROM Mm-RECURRENT
EQUIAFFINE SPACES ONTO KAHLERIAN SPACES

We mention the next definitions (V. R. Kaygorodov [5, 6]):
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The space A, is called an m-recurrent space (K™) if

h h
(12) Rijk,ll vl T 78 ‘“lmRijk )

where 2 is a nonvanishing tensor.
All (pseudo-) Riemannian m-recurrent spaces K" are semisymmetric [5, 6].

In the sequel we shall need the following Lemmas.
Lemma 2. Let
(13) Apwisty 1, + Awiyig 1, + -0 + A, Wity 1, 1 =0,
hold for a covector A and a tensor w. If the tensor w is nonvanishing then A = 0.

Proof. Let formulas (13) hold and let the tensor w be not vanishing.
We contract the tensor wy,, ...;,, with a vector blm . for which

m
def

el ; o
(‘g lolg oo o1 b Wigty e tyya 7 0,

holds. From (13) we obtain

All 02) lolg - lpm—1 + AlZ %} Iilg - lm—1 toot Alnkl 02) lilg - lm—2
(14) + b%A, Wiily by = 0.
Hence it follows that
b*A,=0.
If b* A, # 0 held we would obtaine after the contraction (14) with bm-1
All (g lalg - lm—2 + Alz (g I1lg - lm—2 ot Al’"*Z (g lily - lm—3
(e} P
+ 2b%A, Wity ol s = 0,
where
def 11,1
03) Iolz - lm—a b %} lolz - lmo1’
Because @l el # 0 and b*A, # 0 then @y el #0.

We continue step-by-step, at last we obtain A;, w +(m—-1) 2 llb”‘Aa =0, where
w . # 0. We contract the last term with bt and we can see that m w b*A, = 0,
m— m

ie. b*A, =0 (because w # 0), i.e. it is a contradiction. Hence b*A, = 0.
Thus the formula (14) takes the form
Al ) + Alz C"QJ 1

+ -+ A =0,

- T T w1 Sy s
where w # 0. The obtained formulas are of the form (14), with a difference, that
the tensor w has a valence lower by one than the tensor w. We continue step by
step until it is

A @i, + Ay, =0,

where @ is a nonvanishing tensor. Hence it follows that A; = 0. ]
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Lemma 3. Let

(15) Rﬁjkwlzlswlm —I—R;szkwllls...lm —+ - —I—thmjkwllbml =0,

hold for the Riemannian tensor of A,. If the tensor w is nonvanishing then A, is
flat.

Proof. Let A, be non-flat then Rfj i 7 0. Therefore a tensor E{Lk exists such that

A; = Eikajk # 0. We contract (15) with Eflk and obtain the formula (13) and
Lemma 3 holds according to Lemma 2. 0

The following holds

m—1

Theorem 5. Let an equiaffine m-recurrent space K, where the Ricci tensor
under the action of the structure F' will be preserved, admit a montriial holo-
morphically projective mapping onto a Kdahlerian space K,, and the condition (6)
holds.

Then K™ is flat and the space K,, has constant holomorphic curvature.

Proof. Let the space K" admit a nontrivial holomorphically projective mapping
onto a Kéahlerian space K, and assume that condition (6) holds. Contracting (12)
with A\ and using (8p) and (8,,) we obtain

m
h
QTkll1~~~l =0.

m

m
We assume that o # 0. Then T}, 5y .1, = 0. We covariantly differentiate along !

m

apply to (12) and obtain these formulas
(16) R} sty ot + Rk sttt + - + R 1015 1,00 = 0.
Because the tensor € # 0 the vector €' exists such that

(17) Wiglg oo ly, = 5lngl3~~~lml 75 0.
Contracting (16) with ! we obtain the formula (15). Because A, is not flat
(Rfjk #0), from Lemma 3 it follows that ¢ = 0, thus the vector A\’ is covariantly
constant, i.e. )\’?Z- =0.

Let us contract (12) with a’" and after it let us alternate the indices r a h. After
application of (99) and (9,,) we can obtain

(18) AU Ti)zzl ol T AaFéiFé) Tfll1 ety = 0.
We covariantly differentiate (18) along z!. Because F* and A" are covariantly
constant, after an application (12) we obtain
(19) APty o + At + o+ AP 1 =0,
where
i def \(h pi a i
(20) Al ENR) XN FMF) R,

If A?jik # 0 then exist a tensor Efﬁ such that A; = Ei’ZAlhjik # 0. Contracting
(19) with 5{5 and ¢! from (17) we obtain the term (13). A; = 0 holds according to
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Lemma 2, which is a contradiction. Thus AZ—Z',C = 0 it means with respect to (20)
that

AR+ X FMF)RY, =0,
Hence it clearly follows from A" # 0 that Rfjk = 0, i.e. the space K" is flat and
according to Lemma 1 the space K, has constant holomorphic curvature. O

According to Theorems 3, 4 and 5 it follows that generalized recurrent spaces
A,, from these Theorems, which are not flat, do not admit the mentioned nontrivial
holomorphically projective mappings onto Kéhlerian spaces.

These results are a generalization of results by T. Sakaguchi, J. Mikes and
V. V. Domashev, which were done for holomorphically projective mappings of
symmetric, recurrent and semisymmetric K&hlerian spaces [2, 14, 16, 21].

REFERENCES

1

Boeckx, E., Kowalski, O., Vanhecke, L., Riemannian manifolds of conullity two, World Sci.

1996.

[2] Domashev, V. V., Mikes, J., Theory of holomorphically projective mappings of Kdhlerian
spaces, Math. Notes 28 (1978), 160-163; translation from Mat. Zametki, 23 2 (1978), 297—
304.

[3] Eisenhart, L. P., Non-Riemannian Geometry, Princenton Univ. Press. 1927, Colloquium
Publ. Vol. 8., AMS, Providence, 2003.

[4] Gray, A., Hervella, L. M., The sizteen classes of almost Hermitian manifolds and their

linear invariants, Ann. Mat. Pura Appl. (4) 123 (1980), 35-58.

Kaygorodov, V. R., On Riemannian spaces D], Itogi Nauki i Tekhniki, Tr. Geom. Sem.

Vol. 5, All-Union Institute for Scientific and Technical Information (VINITI), Akad. Nauk

SSSR, Moscow, 1974, 359-373.

Kaygorodov, V. R., Structure of curvature of space-time. Itogi Nauki i Tekhniki, Problemy

Geometrii, Vol. 14, All-Union Institute for Scientific and Technical Information (VINITI),

Akad. Nauk SSSR, Moscow, 1983, 177-204.

[7] Lakom4d, L., Jukl, M., The decomposition of tensor spaces with almost complex structure,

Rend. Circ. Mat. Palermo (2) Suppl. 72 (2004), 145-150.

Mikes§, J., On holomorphically projective mappings of Kdhlerian spaces, Ukr. Geom. Sb.,

Kharkov, 23 (1980), 90-98.

[9] Mikes, J., On geodesic mappings of m-symmetric and generally semi-symmetric spaces,

Russ. Math. 36 8 (1992), 38-42; translation from Izv. Vyssh. Uchebn. Zaved. Mat. 8 (363)

(1992), 42-46.

Mikes, J., Geodesic mappings onto semisymmetric spaces, Russ. Math. 38 2 (1994), 35-41;

translation from Izv. Vyssh. Uchebn. Zaved. Mat. 2 (381) (1994), 37-43.

Mikes, J., On special F-planar mappings of affine-connected spaces, Vestn. Moskov. Univ.
3 (1994), 18-24.

Mikes, J., On the general trace decomposition problem, Differential Geom. Appl. Proc. Conf.
Aug. 28 — Sept. 1, Brno, 1995, Czech Republic, Masaryk Univ., Brno 1996, 45-50.

Mikes, J., Geodesic mappings of affine-connected and Riemannian spaces, J. Math. Sci.
(New York) 78 3 (1996), 311-333.

[14] Mikes, J., Holomorphically projective mappings and their generalizations, J. Math. Sci.
(New York) 89 3 (1998), 1334-1353.

=

=

&

= = =
=

=
Lo



ON HOLOMORPHICALLY PROJECTIVE MAPPINGS 299

[15] Mikes, J., Pokornd, O., On holomorphically projective mappings onto Kdahlerian spaces,

Rend. Circ. Mat. Palermo (2) Suppl. 69 (2002), 181-186.
(16

Mikes, J., Radulovi¢, Z., Haddad, M., Geodesic and holomorphically projective mappings

of m-pseudo- and m-quasisymmetric Riemannian spaces, Russ. Math. 40 10 (1996), 28-32;

Izv. Vyssh. Uchebn. Mat. 10 (413) (1996), 30-35.

[17] Mikes, J., Rachunek, L., T-semisymmetric spaces and concircular vector fields, Rend. Circ.

Mat. Palermo (2) Suppl. 69 (2002), 187-193.

(18] Mikes, J., Sinyukov, N. S., On quasiplanar mappings of spaces of affine connection, (Rus-
sian) Izv. Vyssh. Uchebn. Zaved. Mat. 1(248) (1983), 55-61; (English) Sov. Math. 27 1

(1983), 63-70.

[19] Otsuki, T., Tashiro, Y., On curves in Kaehlerian spaces, Math. J. Okayama Univ. 4 (1954),

57-78.
[20] Petrov,A. Z., New method in general relativity theory, Moscow, Nauka, 1966, 495p.

[21] Sakaguchi, T., On the holomorphically projective correspondence between Kdihlerian spaces

preserving complex structure, Hokkaido Math. J. 3 (1974), 203—-212.
2] Shirokov, P. A., Selected Work in Geometry, Kazan State Univ. Press, Kazan, 1966.
3] Sinyukov, N. S., Geodesic mappings of Riemannian spaces, Moscow, Nauka, 1979, 256p.

[24] Skodovd, M., Mikes, J., Pokornd, O., On holomorphically projective mappings from
equiaffine symmetric and recurrent spaces onto Kdahlerian spaces, Rend. Circ. Mat. Palermo

(2) Suppl. 75 (2005), 309-316.

[25] Sobchuk, V. S., Mikes, J., Pokornd, O., On almost geodesic mappings w2 between semisym-

metric Riemannian spaces, Novi Sad J. Math. 29 3 (1999), 309-312.

[26] Yano, K., Concircular geometry. I-IV, Proc. Imp. Acad. Tokyo 16 (1940), 195-200, 354—360,

442-448, 505-511.

i)
P

York-Paris-Frankfurt, Pergamon Press 1965, XII, 323p.

Basic EpucATION COLLEGE,
BASrRAH UNIVERSITY, IRAQ,
E-mail: raadjaka@yahoo.com

DEPARTMENT OF ALGEBRA AND GEOMETRY
FACULTY OF SCIENCE, PALACKY UNIVERSITY
ToMKOVA 40, 779 00 OLomouc, CZECH REPUBLIC
E-mail: skodova@inf .upol.cz

DEPARTMENT OF ALGEBRA AND GEOMETRY
FACULTY OF SCIENCE, PALACKY UNIVERSITY
ToMKOVA 40, 779 00 OLomouc, CZECH REPUBLIC
E-mail: mikes@inf.upol.cz

Yano, K., Differential geometry on complex and almost complezx spaces, Oxford-London-New



